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Abstract 

                The paper deals with the importance of the continuum theory as a 

mathematical concept and its great role in solving many problems. Since the term 

proximity is a modern term, we were able in this research to answer a very 

important question: Is it possible to study types of continuity in proximity space 

like the types found in the usual topological space? In this research, we were able 

to find a type of continuity (𝛿𝜔 −continuous) and obtain many results, relying on 

proximity theories and the different definitions of proximity space, and we were 

able to link them to the new definition that was established.   

 
 

 
1. INTRODUCTION1 

Continuity is almost as old as general topology. 

Both notions are firstly mentioned by Fr`echet, 

topological structure in 1906 [2]. The importance of 

continuity in general topology is that the continuous 

image of a connected set is connected which is 

important in digital image [2, 4]. In 1909, Riesz 

introduced in his ''theory of enchantment'' proximity 

structures [1,4] 

Then, specifically in1952 Efremovi𝑐̌ rediscovered the 

subject (see Nainpally and Warrack, 1970; Engelking, 

1977) [1,4]. They (Riesz and Efremovi𝑐̌) defined and 

developed the axioms of relationship between sets in a 

metric space by stating “𝐴 is near to 𝐵 i.e.  𝐴𝛿𝐵) if and 

only if 𝐷(𝐴, 𝐵) = inf  {𝑑(𝑥, 𝑦): 𝑥 ∈ 𝐴, 𝑦 ∈ 𝐵} = 0 [4]. 
Further, the notion of 𝛿 −neighborhood started from, 

Efremovi𝑐̌ recast his axiomatization in term of strong 

inclusion. Lodato [8,9] and [6,7] Leader have worked 

with weaker axioms those of Efremovi𝑐̌ proximity 

space that enable them to define an arbitrary topology 

on the underlying set. It must be mentioned that L.A. Al 

Swidi, has presented many studies and researches in the 

field of studying proximity space [5,12]. 
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Generally speaking, [3] topology representsit (K. 

Kuratowski) a closeness between points and sets, while 

proximity (V.A. Efremovi𝑐̌ ) is a closeness between 

sets. Topology less than proximity which have more 

structure ones carry but carry less structure than metric 

ones[2].Thus a notion of proximal continuity has been 

proposed, with the property of preserving the closed of 

two sets. Simple continuity is weaker than the proximity 

continuity since it preserves nearness of a point and a 

set [2]. Furthermore, [3] proximity relations are 

important solution problems based on human 

perception. 

This paper is an attempt to present a new type and a 

new definition of continuity function in proximity 

space. 

2. PRELIMINARIES OF PROXIMITY SPACE  
     In this section, proximity space will be 

introduced in addition to presenting important definition 

and proposition.   

2.1 Definition [5, 6, 12] 

On the family 𝑃(χ) a relation δ called a proximity on 

𝜒 of if it satisfies the following conditions all subsets of 

a set χ: 

(𝑃1) 𝐼𝑓  Α 𝛿 Γ, then Γ 𝛿 Α; 

(𝑃2) Α 𝛿 (Γ ∪  Η) if and only if either Α 𝛿 Γor  𝛢 𝛿 𝛨; 
(𝑃3) 𝜒 𝛿 ̅∅; 
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(𝑃4) {𝑥} 𝛿 {𝑥} for each 𝑥 ∈ χ; 

(𝑃5) if 𝐴𝛿 ̅Γ, then there exist  Ε ∈ 𝑃(𝜒) such that 𝐴𝛿 ̅Ε 

and 𝜒 −  Ε 𝛿 ̅Γ, (𝑖. 𝑒 ∀Ε, 𝐴𝛿Ε 𝑜𝑟 Γ𝛿𝜒 − Ε ⟹ 𝐴𝛿Γ   (see 

[12]). We called the pair (𝜒;  𝛿) a proximity space. If 

(𝑃4) is instead of (𝑃′(4)){Ρ}𝛿 {𝜊} if and only 𝑖𝑓 Ρ =
 𝜊, then the realtion δ is called a separated proximity, 

(𝜒;  𝛿) called a separated proximity space. 

2.2 Example [5, 6] 

 Discrete and indiscrete proximity were defined as  

(i) If we defined 𝐴𝛿1Γ if and only if 𝐴 ∩ Γ ≠

∅, then 𝛿1 is discrete proximity on 𝜒. 
(ii) If 𝐴𝛿2Γ for every Α ≠ ∅ ≠ Γ and 𝐴, Γ ⊆ 

𝜒, then 𝛿2 is indiscrete proximity on 𝜒. 

2.3 Definition [5] 

 If 𝛿1 and 𝛿2 are two elements of class  𝑃 of all 

proximities that are defined on a set 𝜒,inclusion is 

defined as 

 δ1 >  δ2 if and only if 𝐴 𝛿1Γ implies 𝐴 𝛿2Γ .In such a 

case we say 𝑡ℎ𝑎𝑡  𝛿1 is finer 𝑡ℎ𝑒𝑛  𝛿2, or  δ2is coarser 

than  δ1. 

2.4 Proposition [4, 5, 12] 

 Let (𝜒;  𝛿) be a proximity space. Then 

(a)  if 𝐴 𝛿 Γ and Γ 𝛿 𝐶, then 𝐴 𝛿 𝐶; 

(b) if 𝐴 𝛿̅ Γ and 𝐶 ⊆  Γ, then 𝐴𝛿̅𝐶; 

(c) if there exists a point Ρ ∈  𝑋 such that 𝐴 𝛿 {Ρ} and 

{Ρ} 𝛿 Γ, then 𝐴 𝛿 Γ; 

(d) if 𝐴 ∩ Γ ≠ ∅, then 𝐴 𝛿 Γ; 

(e) 𝐴𝛿̅∅ for every 𝐴 ⊆  𝜒; 

(f) if 𝐴 𝛿 Γ, then 𝐴 ≠ ∅ and Γ ≠ ∅.  
2.5 Proposition [7]  

The axiom (P5 in Definition 1.1] is equivalent to any of 

the following statements: 

(i) If 𝐴𝛿̅𝐵, then there are sets 𝑀 and 𝑁 such 

that 𝐴𝛿̅𝑀, 𝐵𝛿̅𝑁; 
(ii) If 𝐴𝛿̅𝐵, then there are sets 𝑀 and 𝑁 such 

that 𝐴𝛿̅𝜒 − 𝑀, 𝑋 − 𝑁𝛿̅𝐵 and 𝑀𝛿̅𝑁; 
(iii) If 𝐴𝛿̅𝐵, there are two sets 𝑀 and 𝑁 such 

that 𝐴𝛿̅𝜒 − 𝑀,and  𝐵𝛿̅𝜒 − 𝑁, 𝑀 ∩ 𝑁 = ∅. 

2.6 Definition [2, 6] 

 Let (𝜒, 𝛿) be a proximity space, then for all   𝐴, 𝐵 ⊂
 𝜒 , 𝐵 a proximity or 𝛿 -neighborhood of 𝐴 and denoted 

that relation as 𝐴 ≪  𝐵if and only if 𝐴𝛿̅𝜒 −  𝐵.  
2.7 Theorem [2] 

 Let (𝑋, 𝛿) be a proximity space. Then the relation≪
 satisfies the following properties: 

(𝑂1) 𝜒 ≪  𝜒; 

(𝑂2) 𝐼𝑓 Α ≪ 𝐵, then Α ⊂  𝐵; 

(𝑂3) Α ⊂ 𝐵 ≪  𝐶 ⊂ 𝐷 implies Α ≪ 𝐷; 

(𝑂4) Α ≪  𝐵 implies 𝜒 −  𝐵 ≪  𝜒 −  Α; 

(𝑂5) Α ≪  𝐵𝑘 is true for 𝑘 =  1, 2, . . . , 𝑛 if and only if 

Α ≪∩𝑘=1
𝑛 𝐵𝑘; 

(𝑂6) If 𝐴 ≪  𝐵, then there exists a set 𝑁 ⊂ 𝑋 such that 

𝐴 ≪  𝑁 ≪  𝐵. This is implies 𝐴 ≪ 𝑖𝑛𝑡 𝑁 ⊂ 𝑐𝑙 𝑁 ≪

𝑖𝑛𝑡𝐵 ⊂ 𝑐𝑙𝐵.  (see Proximity Approach to Problem in 

Topology and Analysis). If 𝛿 is a separated proximity, 

then 

(𝑂7) {Ρ} ≪ 𝜒 – {𝑐} if and only if Ρ ≠  𝑐. 

2.8 Corollary [6] 

If  𝐴𝜋 ≪ 𝐵𝜋 ,𝜋 =  1, 2, …  𝑛, then 

⋂ 𝐴𝜋 ≪ ⋂ 𝐵𝜋

𝑛

𝜋=1
    𝑎𝑛𝑑   ⋃ 𝐴𝜋 ≪ ⋃ 𝐵𝜋

𝑛

𝜋=1

𝑛

𝜋=1

𝑛

𝜋=1
 

2.9 Remark [6]  

The family all 𝛿-neighborhoods of a set 𝜔 in proximity 

space(𝜒, 𝛿) is ℱ(𝜔)and 𝛿-neighborhoods in general is 

not open set with respect to this topology.  

2.10 Proposition [7,6]  

Let (𝜒, 𝛿) be a proximity space. Then 

(𝜄1) Γ ∈ ℱ(Α) implies   𝐴 ⊂ Γ; 

(𝜄2) Γ ∈ ℱ(𝐴) implies  𝑋 −  𝐴 ∈ ℱ(𝜒 − Γ); 
(𝜄3) If 𝐴 ⊂ Γ, then ℱ(𝐴) ⊂ ℱ(Γ)); 

(𝜄4 ) ℱ(𝐴 ∪  Γ) = ℱ(𝐴) ∩  ℱ(Γ); 

(𝜄5) If  Γ ∈ ℱ(𝐴)), then there exists a 𝐶 ∈ ℱ(𝐴) such 

that  Γ ∈ ℱ(𝐶)); 

(f)  ℱ(𝐴) ∩ ℱ(Γ)) ⊂ ℱ(𝐴 ∩ Γ), where  ℱ(𝐴) ∩ ℱ(Γ) = 

{𝐶 ∩  𝐷: 𝐶 ∈ ℱ(𝐴), 𝐷 ∈ ℱ(Γ)}. 

 

3. TOPOLOGY GENERATED BY a PROXIMITY 
In this part, we will consider the topology on 𝜒 induced 

by a proximity on 𝑋, and we will study some definitions 

and elementary properties. 

3.1 Theorem [2, 9, 10]  

The family Τ𝛿  in a proximity space (𝜒, 𝛿) is called 

𝑎 topology on the set  𝜒. 

3.2 Remark [5]: If (𝜒, 𝛿𝐽) is a proximity space, then it 

has a unique topology Τ𝛿𝐽
generated by 𝛿𝐽. 

3.3 Definition [5] 

Let (𝜒, 𝛿) be a proximity space. A subset 𝐹 ⊂ 𝜒 is to be 

closed in 𝜒 if and only if  Ρ 𝛿 𝐹 implies   Ρ ∈  𝐹. By Τ𝛿  

denotes the family of complements of all the sets 

defined in such a way. 
3.4 Proposition [7,5] 

 If 𝐺 is a subset of a proximity space (𝜒, 𝛿), then 𝐺 is 

called open in topology Τ𝛿  if and only if  {Ρ} 𝛿̅ 𝜒 −  𝐺 

for every Ρ ∈ 𝐺. 

3.5 proposition [7,6] 

 For any two proximity relations 𝛿1, 𝛿2 in 𝑋,  if 𝛿1 < 𝛿2, 

then Τ𝛿1
⊂  Τ𝛿2

. 

3.6 Proposition [7,11] 

 If Α and Ω are subsets of a proximity space (𝜒, 𝛿), then 

Α 𝛿̅ Ω implies: 

(i) Ω̅  ⊂ 𝜒 −  Α; and   

(ii)  (ii) Ω ⊂ 𝑖𝑛𝑡 (𝜒 −  Α). 
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3.7 Proposition [4,11] 

 If 𝐴 ̅and int(𝐴) detnote, respectively, the closure and 

the interior of the set 𝐴 of a proximity space (𝑋, 𝛿) with 

respect to the topology Τ𝛿 , then 

(i) Α ≪ Ω implies Α̅ ≪ Ω       

(ii) Α ≪ Ω implies  Α ≪ int(Ω). 

3.8 Theorem [11] 

 Let ∅ ≠  𝑌 ⊂  𝜒 𝑎𝑛𝑑 (𝜒, 𝛿) be a proximity space, for 

Α, Β ⊂ 𝑌 let Α𝛿𝑌Β if and only if Α 𝛿𝐵.Then (𝑌, 𝛿𝑌) is a 

proximity space. 

3.9 Proposition [5] 

Let (𝜒, 𝛿)be a proximity space, ∅ ≠ 𝑌 ⊂  𝜒, then  

ℱ𝑌(𝐴) = {Ω ⊆ 𝑌, 𝐴 ≪𝑌 Ω} = ℱ𝜒(𝐴) ∩ {𝑌}. 

3.10 Definition [6] 

 Let (χ, 𝛿) be a proximity space, and let  non empty 
set 𝑌 ⊂  χ, the restriction on 𝑌 𝑜𝑓 the proximity 𝛿 and 

is denoted by 𝛿𝑌 is  defined on the subset 𝑌 of the set 

𝜒.The ordered pair  (𝑌, 𝛿𝑌) is called the proximity 

subspace of the proximity space (𝑋, 𝛿). 

 

4.   Proximally of continuous functions 

In this part, we will discuss the most important 

definition and special feature of continuity in proximity 

space. 

4.1 Definition [1, 2, 3] 

 Let (𝜒, 𝛿𝜒) and  (Υ, 𝛿Υ ) be two proximity spaces. The 

mapping 𝑓 ∶ 𝜒 → Υ is said to be proximally or 𝛿-

continuous if Α𝛿𝜒η implies  𝑓(Α)𝛿Υ 𝑓(η) for every two 

sets Α, η ⊂ 𝜒. 
4.2 Proposition 

If 𝑓 is 𝛿 − continuous and onto function, then inverse 

image of each Τ𝛿𝑌
− open set is Τ𝛿𝜒

−open set. 

4.3 Proposition [5]  

Let a mapping 𝑓 ∶  𝜒 ⟶ 𝑌, where (𝑌, 𝛿 ) is a proximity 

space and let a relation on 𝑃(𝜒) of the set 𝜒 in the 

following way: 

Α𝛿∗η if and only if f (Α) 𝛿 f (η) 

The inverse image of the proximity 𝛿 is relation 𝛿∗ 

defined in such a way and denoted by 𝑓−1(𝛿). 
4.4 Proposition [1, 4]  

If 𝑓 ∶ 𝜒 →  𝑌 and 𝛿 𝑖𝑠 a proximity on the set 𝑌, then 

𝑓−1(Τ𝛿) = Τ(𝑓−1(𝛿)). 

4.5 Corollary [5] 

 If   𝑓 ∶  𝜒 → 𝑌 and if 𝛿1 and 𝛿2 are the proximities on 𝑌 

for which 𝛿1< 𝛿2, then 𝑓−1(𝛿1) < 𝑓−1(𝛿2) hold.  

4.6 Proposition [1, 2] 

 A mapping 𝑓 ∶  𝜒 →  𝑌 of a proximity (𝜒, 𝛿𝜒) into a 

proximity space (𝑌, 𝛿𝑌 )is 𝛿-continuous if and only if 

for every two sets, 𝐾 ⊂ 𝑌 , 𝑅𝛿𝑌̅ 𝐾 implies 

𝑓−1(R) 𝛿𝜒̅𝑓−1(K). 

4.7 Corollary [5] 

 Let 𝑓 ∶  𝜒 →  Υ be a mapping from a set 𝜒 on a 

proximity space (Υ, 𝛿Υ),  then𝛿𝜒= 𝑓−1(𝛿Υ) ) is the 

coarsest proximity on 𝜒 for which 𝑓 is a 𝛿-continuous 

mapping. 

4.8 Corollary [5] 

Let δ1 and δ2 be two proximities 𝜒. The identity 

mapping i: (𝜒, 𝛿1) →  (𝜒, 𝛿2)from the set 𝜒 is a 𝛿-

continuous mapping if and only if δ1 > δ2.  

5. 𝛅𝛚 −CONTINUOUS FUNCTION 

5.1 Definition 

 Let   𝑓: (𝜒, 𝛿𝜒) → (𝑌, 𝛿𝑌) be a mapping, the 𝑓 is said to 

be 𝛿𝜔 −continuous if and only if for all 𝜃 ∈ 𝜒, 𝑎𝑛𝑑 for 

all 𝑉 ⊂ 𝑌, 𝑓(𝜃)𝛿𝑌̅𝑌 − 𝑉, there exist 𝑈 ⊂ 𝜒,𝜃𝛿𝜒̅𝜒 − 𝑈, 

𝑓(𝑈)𝛿𝑌̅𝑌 − 𝑉. 

5.2 Example 

Let  𝑓: (𝜒, 𝛿𝜒) → (𝑌, 𝛿𝑌) such that 𝜒 = {1,2}, 𝑌 = {3,4}  

be a mapping, defined as follow 𝑓(1) = 3, 𝑓(2) = 4 for 

all 𝜃 ∈ 𝜒, and the proximity relation defined on 𝜒, 𝑌 

respectively as follows:  

𝛿𝜒: 𝐴𝑆𝜒𝐵 ↔ 𝐴 ∩ 𝐵 ≠ ∅  and 𝛿𝑌: 𝐴𝛿𝑌𝐵 ↔ 𝐴 ∩ 𝐵 ≠ ∅, 

then 

𝛿𝑋={(𝜒,𝜒),(𝜒,{1}),(𝜒,{2}),({1},{1}),({2},{2}),({1},𝜒),(

{2}, 𝜒)}, and 

 𝛿𝑌

= {(𝑌, 𝑌), (𝑌, {3}, (𝑌, {4}), ({3}, 𝑌), ({4}, 𝑌), ({3}, {3}), ({4}, {4})}. 
Now if 𝑥 = 1, 𝑓(𝜃) = 𝑓(1) = 3, then 

(i) if 𝑉 = {3}, 𝑓(1) = 3𝛿𝑌̅𝑌 − {3} = {4},  

there exist 𝑈 = {1}, {1}𝛿𝜒̅𝑋 − {1} = {2}, and 

𝑓(𝑈) = 𝑓({1}) = 3𝛿𝑌̅𝑌 − {3}={4}. 

(ii)    If 𝑉 = {4}, then 𝑓(1) = 3𝛿𝑌𝑌 − {4} = {3}, 
Let  𝑥 = 2, 𝑓(𝑥) = 𝑓(2) = 4, then 

(iii) If 𝑉 = {3},𝑓(2) = 4𝛿𝑌𝑌 − {3} = {4}, 

 If 𝑉 = {4}, then 𝑓(2) = 4𝛿𝑌̅𝑌 − {4} =
{3}, there exist 𝑈 = {2}, 2𝛿𝜒̅𝜒 − {1}, 

𝑓(𝑈) = 𝑓({2}) = 4𝛿𝑌̅𝑌 − {4}={3}, that’s imply 𝑓 

is 𝛿𝜔 −continuous function.  

5.3 Remark 

Notes that 𝑓 in above example is proximity continuous 

function (𝛿 − continuous) since {3}𝛿𝑌̅{4} and 

𝑓−1{3}𝛿𝜒̅𝑓−1{4}. 

5.4 Remark: 

If 𝑓: (𝜒, Τ𝛿𝜒
) → (𝑌, Τ𝛿𝑌

) such that Τ = Τ𝛿𝜒
  and 𝑓 is 

 𝛿𝜔 −continuous function, then 𝑓 is continuous function 

since if 𝑓 is  𝛿𝜔 −continuous function, then [by 

Definition 5.1] for all 𝑥 ∈ 𝜒, 𝑉 ⊂ 𝑌, such that 

𝑓(𝑥)𝛿𝑌̅𝑌 − 𝑉, 𝑓(𝑥) ≪𝑌 𝑉, there exist 𝑈 ⊂ 𝑋, 𝑥𝛿𝜒̅𝜒 −

𝑈, 𝑥 ≪𝑋 𝑈 and 𝑓(𝑈)𝛿𝑌̅𝑌 − 𝑉, 𝑓(𝑈) ⊂ 𝑉 imply 𝑓is 

continuity function. 

But conversely, is not true as that example  

5.5 Example:  
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Let:  (𝜒, 𝛿𝜒)  →  (𝑌, Τ𝛿𝑌
), Τ𝜒 = Τ𝛿𝐼𝜒

 is indiscrete 

proximity topological space defined on a set 𝜒 = {𝜎, 𝜇} 

and Τ𝛿𝐷𝑌
 is discrete proximity topological space and 

Τ𝑌 = Τ𝛿𝐷𝑌
 defined on a set 𝑌={𝜌, 𝜗, 𝛼} such that  

𝑓(𝜎) = 𝑓(𝜇) = 𝛼. 
If 𝑥 = 𝜎, 𝑓(𝜎) = 𝛼 and 𝑉 = 𝛼, then 𝑓(𝜎) = 𝛼𝛿𝑌̅𝑌 −
{𝛼} = {𝜌, 𝜗} since Τ𝛿𝐷𝑌

 is discrete proximity 

topological space, there isn’t not exist 𝑈 ⊂ 𝜒 such that 

𝑥𝛿𝜒̅𝜒 − 𝑈, hence 𝑓 is not  𝛿𝜔 −continuous function. 

5.6 Remark  

If 𝑓: (𝜒, 𝛿𝜒) → (𝑌, 𝛿𝑌) is 𝛿 −continuous function, then 

𝑓 is 𝛿𝜔 −continuous function, since if for all 𝑥 ∈ 𝜒, 𝑉 ⊂
𝑌, 𝑓(𝑥)𝛿𝑌̅𝑌 − 𝑉, 𝑓(𝑥) ≪ 𝑉[by Definition2.6], then 

there exist ℎ ⊂ 𝑌such that 𝑓(𝑥) ≪ ℎ ≪ 𝑉  [by Theorem 

2.7 (O6)], put ℎ = 𝑓(𝑈), then 𝑓(𝜃) ≪ 𝑓(𝑈) ≪ 𝑉  imply 

𝑓(𝑈) ≪ 𝑉, 𝑓(𝑈)𝛿𝑌̅𝑌 − 𝑉 [by Definition2.6], and to 

prove 𝜃𝛿𝜒̅𝜒 − 𝑈 since 𝑓(𝜃)𝛿𝑌̅𝑌 − 𝑓(𝑈) [by Definition 

2.5] 𝑓(𝜃) ≪ 𝑓(𝑈), 𝑓is 𝛿 −continuous, then 

𝑓−1(𝑓(𝜃))𝛿𝜒̅𝑓−1(𝑌 − 𝑓(𝑈))[ by Proposition 3.5] imply 

𝜃𝛿𝜒̅𝜒 − 𝑈, 𝑈 ⊆ 𝜒, then 𝑓 is   𝛿𝜔 −continuous function. 

5.7 Proposition 

 𝑓: (𝜒, 𝛿𝜒) → (𝛾, 𝛿𝛾) is 𝛿𝜔 −continuous if and only if 
for all 𝑥 ∈ 𝜒 and for all  𝑉 ⊂ 𝛾, 𝑓(𝑥) ≪ 𝑉, there exist 

𝑈 ⊂ 𝜒, 𝑥 ≪ 𝑈, 𝑓(𝑈) ≪ 𝑉. 
Proof 

Let  𝑓: (𝜒, 𝛿𝜒) → (𝛾, 𝛿𝛾) is 𝛿𝜔 −continuous from    
proximity space 𝜒 to proximity space 𝛾 then for all 
𝑥 ∈ 𝜒, 𝑎𝑛𝑑 for all 𝑉 ⊂ 𝛾, 𝑓(𝑥)𝛿𝛾̅𝛾 − 𝑉 iff 𝑓(𝑥) ≪ 𝑉 

[by Definition2.6], there exist 𝑈 ⊂, 𝑥𝛿𝜒̅𝜒 − 𝑈 iff 𝑥 ≪

𝑈, 𝑓(𝑈)𝛿𝛾̅𝛾 − 𝑉 and 𝑓(𝑈) ≪ 𝑉  [by Definition2.6]. 
5.8 Proposition 

Let 𝑓: (𝜒, 𝛿𝜒) → (𝑌, 𝛿𝑌) is onto 𝛿𝜔 −continuous 

function, then  𝑓−1: (𝑌, 𝛿𝑌) → (𝜒, 𝛿𝜒) is 𝛿𝜔 −continuous 

function. 

Proof 

Let 𝑦 ∈ 𝑌 and 𝑉 ⊂ 𝜒, 𝑓−1(𝑦)𝛿𝜒̅𝜒 − 𝑉 since 𝑓 is onto, 

then there exist 𝑥 ∈ 𝜒 such that 𝑓−1(𝑦)=𝑥,  𝑥𝛿𝜒̅𝜒 − 𝑉. 

Since 𝑓 is 𝛿𝜔 −continuous function, then for all  𝑥 ∈
𝜒, 𝐻 ⊂ 𝑌, 𝑓(𝑥)𝛿𝑌̅𝑌 − 𝐻, there exists  𝑈 ⊂ 𝜒, 

𝑈=𝑉 , 𝑥𝛿𝜒̅𝜒 − 𝑈, 𝑥𝛿𝜒̅𝜒 − 𝑉 𝑓(𝑈)𝛿𝑌̅𝑌 − 𝐻. 

 

5.8 Proposition  

Let𝑓: (𝜒, 𝛿𝜒) → (𝑌, 𝛿𝑌), then 𝑓 is 𝛿𝜔 −continuous 

function if f for all 𝑥 ∈ 𝜒, and for all 𝑉 ⊂ 𝑌, 𝑉 ∈
ℱ(𝑓(𝑥)), there exist 𝑈 ⊂ 𝜒 such that 𝑈 ∈ ℱ({𝑥}), 𝑉 ∈
ℱ(𝑓(𝑈)). 

Proof:  

Let 𝑓: (𝜒, 𝛿𝜒) → (𝑌, 𝛿𝑌) is 𝛿𝜔 −continuous function, 

then for all 𝑥 ∈ 𝜒, and for all 𝑉 ⊂ 𝑌, 𝑓(𝑥)𝛿𝑌̅𝑌 − 𝑉 that 

mean 𝑓(𝑥) ≪ 𝑉 [by Definition 2.6] imply 𝑉 ∈ ℱ(𝑓(𝑥)) 

[by Remark 2.9], there exist 𝑈 ⊂ 𝑋 such that 𝑥 ∈ 𝑋, 

𝑥𝛿𝜒̅ 𝜒 − 𝑈, 𝑈 ∈ ℱ({𝑥}), 𝑓 (𝑈)𝛿𝑌̅𝑌 − 𝑉, 𝑉 ∈

ℱ(𝑓(𝑈))[Remark 2.9]. 

Conversely, let for all ∈ 𝑋, 𝑉 ⊂ 𝑌,  𝑉 ∈ ℱ(𝑓(𝑥))[by 

Remark 2.9], then 𝑓(𝑥)𝛿𝑌̅𝑌 − 𝑉there exist 𝑈 ⊂ 𝑋 such 

that 𝑈 ∈ ℱ({𝑥}), 𝑥𝛿𝜒̅𝜒-𝑈, 𝑉 ∈ ℱ(𝑓(𝑈)) hence 

𝑓(𝑈)𝛿𝑌̅𝑌 − 𝑉, then 𝑓 is  𝛿𝜔 −continuous function 

5.9 Proposition 

 If 𝑓: (𝜒, 𝛿𝜒) → (𝑌, 𝛿𝑌)  is  𝛿𝜔 −continuous function 

from (𝜒, 𝑇𝛿𝜒
) to proximity space (𝑌, 𝑇𝛿𝑌

) then 𝑓is 

continuous with respect topology 𝑇𝛿𝜒
 and 𝑇𝛿𝑌

, (𝑇 = 𝑇𝛿) 

Proof:    

Let 𝑓 is  𝛿𝜔 −continuous function from proximity space 

𝑋 to proximity space 𝑌 then for all 𝑥 ∈ 𝑋, 𝑎𝑛𝑑 for all 

𝑉 ⊂ 𝑌, 𝑓(𝑥)𝛿𝑌̅𝑌 − 𝑉,that mean  𝑓(𝑥) ≪ 𝑉 [by 

Definition 2.6] and 𝑉 is 𝑇𝛿𝑌
−open set [by proposition 

3.3], there exist 𝑈 ⊂ 𝑋, 𝑥𝛿𝜒̅𝜒 − 𝑈[by proposition 

3.3]𝑈 𝑖𝑠 𝑇𝛿𝑌
−open set [by proposition 3.3], ) that 

mean 𝑥 ≪ 𝑈 [by Definition 1.6] and  𝑓(𝑈)𝛿𝑌̅𝑌 − 𝑉 and 

𝑓(𝑈) ≪ 𝑉, 𝑡ℎ𝑒𝑛 𝑓(𝑈) ⊂ 𝑉 [ by theorem 2.7(2)] thus 𝑓 

is continuous function. 

5.10 Remark  

The Converse of [proposition 5.9] is not true since if  

𝜒 = 𝑅, 𝑑(𝑥, 𝑦) = |𝑥 − 𝑦|, 𝛿𝜒 = 𝛿𝑑, let take 𝐴 = 𝑁,  

𝐵 = {
(𝑛+1)

2𝑛
, 𝑛 ∈ 𝑁}, 𝐴𝛿𝜒𝐵 𝑖𝑓 𝑎𝑛𝑑 𝑜𝑛𝑙𝑦 𝑖𝑓 𝑑(𝐴, 𝐵) =

0, where 𝑑(𝐴, 𝐵) = inf{𝑑(𝑥, 𝑦): 𝑥 ∈ 𝐴, 𝑦 ∈ 𝐵} and 

 𝑇𝛿𝜒
=  𝑇𝛿𝑌

and let 𝐴 = 𝐴,̅ 𝐵 = 𝐵̅, 𝐴𝛿𝑌̅𝐵 ⟺ 𝐴̅ ∩ 𝐵̅ = ∅ 

and since  𝛿𝜒 < 𝛿𝑌, then 𝑓 is not  𝛿𝜔 −continuous 

function. 

5.11 Remark 

If  𝑓: (𝜒, 𝛿𝐼𝜒) → (𝑌, 𝛿𝑌), then 𝑓 is not  𝛿𝜔 −continuous 

function because, if 𝑓 is any function from (𝜒, 𝛿𝐼𝜒) to 

any proximity space (𝑌, 𝛿𝑌) and for all 𝑥 ∈ 𝜒, 𝑉 ⊂ 𝑌 

such that 𝑓(𝑥) 𝛿̅𝑌𝑌 − 𝑉, 𝛿𝐼𝜒 is indiscrete proximity 

space, then [by Example 2.2] for all 𝐴, 𝐵 ⊂ 𝜒, 𝐴𝛿𝜒𝐵 if 

and only if 𝐴 ≠ ∅, 𝐵 ≠ ∅ and {𝑥} ≠ ∅ imply is near 

from any nonempty  subset of 𝑋, there is not exist 𝑈 ⊂
𝑋 and 𝑥 𝛿𝐼̅𝑋𝑋 − 𝑈,  finally 𝑓 is not  𝛿𝜔 −continuous 

function. 

5.12 Proposition 

I𝑓: (𝜒, 𝛿𝜒) → (𝑌, 𝛿𝑌) is constant function from 

proximity space (𝜒, 𝛿𝜒) to proximity space (𝑌, 𝛿𝑌), then 

𝑓is  𝛿𝜔 −continuous function. 

Proof: 

        Let 𝑓 is constant function and for all 𝑥 ∈ 𝑋, 

𝑓(𝑥) = 𝛼, 𝛼 ∈ 𝑌and let 𝑉 ⊂ 𝑌such that 𝑓(𝑥) =
𝛼 𝛿̅𝑌𝑌 − 𝑉, then  for all 𝑈 ⊂ 𝜒 and since 𝑓 is constant 

𝑓(𝑈) = 𝑓(𝑥) = 𝛼, then 𝑓(𝑈)𝛿𝑌̅𝑌 − 𝑉, 𝑓 is 

𝛿 −continuous since for all 𝐴𝛿𝜒𝐵 → 𝑓(𝐴)𝛿𝑌𝑓(𝐵) and 

{𝑥}𝛿𝑌{𝑥} for all 𝑥 ∈ 𝑋 [by Definition 2.1 P4], To prove 

𝑥𝛿𝜒̅𝑋 − 𝑈, since 𝑓(𝑈)𝛿𝑌̅𝑌 − 𝑉, 𝑓is 

𝛿 −continuous 𝑓−1(𝑓(𝑈)) 𝛿̅𝑌 𝑓−1(𝑌 − 𝑉) [ by 
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Proposition 3.5], 𝑓−1(𝑓(𝑥))𝛿𝑌̅𝑋 − 𝑓−1(𝑉), 𝑥 𝛿𝜒̅𝜒 −

𝑓−1(𝑉), put 𝑓−1(𝑉) = 𝑈 that’s imply 𝑥 𝛿𝜒̅𝜒 − 𝑈, 

hence  𝑓  𝛿𝜔 −continuous function.  

 

5.13 Proposition  

If 𝑓: (𝜒, 𝛿𝜒) → (𝑌, 𝛿𝑌)is   𝛿𝜔 −continuous function,𝐴 ⊆

𝑋, then 𝑓/𝐴: (𝐴, 𝛿𝐴) → (𝑌, 𝛿𝑌) is  𝛿𝜔 −continuous 

function. 

Proof  

If 𝑥 ∈ 𝐴 and 𝑉 ⊂ 𝑌 so 𝑥 ∈ 𝑋 and because 𝑓: (𝜒, 𝛿𝜒) →

(𝑌, 𝛿𝑌)  is   𝛿𝜔 −continuous function then for all 𝑥 ∈

𝑋, 𝑉 ⊂ 𝑌, 𝑓(𝑥)𝛿𝑌̅𝑌 − 𝑉there exist 𝑈 ⊂ 𝜒, 𝑥𝛿𝜒̅𝜒 − 𝑈, 

then 𝑥 ≪𝜒 𝑈 hence, 𝑥𝛿𝐴̅𝜒 − 𝑈[by Theorem 3.9] 

and ℱ𝐴({𝑥}) = ℱ𝑋({𝑥}) ∩ 𝐴 [by proposition 2.7],𝐴 ∩
𝑈 ∈ ℱ𝐴({𝑥}), {𝑥} ≪𝐴 𝐴 ∩ 𝑈, {𝑥} 𝛿𝐴̅ 𝐴 − (𝐴 ∩ 𝑈), since 

𝐴 − (𝐴 ∩ 𝑈) ⊂ 𝜒 − 𝑈, since𝑓: (𝜒, 𝛿𝜒) → (𝑌, 𝛿𝑌)  

is  𝛿𝜔 −continuous and  𝐴 ∩ 𝑈 ⊂ 𝑈,then𝑓(𝑈))𝛿𝑌̅𝑌 − 𝑉, 

hence 𝑓(𝐴 ∩ 𝑈))𝛿𝑌̅𝑌 − 𝑉 which mean  𝑓/𝐴: (𝐴, 𝛿𝐴) →

(𝑌, 𝛿𝑌) is 𝛿𝜔 −continuous function. 

5.14 Proposition  

If  𝑓: (𝑋, 𝛿𝑋) → (𝑌, 𝛿𝑌) is 𝛿 − continuous such that 

𝛿𝑋, 𝛿𝑌 are discrete relations, then 𝑓 is  𝛿𝜔 −continuous 

function. 

Proof  

Let 𝑥 ∈ 𝜒 and 𝑉 ⊂ 𝑌, 𝑓(𝑥)  𝛿𝑌̅𝑌 − 𝑉, so because 𝑓 is 

𝛿 − continuous, then 𝑥 𝛿𝜒̅𝜒 − 𝑓−1(𝑉), let 𝑓−1(𝑉) = 𝑈, 

then 𝑥 𝛿𝑋̅𝜒 − 𝑈. To prove 𝑓(𝑈) 𝛿𝑌̅𝑌 − 𝑉,if 𝑓(𝑈)𝛿𝑌 −
𝑉, then 𝑓(𝑓−1(𝑉)𝛿𝑌𝑌 − 𝑉 and then 𝑉𝛿𝑌 − 𝑉 but 𝑉 ∩
(𝑌 − 𝑉) = ∅ and this contradiction, then 𝑓 is 

 𝛿𝜔 −continuous function. 

5.15 Proposition  

 Let 𝑓: (𝜒, 𝛿𝜒) → (𝑌, 𝛿𝑌) is   𝛿𝜔 −continuous function 

and Κ ⊂ 𝑌, (Κ, 𝛿Κ)is proximity subspace of proximity 

space(𝑌, 𝛿𝑌), 𝑡ℎ𝑒𝑛 𝑓: (𝜒, 𝛿𝜒) → (Κ, 𝛿Κ) 

is  𝛿𝜔 −continuous function.  

Proof: 

let 𝑓: (𝜒, 𝛿𝜒) → (𝑌, 𝛿𝑌) is  𝛿𝜔 −continuous function., 

then for all 𝑥 ∈ 𝜒, 𝑉 ⊆ 𝑌, 𝑓(𝑥)𝛿𝑌̅𝑌 − 𝑉, since (Κ, 𝛿Κ) is 

proximity subspace of 𝑌, then 𝑉 ⊂ Κ ⊂ 𝑌, then Κ − 𝑉 ⊂
𝑌 − 𝑉, also [by Theorem 3.8]  𝑓(𝑥)𝛿Κ̅Κ − 𝑉, and since 

𝑓 is 𝛿𝜔 −continuous, then there exist 𝑈 ⊂ 𝑋, 𝑥𝛿𝑋̅𝑋 −
𝑈,𝑓(𝑈)𝛿𝑌̅𝑌 − 𝑉 imply 𝑓(𝑈)𝛿Κ̅Κ − 𝑉 [by proposition 

1.4(b)] hence 𝑓: (𝜒, 𝛿𝜒) → (Κ, 𝛿Κ) is  𝛿𝜔 −continuous 

function. 

4.16 Remark  

 Let 𝑓: (𝜒, 𝛿𝜒) → (𝑌, 𝛿𝑌) is 𝛿𝜔 −continuous function 

and (𝐻, 𝛿/𝐻) is proximity subspace of proximity space 

(𝜒, 𝛿𝜒) and (𝐾, 𝛿/𝐾) is proximity subspace of (𝑌, 𝛿𝑌), 

then 𝑓: (𝐻, 𝛿/𝐻) → (𝐾, 𝛿/𝐾) is  𝛿𝜔 −continuous 

function since if 𝑥 ∈ 𝐻 and  let 𝑉 ⊂ 𝐾, 𝑓(𝑥)𝛿/̅𝐾𝐾 −

𝑉 , 𝑓(𝑥) ≪𝐾 𝐾. 

To prove 𝑓: (𝐻, 𝛿/𝐻) → (𝐾, 𝛿/𝐾) is  𝛿𝜔 −continuous 

function. Since 𝑓 is 𝛿𝜔 −continuous, then there exist 

𝑈 ⊂ 𝜒 such that 𝑥 ≪𝜒 𝑈 [by Definition 5.1] and since 

𝐻 ⊂ 𝜒, 𝐻 − 𝑈 ⊂ 𝜒 − 𝑈, 𝑥 𝛿𝐻̅𝐻 − 𝑈 and 𝑓(𝑈)𝛿𝑌̅𝑌 − 𝑉 

but  𝑉 ⊂ 𝐾 ⊂ 𝑌, 𝐾 − 𝑉 ⊂ 𝑌 − 𝑉, then 𝑓(𝑈)𝛿/̅𝐾𝐾 − 𝑉, 

hence 𝑓: (𝐻, 𝛿/𝐻) → (𝐾, 𝛿/𝐾) is  𝛿𝜔 −continuous 

function. 

5.17 Proposition 

 Let 𝑓: (𝜒, 𝛿𝜒) → (𝑌, 𝛿𝑌) is 𝛿𝜔 −continuous function, 

then there exist  two disjoint sets 𝐶, 𝐷 ⊆ 𝑌such that 

𝐶𝑐 ≪ 𝑓(𝜑)𝑐 . 
and 𝐷𝑐 ≪ 𝑉, for all 𝜑 ⊂ 𝑋, 𝑥𝛿𝜒̅𝜒 − 𝜑 and 𝑉 ⊂ 𝑌, 

𝑓(𝑥)𝛿𝑌̅𝑌 − 𝑉. 

Proof 

Since 𝑓 is  𝛿𝜔 −continuous then for all 𝑥 ∈ 𝑋, and for 

all 𝑉 ⊂ 𝑌, 𝑓(𝑥)𝛿𝑌̅𝑌 − 𝑉there exist 𝜑 ⊂ 𝑋, 𝑥𝛿𝜒̅𝜒 − 𝜑 

,𝑓(𝜑)𝛿𝑌̅𝑌 − 𝑉  and [by proposition 2.4(ii)] there exist 

two disjoint sets 𝐶, 𝐷 ⊆ 𝑌 [by Proposition 2.5(iii)],  

𝑓(𝜑)𝛿𝑌̅𝑌 − 𝐶, 𝑓(𝜑) ⊂ 𝐶, 𝐶𝑐 ⊂ 𝑓(𝜑)𝑐  ,hence  

𝐶𝑐 ≪ 𝑓(𝜑)𝑐 and 𝑌 − 𝑉𝛿𝑌̅𝑌 − 𝐷, then  𝑌 − 𝐷𝛿𝑌̅𝑌 − 𝑉 

imply 𝐷𝑐 ⊂ 𝑉, 𝐷𝑐 ≪ 𝑉. 
5.18 Proposition 

 Let 𝑓: (𝜒, 𝛿𝜒) → (𝑌, 𝛿𝑌)is  𝛿𝜔 −continuous, then for all 

𝑥 ∈ 𝑋, 𝑉 ⊂ 𝑌, then the following is satisfies: 

1.  𝑉𝑐̅̅̅̅  ⊆ 𝜒 − 𝑓(𝜑)   [𝑉𝑐̅̅̅̅ ⊆ (𝑓(𝜑))𝑐, 

2.  𝑉𝑐 ⊆ (𝑓(𝜑)𝑐)∘   [𝑉 is open], 
3. 𝑓(𝜑)̅̅ ̅̅ ̅̅ ̅ 𝛿𝑌̅𝑌 − 𝑉  for some 𝜑 ⊆ 𝜒 and for all 𝑉 ⊆ 𝑌, 

4.    𝑓(𝜑) ≪ 𝑖𝑛𝑡(𝑉) [𝑓(𝜑) ≪ (𝑉𝑐)̅̅ ̅̅ ̅̅ 𝑐]. 
Proof: 
1. Since 𝑓is  𝛿𝜔 −continuous, then for all𝑥 ∈ 𝜒, 𝑉 ⊆

𝑌, 𝑓(𝑥)𝛿𝑌̅𝑌 − 𝑉 there exist 𝜑 ⊂ 𝜒 such that𝑥 ∈ 𝜒, 

𝑥𝛿𝜒̅𝜒 − 𝜑 and 𝑓(𝜑)𝛿𝑌̅𝑌 − 𝑉[by  Proposition 3.4] 

 𝑌 − 𝑉̅̅ ̅̅ ̅̅ ̅̅ ⊂ 𝜒 − 𝑓(𝜑), then 𝑉𝑐̅̅̅̅ ⊂ (𝑓(𝜑))𝑐. 

2.  By [Proposition 3.4] 𝜒 − 𝑉 ⊂ 𝑖𝑛𝑡 (𝜒 −

𝑓((𝜑)), then 𝑉𝑐 ⊆ (𝑓(𝜑)𝑐)∘, 

3. Since 𝑓(𝜑) ≪ 𝑉[ ByProposition 3.6(i)],𝑓(𝜑)̅̅ ̅̅ ̅̅ ̅ ≪ 𝑉 

and 𝑓(𝜑)̅̅ ̅̅ ̅̅ ̅ 𝛿𝑌̅𝑌 − 𝑉 [By Proposition 3.6(ii)]. 
4.   Since 𝑓(𝜑) ≪ 𝑉, 𝑡ℎ𝑒𝑛 𝑓(𝜑) ≪ 𝑖𝑛𝑡(𝑉) and 

since [ 𝑖𝑛𝑡 𝐴 = (𝐴𝑐̅̅ ̅)𝑐  ] then [𝑓(𝜑) ≪ (𝑉𝑐)̅̅ ̅̅ ̅̅ 𝑐]. 
5.19 Proposition 

Let 𝛿𝜒,𝛿𝑌 be two proximity relations on the set 𝜒, 

𝑓: (𝜒, 𝛿𝑋) → (𝑌, 𝛿𝑌), 𝜒 = 𝑌 is identity function of a set 

𝜒, then 𝑓 is  𝛿𝜔 −continuous function if and only if 𝛿𝜒 >

𝛿𝑌. 
Proof:  

Let 𝑓 is  𝛿𝜔 −continuous, then for all 𝑥 ∈ 𝜒, and for 

all 𝑉 ⊂ 𝑌, 𝑓(𝑥) 𝛿𝑌̅𝑌 − 𝑉 there exist 𝑈 ⊂ 𝜒, 
 𝑥𝛿𝜒̅𝜒 − 𝑈, 𝑥 ∈ 𝑈, then 𝑓(𝑥)𝛿𝑌̅𝑓(𝜒 − 𝑈) = 𝑓(𝜒) −

𝑓(𝑈) but 𝑓(𝜒) = 𝑌 [𝑓 is identity], let 𝑓(𝑈) = 𝑉 

hence𝑓(𝑥)𝛿𝑌̅𝑌 − 𝑉 for all 𝑥 ∈ 𝜒, then 𝛿𝜒 > 𝛿𝑌, 
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Conversely, let 𝛿𝜒 > 𝛿𝑌  and for all 𝑥 ∈ 𝜒, 𝑉 ⊂ 𝑌,

𝑓(𝑥)𝛿𝑌̅𝑌 − 𝑉 but𝑓(𝑥) = 𝑥, 𝑓−1(𝑌) = 𝜒, 𝑥𝛿𝜒̅𝜒 −

𝑓−1(𝑉), now let 𝑓−1(𝑉) = 𝑈 ⊂ 𝜒, hence there 

exist 𝑈 ⊂ 𝜒, 𝑥𝛿𝜒̅𝜒 − 𝑈, 𝑥 ∈ 𝑈 and 𝑓(𝑈) =∪
{𝑓(𝑥), 𝑥 ∈ 𝑈}, then  𝑓 𝑖𝑠  𝛿𝜔 −continuous function. 

 

5.20 Proposition  

If 𝑓: (𝜒, 𝑇𝛿𝜒
) → (𝑌, 𝑇𝛿𝑌

)is onto  𝛿𝜔 −continuous, then 

for every open set 𝑉 in 𝑇𝛿𝑌
 there exist open set 𝑈 in 𝑇𝛿𝜒

 

such that 𝑓(𝑈) ⊂ 𝑉. 
Proof 

Let 𝑓 is 𝛿𝜔 −continuous , 𝑉 ∈ 𝑇𝛿𝑌
 since 𝑓 is onto then 

for all 𝑦 ∈ 𝑉 ⊂ 𝑌, 𝑦𝛿𝑌̅𝑌 − 𝑉  since 𝑓 is onto there exist 

𝑥 ∈ 𝜒, such that 𝑦 = 𝑓(𝑥) and since 𝑉is open, then 𝑦 =
𝑓(𝑥) 𝛿𝑌̅𝑌 − 𝑉[by Proposition 3.4] and since 𝑓 is  𝛿𝜔 −
continuous function, then there exist 𝑈 ⊂ 𝜒 such that 

𝑥𝛿𝜒̅𝜒 − 𝑈, 𝑥 ∈ 𝑈 imply 𝑈 is open [by Proposition 2.3] 

and 𝑓(𝑈)𝛿𝑌̅𝑌 − 𝑉, hence 𝑓(𝑈) ⊂ 𝑉. 
5.21 Remake 

If 𝑓: (𝜒, 𝑇𝛿𝜒
) → (𝑌, 𝑇𝛿𝑌

) is open function, then not 

necessary 𝑓 is 𝛿𝜔 −continuous function as explained in 

that example. 

5.22 Example 

Let 𝑓: (𝜒, 𝑇𝛿𝜒
) → (𝑌, 𝛿𝑌 ) such that 𝑓 is identity 

function, 𝜒 = {𝑚, 𝑗, 𝑘} = 𝑌 , 𝑇𝛿𝜒
 is normal proximity 

topological space, 𝑇𝛿𝑋
= {𝑋, ∅, {𝑚}, {𝑗, 𝑘}}and 𝛿𝑌 is 

discrete relation defined on 𝑌, clearly 𝑓is open function 

but is not 𝛿𝜔 −continuous  since if 𝑥 = 𝑗, 𝑓(𝑗) = 𝑗, 
let 𝑉={j}, 𝑓(𝑗)𝛿𝑌̅𝑌 − {𝑗} = {𝑚, 𝑘}since {𝑗} ∩ {𝑚, 𝑘} =
∅ [by Example 1.2 (i)], there exist 𝑈 = {𝑗, 𝑘} ⊂ 𝑋 

, 𝑗𝛿𝜒̅𝜒 − 𝑈 = 𝜒 − {𝑗, 𝑘} = {𝑚} but 𝑓({𝑗, 𝑘})𝛿𝑌 − {𝑗} =
{𝑚, 𝑘}, then 𝑓 is not  𝛿𝜔 −continuous. 

5.23 Proposition 

Let 𝑓: (𝜒, 𝛿𝜒) → (𝑌, 𝛿𝑌) 𝛿𝜔 −continuous, then the 

following statements are holds for all 𝑥 ∈ 𝜒, 𝑈, Ε ⊂
𝜒and 𝑉, 𝐻 ⊂ 𝑌:   

i. There exist nonempty set Ε subset of 𝜒such that 

𝑥 ≪𝜒  𝜒 − Ε ≪𝜒 U, 

ii. There exist nonempty set 𝐻subset of 𝑌 such 

that, 𝑓(𝑈) ≪𝑌 𝑌 − 𝐻 ≪𝑌 𝑉. 

Proof: 

i. since 𝑓 is  𝛿𝜔 −continuous, then for all 𝑥 ∈
𝜒, 𝑉 ⊂ 𝑌, 𝑓(𝑥)𝛿𝑌̅𝑌 − 𝑉, there exist   𝑈 ⊂
𝜒, 𝑥𝛿𝑋̅𝜒 − 𝑈, then there exist Ε ⊂ 𝜒 [by 

Definition 2.1.P5] such that  {𝑥}𝛿𝜒̅Ε, 

𝑥 ≪𝑋 𝜒 − Ε [by Definition 2.6] and 𝜒 − 

Ε 𝛿𝜒̅ 𝜒 − U imply 𝜒 − Ε ≪ U [by Definition 

2.6], then 𝑥 ≪𝜒  𝜒 − Ε ≪𝑋 U [ by Definition 

2.6]. 
ii.   since 𝑓 is  𝛿𝜔 −continuous, then for all 𝑥 ∈ 𝜒, 𝑉 ⊂

𝑌, 𝑓(𝑥)𝛿𝑌̅𝑌 − 𝑉, there exist   𝑈 ⊂ 𝜒, 𝑥𝛿𝜒̅𝜒 − 𝑈, 

𝑓(𝑈)𝛿𝑌̅𝑌 − 𝑉, then there exist ∅ ≠ 𝐻 ⊂ 𝑌 

, 𝑓(𝑈)𝛿𝑌̅𝐻 and 𝑓(𝑈) ≪𝑌 𝑌 − 𝐻 [ by Definition 2.6] 

and 𝑌 − 𝐻𝛿𝑌̅𝑌 − 𝑉, 𝑌 − 𝐻 ≪𝑌 𝑉[ by Definition 2.6] 

imply 𝑓(𝑈) ≪𝑌 𝑌 − 𝐻 ≪𝑌 𝑉. 

6. CONCLUSION 

  𝛿𝜔 −continuous is a new type of 

continuity in the space of topological proximity. The 

lesson of continuity of each element of domain 

depending on definition of the neighborhood in the 

space of topological proximity. 

This kind has got qualification of special condition and 

it is related to or connected with continuity in 

topological space and continuity within the topologicl 

proximity space.  
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Abstract Arabic 

من المصطلحات الحديثه تمكنا في هذا البحث من  نظراً لأهمية الاستمراريه كمفهوم رياضي ودورها الكبير في حل الكثير من المشاكل الرياضيه ولكون فضاء القرب

الموجودة في الفضاء التبولوجي الاعتيادي؟ وقد تمكنا في هذه الورقه من إيجاد  الاجابه على سؤال مهم جدا هو هل يمكن وضع ودراسة أنواع من الاستمراريه كالانواع

𝛿𝜔 )نوع من الاستمراريه أطلق عليه ) − continuous  واستطعنا الحصول على العديد من النتائج معتمدين بذلك على نظريات القرب وخواص فضاء القرب المخلتفه

 . المتولد بواسطة فضاء القرب والحالات الخاصه للتبولوجي

 


