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Let C; and C, be conjugation operators, both of which are antilinear, isometric, and
involution mappings, defined on a separable complex Hilbert space H. This paper introduces the
concept of skew C, C,-symmetric operators (skew C,C,-S.0). A bounded linear operator A on H is

classified as a skew C,C,-S.0. if it satisfies the condition ( C;A = -A* C,), or equivalently, (A =-C;
A* C, ). We examine and analyze several fundamental properties of such operators and provide a
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concrete example to illustrate this notion.

1. INTRODUCTION

An algebra to all bounded linear operator specified on a
separable complex Hilbert space # is represented by the
notation B(#). A conjugation operation on H is
antilinear operator C: H — H that fulfills for any x,y €
H and property of involution (C% = 1), and (Cx, Cy) =
(x,y). The research of complex symmetric operation was
started in 2005 by [1]. According to their definition, an
operator A € B(H) is considered C-symmetric if CA =
A*C(A = CA*C); it is complex symmetric; it is C-
symmetric with regard to some C [1,2].

The idea of symmetric matrices in linear algebra are
generalized by complex symmetric operation. Since for
x,y € H, the matrix of C-symmetric operator A with
regard to {e,} is symmetric. This because if C is a
conjugation on £, then there is an orthonormal basis {e,,}
of 7 in order to Ce, = e, to all n [1]. The opposite is
also true. In other words, A is complex symmetric if there
is an orthonormal basis such that A has a symmetric
matrix representation [1]. If there is a conjugation
ConH inorderto CA=—A*C(A = —CA*C), then an
operator A € B(H)is skew complex symmetric.

M. putinar, and W.Wogen, in different combinations,
conducted a general investigation of such operators in [1-
12]. The idea of a complex symmetric operation was
expanded by Dakheel and Ahmed [13] in 2022. They
defined a C;C,-S.O. as one in which an operator A €
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B(H) has certain conjugations C; and C, on 7 such that
C1A = A*C,(A = CLA*C,).

The definition of skew complex symmetric operation is
expanded in this work to be as follows: if C;A =
—A*C,(A = —C,A*C,), then a bounded linear operator.
We look at basic characteristics of these operators and
arrive at the following conclusion: there are two
orthonormal basis of H relative to that's A acknowledges
a symmetric matrix illustration if A is a skew C;C,-S.O. .
Additionally, we examine the matrix of skew C; C,-S.0O.
and demonstrate a few of its uses. Additionally, we
looked at the skew C, C,-S.0O. tensor product, direct sum,
and tensor sum.

2. Main Results
This part deals with to introduce the concept of skew

C,C,-S.0. , which serve as a generalization of skew
complex symmetric operation. Furthermore, we examine
fundamental properties of this concept and investigate its
theoretical implications.

Definition 2.1 : put H be separable, complex Hilbert
space and let C; and C, be conjugate linear operators
acting on 7 (C, # C,) that are both involution (C,?= C;?
=) and isometric ( <C,x, C;y> =<y, x> and <Cs, Co k>
=<k,s>toallx,y,sand kin ). AB.LO. AonH is
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claimed to be C;C,-S.0O. if met the condition C;A = -A
C; equivalently expressed as (A = -C; A"Cy).

. _ ¢, 0 _ ¢ 0
Example 2.2: Let C1= [0 Cz] and C; = [0 —Cz]
are conjugations on H@® H such that C;, C, are

conjugations operator on 7 and let S be skew complex

symmetric operator such that C;§ = —S*C;. Then A =
[‘3 8] is skew C,C,-S.0. .

Remarks 2.3: For Conjugations C; and C,, the

following statements are holds:

1. Every skew complex symmetric operator is skew

C,C,-S.0..

Put A is skew C;C,-S.0. , then A= -C,A"C,.

Put A is skew C,C,-S.0. , then so is A",

Put A is skew C,C,-S.0. , then so is A,

The set of skew C; C,-S.0. is asubspace of B(#) for

the same conjugations C; and Co.

akrwn

Proof:
Let A be a skew C,C,-S.0. such that C; A = -A"C..

Assume that C; = C, hence A is skew complex
symmetric operator.

Assume that A is skew C,C,-S.0. satisfying the
condition A =- €, A"C,equivalently expressed as (-C,
A Co= A"), to demonstrate that A= - C, A"C; we have:
<-C, A"Ciw, 3 >=<Cp3,-C;C,AC, w >=<-AC;
3,CLw >=<C,Ciw,-CtAC,3>=<w,A" 3> =

<Aw,z>, forall w, z € H.

3. Suppose that A skew C,C,-S.0., suchthat C; A =-
A*Cz (A*:-Cl ACz).

To show that Ci1A"=-AC;:

<C, A w,z>=<(C,3C,C,A w>=<Cz A"
w>=<(,3,-CtACw > =<-C, (C{ACw), C,
C,2>=<-ACow,z>, forallw,z eH.

4. LetA=-C;yA"Cy,toshowthat At =-Cy (A1)"Cy:
<-C1 (AN Cw, p>=<Cy p,-C; C; (A C,
w>=<Cyp,-(AY) Cow >=<-Al(; p, Cow
>=<CCw, -C2 At Cy p >=<w, -(C1ACy)?

p>=<w, (A p>=<w:-(-AY) p>=<A’
w,p>, forallw, p eH.

5. The proof requires two steps:

I.  if Ay, Ay areskew C,C,-S.0. , then so is A+ A,

ii.  if A skew C1C,-symmetric and 4 € C, then & A
is skew C1Co-symmetric.

For the first portion, observe that:

Since Ay, A are skew C1Cp-symmetric, it follows that €,
A;=-A;"Czand CiA=- A"Co.

To prove that Ai+A; is skew C;C,-S.0. , C; (A1tA2) =

Ci A1+ Cy A= -A1"C, -A"Cy=- (AstA) * Ca. Thus 1)

holds. For ii, since A skew C1Cz-symmetric, it follows

that ¢, A = -AC; and & €

C.

To show that 4 A skew C; Cp-symmetric for the same
conjugations C;, Cz, C; (6A) =6 C, A=- & A'C, =-
(#A)" Ca.

The following proposition gives useful characterizations
of skew C,C,-S.0..

Proposition 2.4: take A in B(H) then an operator A4 in
B(H) is skew C,C,-S.0. iff there are two orthonormal

bases of H with that's A has symmetric matrix
illustration.

Proof: Let A be skew C;C,-S.0. such that C; A= -
A'C; and let {«,,} and {v,} are two orthonormal bases
such that Ciu,,= u, and C; v, = v,,, forallm,m €
N. The matrix of skew C;C,-S.0. A with respect to
{uw,} and {v, } is skew symmetric, to show that:

[Ali; = <Av;, w;>
=<-C, A'Corr;, u;>
=<-C) A'vy, w>
- <Cyuy, C; Ci A v;>
- < Cruy, A'v>
- <uy, A'vys
- <Au,, v;>
—[Al;,for1<i< n,1<j< m.
Conversely, let {1, } and {v,,,} be two
orthonormal bases such that C1«,,= «,, and C, o, =
o, for all n,m € N. Define the conjugations C; and C,
by CL(Er @nttn)= Xp @nthn, C2(m Cn0m)=
Zm %Om'
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By hypothesis, the matrix ensures that <A,
0,,> =-<Ao,,, u,>forall n,m € N, to show that A
is skew C;C,-S.0. inorder to - CtA" C, = A.
<-C1ACy0,,, u,>=<-CiA"0,,, u,>
=<C Uy, - C.C: A" >
=<Ciu,, -A"0,,>
=<u,,-A"0,>
=<-Au,, 0,,>
=-<Au,, 0, >
=<Aoc,,, u,>.
Proposition 2.5: If {An} be a sequence of skew C;C,-
S.0. with the same conjugations C;and C; in order to

4}'1_1’)1‘;10 [|1A, — Al] = 0, then A is also skew C,C,-S.0..
Proof: Let {An} be a sequence of skew C;C,-S.O.
operator such that C1A, = -Ap" C;, (An = - C1A,"Cy) for
the same conjugations C; and C, with im 1A, —

A|| = 0, we must prove that A= - C;A" Cy:

| -A- C1A" Cof| < || -A — C1A:" Co| + || C1A" Co— CLA”
Ca ||

<I-A+ A+ [ICal T Aa™ = ATIC|
Since ||C4|| = ||C2||=1, then

<[ A - A+ A= A"l

< An— A+ A=Al

<2||A A
Which tends to zero as n— o. Hence skew €, C,-S.O..

The proper notion of equivalence for skew C,C,-
S.0. is unitary equivalence as the following shows:
Proposition 2.6: If Ai€e B(H;) is skew C,C,-S.0. and
U:H, — H, is unitary operator, then there exists A€
B(H>) is skew C;C,-S.0. such that A= UA; U”, C3 =
UC1U*, C4 = UCzU*.

Proof:
Since Aqis skew C,C,-S.0. such that C;A=-A"C,, then
we have:
C3A2 = (UClU*)(UAlU*)
(U-A"U™)(UCUY)
- (UAUY)Cy

=- Az* C4.
Proposition 2.7: assume that the Cartesian decomposion
of A =X +4Y if and only if both X and Y are skew
C,C,-S.0. with regard to identical conjugations C; and
Cy, then A is skew C,C,-S.0.

Proof: Let A be skew C,C,-S.0. such that C;A =-A"C;
with A=X +4Yand X = Z(A+A") and'yzzli(A-
A").

To show that X and Y are skew C, C,-S.O. with the
same conjugation C;, Co, then we have:

C1X =CiG(A+AY)

= g (C1A + CIAY)

= % (-A'Cz - AC))

=- %(A* +A)C,

=- X* Cz.
Similarly, we deduse that Y is also skew C,C,-S.0..
Conversely, since X and Y are skew C, C,-S.0.

operators with respect to the same conjugations C; and
C», then we obtain directly C;A = -A"C.

3.Tensor product and direct sum of skew C; C,-

S.0.

This part deals with the necessary condition for

the one rank operator on H to be skew complex C1Csp-
symmetric. Moreover, we discuss the tensor product and
direct sum of skew complex C; C,-S.O..

This part starts by the subsequent lemma [14]:

Lemma 3.1: Let C1 and C- be a conjugations on A and
X,y € H . Then Cl(x®y)C2 =Cwx ®Czy on H.

The next proposition shows that when the finite rank
operator becomes skew C; C,-S.O..

Proposition 3.2: If A is constant multiple of
—C,;2®—C,y, then Ais skew C;C,-S.0O..

Proof

By previous lemma, we have C1(x®+x4)C, = Cix QCoy
for conjugations operators C;and C, on . Then we
have:

C,AC;, = C1(—C1x®—C2/g,)C2 =- (y,®x) =-A". Hence,
Ais skew C; C,-S.0..

Proposition 3.3: If A is complex skew C; C,-S.0. on
H1and Az is skew C5C,-S.0. on ', for some
conjugations Cy, Cy, Cs and Ca, then A1®A; is skew
(C1® C3)(C2 ®Cy)-symmetric on H1 ®

.

Proof: Since Ay is skew C,C,-S.0. on Hiand Az is
skew C;C,-S.0. on 35, then C1A; = - A;"Czand CsA; =
-A2"Cy,

Now, to show that A1®A: is skew (C1®Cs)(C. ®Ca)-
symmetric operator:

(C1® Cs) (A1®A,) = C1A; ® CsA;

=-A"C; ® -Ay'Cy

= - (A"®A;") (C2®Cy)

=- (A1 ® A2)" (C2Q Ca).

Hence, we get what we want.

Proposition 3.4: If M is skew C,C,-S.0. on K1

and B is skew C5C,-S.0. on H ', for some conjugations
Ci, Cy, Csand Cq , then M @ B is skew
(C1DC3)(CoBCa)-symmetric on H1 B Ho.

Proof:
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Let M be a skew C,C,-S.0. on H'1and B be a
skew C5C,-S.0. on H 2.
COHC)(MDB)=Ci M DC3B
=-M*C;®-B"Cy
=-(M @ B") (C.0Cy)
=- (M @ M) (C®Cy).
Proposition 3.5: If M, Pare a skew C;C,-S.0. on H
and €, &, are skew C5C,-S.0. on H, then (M BOP)®
(E,BE,) is skew (C1®C3)(C2QC4)-symmetric operator
ONHRH.
Proof:
(C1® C3) [(MOP) ® (£,0E,)] = (C1®Cs) [MRE, +
PRE, + MQE,+PRE,]
= (C1® Ca)(MRE,) + (C1® C3)(PRE,) + (C1RCs)(
M®E;) + (C1® Cs) P QE,)
= (ClM ®C3€1) + (leP ®C3€1) + (C1M®C382)
+ (lep ®C382)
= (-M*Cz ® 81*C4) + (-P*C2®- 81*C4) + (-]V[*Cz
®-52*C4) + (-fP*C2® - 82*C4)
= (- (M ® £) (C2® Ca)) +(-(P" ® &) (C2®
Ca)) + (-(M™® &) (C2® Ca)) +
(-(P"® &) (C2® Cu))
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