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The paper deals with the importance of the continuum theory as a
mathematical concept and its great role in solving many problems. Since the term
proximity is a modern term, we were able in this research to answer a very
important question: Is it possible to study types of continuity in proximity space
like the types found in the usual topological space? In this research, we were able
to find a type of continuity (§,, —continuous) and obtain many results, relying on

proximity theories and the different definitions of proximity space, and we were
able to link them to the new definition that was established.

1. INTRODUCTION

Continuity is almost as old as general topology.
Both notions are firstly mentioned by Friechet,
topological structure in 1906 [2]. The importance of
continuity in general topology is that the continuous
image of a connected set is connected which is
important in digital image [2, 4]. In 1909, Riesz
introduced in his "theory of enchantment" proximity
structures [1,4]
Then, specifically in1952 Efremovi¢ rediscovered the
subject (see Nainpally and Warrack, 1970; Engelking,
1977) [1,4]. They (Riesz and Efremovic) defined and
developed the axioms of relationship between sets in a
metric space by stating “A is near to B i.e. ASB) if and
only if D(A,B) =inf {d(x,y):x € A,y € B} =0 [4].
Further, the notion of § —neighborhood started from,
Efremovic recast his axiomatization in term of strong
inclusion. Lodato [8,9] and [6,7] Leader have worked
with weaker axioms those of Efremovi¢ proximity
space that enable them to define an arbitrary topology
on the underlying set. It must be mentioned that L.A. Al
Swidi, has presented many studies and researches in the
field of studying proximity space [5,12].
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Generally speaking, [3] topology representsit (K.
Kuratowski) a closeness between points and sets, while
proximity (V.A. Efremovic¢ ) is a closeness between
sets. Topology less than proximity which have more
structure ones carry but carry less structure than metric
ones[2].Thus a notion of proximal continuity has been
proposed, with the property of preserving the closed of
two sets. Simple continuity is weaker than the proximity
continuity since it preserves nearness of a point and a
set [2]. Furthermore, [3] proximity relations are
important  solution problems based on human
perception.

This paper is an attempt to present a new type and a
new definition of continuity function in proximity
space.

2. PRELIMINARIES OF PROXIMITY SPACE

In this section, proximity space will be
introduced in addition to presenting important definition
and proposition.
2.1 Definition [5, 6, 12]
On the family P(x) a relation & called a proximity on
x of if it satisfies the following conditions all subsets of
asety:
(P1)If AST,thenT § A;
(P2) AS (T u H) ifand only if either A Tor A6 H;
(P3) x 6 ©;
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(P4) {x} & {x} foreach x € y;

(P5) if AS T, then there exist E € P(x) such that A8 E
and y — EST,(i.e VE,ASE or T'6y — E = AST  (see
[12]). We called the pair (y; &) a proximity space. If
(P4) is instead of (P'(4)){P}6 {0} if and only if P =
o, then the realtion 5 is called a separated proximity,
(x; 6) called a separated proximity space.

2.2 Example [5, 6]

Discrete and indiscrete proximity were defined as

(i) If we defined A6, ifandonly if ANT #
@, then §; is discrete proximity on y.
(i) If A5,T forevery A= @ #TandA4, T <

X, then &, is indiscrete proximity on y.

2.3 Definition [5]

If6, andd,are two elements of class P of all
proximities that are defined on a set y,inclusion is
defined as

8§, > &, if and only if A §;T implies A §,T .In such a
case we say that &, is finer then &,, or 8,is coarser
than §,.

2.4 Proposition [4, 5, 12]

Let (x; &) be a proximity space. Then

@ ifAsTandT' & C,then A6 C;

(b)ifAST and C < T, then ASC;

(c) if there exists a point P € X such that A § {P} and
{P}S6T,then AST;

(d)ifANT #@Q,then A6T;

(e) AS@ forevery A € y;

(ifAST,thenA #@and T + 9.

2.5 Proposition [7]

The axiom (P5 in Definition 1.1] is equivalent to any of
the following statements:

0] If AGB, then there are sets M and N such
that A5M, BSN;
(i) If AGB, then there are sets M and N such

that ASy — M,X — N§B and MSN;
(iii) If ASB, there are two sets M and N such
that Ay — M,and B6y —N,M n N = @.

2.6 Definition [2, 6]

Let (x,d) be a proximity space, then for all A,B c
X, B aproximity or § -neighborhood of A and denoted
that relation as A « Bif and only if A§y — B.

2.7 Theorem [2]

Let (X,6) be a proximity space. Then the relation«
satisfies the following properties:

ODx < x;

(02) If A K B,then A c B;

(03)A cB K CcDimpliesA « D;

(04)A K« Bimpliessy— B & y — A;

(05) A K By istrue for k = 1,2,...,n if and only if
A KN}_; By;

(06) If A « B, then there exists a set N c X such that
A & N « B. This is implies A< int N cclN <

intB c clB. (see Proximity Approach to Problem in
Topology and Analysis). If & is a separated proximity,
then

(07) {P} L y-{c}ifandonly if P = c.

2.8 Corollary [6]

If A; KB, ,m= 1,2,.. n,then

n n
n n
N e[\ B ana | Jan<c| ]
=1 =1
=1 =1

2.9 Remark [6]

The family all §-neighborhoods of a set w in proximity
space(y, 8) is F(w)and &-neighborhoods in general is
not open set with respect to this topology.

2.10 Proposition [7,6]

Let (¥, 6) be a proximity space. Then

(1) T € F(A) implies A cT;

(12)T € F(A) implies X — A e F(xy —T);

(t13) If A c T, then F(A) c F(I));
(4)FAUT)=FA) n FO);

(t5) If T € F(A)), then there exists a C € F(A) such
that T € F(C));

f FANFT) cFANT), where F(A)NFT) =
{C nD:CeF(A),D € FIN)}.

3. TOPOLOGY GENERATED BY a PROXIMITY
In this part, we will consider the topology on y induced
by a proximity on X, and we will study some definitions
and elementary properties.
3.1 Theorem [2, 9, 10]
The family Ts in a proximity space (y, &) is called
a topology on the set y.
3.2 Remark [5]: If (x,6;) is a proximity space, then it
has a unique topology nggenerated by 6;.
3.3 Definition [5]
Let (x, 6) be a proximity space. A subset F c y is to be
closed in y if and only if P& F implies P € F. By Ts
denotes the family of complements of all the sets
defined in such a way.
3.4 Proposition [7,5]
If G is a subset of a proximity space (x, ), then G is
called open in topology T if and only if {P}§y— G
foreveryP € G.
3.5 proposition [7,6]
For any two proximity relations §,, 8, in X, if §; < §,,
then T, © Ts,.
3.6 Proposition [7,11]
If Aand Q are subsets of a proximity space (y, §), then
A § Q implies:

(i) Q cy - A;and

(i) (i) Q cint(y — A).
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3.7 Proposition [4,11]

If Aand int(A) detnote, respectively, the closure and
the interior of the set A of a proximity space (X, §) with
respect to the topology Tg, then

(i) A « Qimplies A « Q
(i) A « Qimplies A « int(£l).

3.8 Theorem [11]

Let @+ Y c yand (x, &) be a proximity space, for
A,BcY let ASyB if and only if A§B.Then (Y,6y) is a
proximity space.

3.9 Proposition [5]

Let (x,6)be a proximity space, @ # Y c y, then
Fy(A) ={Q Y AL Q} =F,A) n{r}

3.10 Definition [6]

Let (x,6) be a proximity space, and let non empty
setY c , the restriction on Y of the proximity § and
is denoted by &, is defined on the subset Y of the set
x-The ordered pair (Y,dy) is called the proximity
subspace of the proximity space (X, §).

4. Proximally of continuous functions

In this part, we will discuss the most important
definition and special feature of continuity in proximity
space.

4.1 Definition [1, 2, 3]

Let (x,6,) and (Y,dy ) be two proximity spaces. The
mapping f : y = Y is said to be proximally or §-
continuous if Ag,n implies f(A)Sy f(n) for every two
setsA,n c y.

4.2 Proposition

If f is & — continuous and onto function, then inverse
image of each Ts, — open set is Ts, —open set.

4.3 Proposition [5]

Let a mapping f : y — Y, where (Y, ) is a proximity
space and let a relation on P(y) of the set y in the
following way:

Aé™ ifand only if f (A) § f (1)

The inverse image of the proximity & is relation&”*
defined in such a way and denoted by f~1(8).

4.4 Proposition [1, 4]

If f:x — Y and §is a proximity on the set Y, then
fH(Ts) = T(F1(5)).

4.5 Corollary [5]

If f: x —Yandifé, and &, are the proximities on Y
for which §;< &,, then f~1(6,) < f~1(5,) hold.

4.6 Proposition [1, 2]

A mapping f: x — Yof a proximity (x,d,) into a
proximity space (Y, 8y )is §-continuous if and only if
for every two sets KcY , RS, K implies
FHR) 8, f H(K).

4.7 Corollary [5]

Let f: y = Y be a mapping from a set y on a
proximity space (Y,&8y), thend,= f~'(8y) ) is the

coarsest proximity on y for which fis a §-continuous
mapping.

4.8 Corollary [5]

Let 6; and &, be two proximities y. The identity
mapping i: (x,8;) » (x,6,)from the set y is a &-
continuous mapping if and only if §; > §,.

5.8, —CONTINUOUS FUNCTION

5.1 Definition

Let f:(x,8,) = (¥,8y) be a mapping, the f is said to
be §,, —continuous if and only if for all 6 € y, and for
all Vv, f(8)6yY —V, there exist U c x,65,x — U,
fUHé,Y —V.

5.2 Example

Let f:(x,6,) = (Y,dy) suchthat y = {1,2},Y = {3,4}
be a mapping, defined as follow (1) = 3, f(2) = 4 for
all 8 € y, and the proximity relation defined on y,Y
respectively as follows:
8y ASyB &> ANB # ¢ and 6y: A6yB & ANB # @,
then
Sx={(x.20). (e {13). 0 21, ({1311, {2}{2}).({1}.0).(
{2}, x)} and
Sy
={, V), (Y, {3}, (v, {4}, ({3}, ), ({4}, V), ({3}, {3}), ({4}, {4D)}.
Nowifx =1, f(8) = f(1) = 3_,then

() ifv ={3}f(1) =35Y - (3} = {4},

there exist U = {1}, {1}6,X — {1} = {2}, and

fW) = f({1}) = 36yY — {3}={4}.
@iy 1fV ={4},then f(1) = 36,Y — {4} = {3},
Let x =2,f(x) = f(2) = 4, then
(iii) IfV = {3},f(2) = 46yY — {3} = {4},

If V = {4}, then f(2) = 46,Y — {4} =
{3}, there exist U = {2},25,x — {1},

fU) = f({2}) = 46,Y — {4}=(3}, that’s imply f
is 8, —continuous function.
5.3 Remark

Notes that f in above example is proximity continuous
function (6 — continuous) since {3}6,{4} and
fHBY8,F 14

5.4 Remark:

If £: ()(, T5X) — (Y, Ts,) such that T="Ts, and fis
8, —continuous function, then f is continuous function
since if f is &, —continuous function, then [by
Definition 5.1] for all x€y,VcY, such that
fO)SyY —V,f(x) Ky V,there  existU c X,x6,x —
Ux<yU and f(U)SY =V, f(U)cV imply fis
continuity function.

But conversely, is not true as that example

5.5 Example:
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Let: (1,8, —» (Y, Ts,), T, =Ts, s indiscrete
proximity topological space defined on a set y = {o, u}
and Ts,, is discrete proximity topological space and
Ty = Ts,, defined on a setY={p,9,a} such that
@) =fW) = a. )

If x=0,f(0)=a and V = q, then f(o) = ad,Y —
{a} = {p,9}since Ts,, is discrete  proximity
topological space, there isn’t not exist U < y such that
xS_X)( — U, hence f is not §, —continuous function.

5.6 Remark

If f: (x.6,) - (Y,8y) is § —continuous function, then
f is 8, —continuous function, since if forall x € y,V c
Y, f(x)é,Y —V, f(x) < V[by Definition2.6], then
there exist h < Ysuch that f(x) <« h « V [by Theorem
2.7 (06)], put h = f(U), then f(0) «< f(U) KV imply
f(U) KV, fU)s,Y -V [by Definition2.6],and to
prove 66, x — U since f(8)6yY — f(U) [by Definition
2.5] f(6) < f(), fis 6 —continuous, then
f‘l(f(H))SXf‘l(Y — f(U))[ by Proposition 3.5] imply
95_)()( —U,U < y, then f is &, —continuous function.
5.7 Proposition

f:(x.6,) = (v,6,) is 8,, —continuous if and only if
for all x € yand for all V cy,f(x) < V,there exist
Uc y,x LU fU)KV.
Proof
Let f: ()(, 5)() - (y, 6),) is 6, —continuous from
proximity space y to proximity spacey then for all
x € y,and for all V cy, f(x)8,y =V iff f(x) KV
[by Definition2.6], there exist U c, x8,x — U iff x <
U, f(U)8,y —V and f(U) KV [by DefinitionZ2.6].
5.8 Proposition
Let f: (;(, 5)() - (Y,6y)is onto &, —continuous
function, then f~*:(Y,8y) - (x,6,) is &, —continuous
function.
Proof
Let yeYandV c x, f~*(y)8,x — V since f is onto,
then there exist x € y such that f~*(y)=x, x8,x — V.
Since f is &, —continuous function, then for all x €
HLHCY, f(x)8,Y —H, there  exists Ucy,
U=V ,x8,x —U,x8,x —V f(U)é,Y — H.

5.8 Proposition

Letf: (x,6,) > (Y,8y), then f is &, —continuous
function if f for all x € y, and for all VcVY,V €
F(f(x)), there exist U c y such that U € F({x}),V €
FFW)).

Proof:

Let f:(x 6,)— (¥,8y) isé, —continuous function,
then for all x € y,and for allV c Y, f(x)é,Y — V that
mean f(x) < V [by Definition 2.6] imply V € F(f(x))
[by Remark 2.9], there exist U c X such that x € X,

x6, x —UUEF{x}, f (U)byY —V,V €

F(f (U))[Remark 2.9].
Conversely, let for all € X, VcY, Ve F(f(x))by
Remark 2.9], then f(x)&,Y — Vthere exist U c X such
that U € F({x}), x,x-U, VeF(f(U)) hence
f(WHé,Y —V, then f is &, —continuous function

5.9 Proposition

If f:(x,6,) > (¥,8) is &, —continuous function
from (y, T5x) to proximity space (Y, Ts,) then fis
continuous with respect topology T(;X and Ts,, (T = Ts)
Proof:

Let fis &, —continuous function from proximity space
X to proximity space Y then for all x € X, and for all
VecY, f(x)5Y—Vthat mean f(x) <V [by
Definition 2.6] and V is Ts, —open set [by proposition
3.3], there exist U c X, xSX)( — Ulby proposition
3.3]U is Ts, —open set  [by proposition 3.3],) that
mean x <« U [by Definition 1.6] and f(U)&,Y —V and
fU) < V,then f(U) c V [ by theorem 2.7(2)] thus f
is continuous function.

5.10 Remark

The Converse of [proposition 5.9] is not true since if
x =R d(x,y) =|x—yl, 6 =g lettake A = N,
B={"2 neN}|, A5Bif and onlyif d(A,B) =
0, where d(4,B) =inf{d(x,y):x € A,y € B} and
Ts, = Ts,and let A=A,B=B,A8B < AnB=0
and since &, <&y, then f is not &, —continuous
function.

5.11 Remark

If f: (X, 51){) - (Y, 8y), then f is not &, —continuous
function because, if f is any function from (y,&;,) to
any proximity space (¥,6y) and for allx ey, VcvY
such that f(x) 6yY —V, &, is indiscrete proximity
space, then [by Example 2.2] for all 4,B c x, Ad,B if
and only if A+ @,B+ 0 and {x} # @ imply is near
from any nonempty subset of X, there is not exist U c
X and x &;xX — U, finally f is not &, —continuous
function.

5.12 Proposition

If:(x.6,) » (¥,8,) is constant function from
proximity space (x, 8, to proximity space (Y, &), then
fis &, —continuous function.

Proof:

Let fis constant function and for all x € X,
f(x) =a,a€Yand let V cVYsuch that f(x)=
a 8yY —V, then for all U c yand since f is constant
) =fx) =a, then fHéyy -V, fis
& —continuous since for all A6,B — f(A)dyf(B) and
{x}6y{x} for all x € X [by Definition 2.1 P4], To prove
x5, X U, since fU6,Y =V, fis
& —continuous f~1(F(U)) 8y fF1(Y = V) [ by
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Proposition 3.5], fX(f(x))6yX — f7*(V), x & x —
f7HV), put f7'(V) = Uthat’s imply x8,x—U,
hence f &, —continuous function.

5.13 Proposition

If £:(x.6,) - (Y,8y)is &, —continuous function,4 <
X, thenf,:(4,64) » (Y,8y) is &, —continuous
function.

Proof

If x€Aand V c Y sox € X and because f:(x,5,) -
(Y,8y) is &, —continuous functionthen for all x €
X,V cY,f(x)6,Y —Vthere exist Uc y, x6,x—U,
then x «, U hence, x&,x —U[by Theorem 3.9]
and F,({x}) = Fx({x}) n A [by proposition 2.7],A N
U€F,({x), {x} K4ANU,{x} 6, A— (AN U), since
A—(ANnU) c y—U,sincef:(x,6,) > (¥, 8y)

is 8, —continuous and A N U c U,thenf (U))é,Y —V,
hence f(ANU))SyY —V which mean f,:(4,6,) -
(Y, 8y) is 8, —continuous function.

5.14 Proposition

If f:(X,8x) » (Y,8y)is & —continuous such that
&y, Oy are discrete relations, then f is &, —continuous
function.

Proof

Let x€y and V c Y, f(x) 6,Y —V, so because f is
& — continuous, then x &,y — f~1(V), let f (V) = U,
then x §yx — U. To prove f(U) é,Y — V.,if f(U)SY —
V, then f(f~1(V)6y,Y —V and then V&Y —V but V n
(Y=V)=¢ and this contradiction, then f is
8, —continuous function.

5.15 Proposition

Let f: (;(, SX) - (Y,d6y)is &, —continuous function
and K cY, (K, dx)is proximity subspace of proximity
space(Y, 8y), then f: (x,6,) = (K, 6x)

is 8, —continuous function.

Proof:

let f:(x,6,)— (¥,8y) is &, —continuous function.,
then for all x € x,V €Y, f(x)6,Y — V, since (K, 8g) is
proximity subspace of Y,thenV c Kc Y, thenK -V c
Y —V, also [by Theorem 3.8] f(x)dxK — V, and since
f is 8w —continuous, then there exist U c X, x5y X —
U,f(U)6yY —Vimply f(U)6xkK—V [by proposition
1.4(b)] hence f:(x,6,) - (K,8x) is &, —continuous
function.

4.16 Remark

Let f:(x.6,) - (¥,8y) isé, —continuous function
and (H,8,y) is proximity subspace of proximity space
(x.6,) and (K,8x) is proximity subspace of (Y, 8y),
then  f:(H,6,y) - (K, 6,)is 8, —continuous
function since ifx € H and letV c K, f(x)&,xK —
V,f(x) <k K.

To prove f:(H,8,4)~ (K,8,)is &, —continuous
function. Since f is &, —continuous, then there exist
U c xsuch that x <, U [by Definition 5.1] and since
Hcy H-Ucy—-Uxé;H—Uand f(U)éY -V
but VcKcY, K-VcY—V,then f(U)§,kK -V,
hence  f:(H,6,4) - (K, 8,)is &, —continuous
function.

5.17 Proposition

Let f:(x,6,) - (Y,8y) isé, —continuous function,
then there exist two disjoint sets C,D < Ysuch that
CC <L f(o)°.

and D¢ <V, for all 9 cX, x6,x—¢ and VY,
f()8,Y —V.

Proof

Since f is &, —continuous then for all x € X, and for
allv cY, f(x)é,Y — Vthere existp c X, x5, x — ¢
f(@)8,Y —V and [by proposition 2.4(ii)] there exist
two disjoint setsC,D < Y [by Proposition 2.5(iii)],
f(@)8yY —C,f(@) c C,C° c f(p)° hence

C° < f(p)and Y —V8,Y —D, then Y —D6,Y -V
imply D¢ c V, D¢ K V.

5.18 Proposition

Let f: (x,6,) - (Y, 8y)is 8, —continuous, then for all
x € X,V c Y, then the following is satisfies:

1L Ve cx—flo) [Vec (),

2.V < (f(9))" [Visopen],

3. f(p)b,Y—V forsomegp € yandforallV c Y,

4. flp) «int(V) [f(e) < (V)]

Proof:

1. Since fis &, —continuous, then for allx € y,V
Y, f(x)8,Y — V there exist ¢ c y such thatx € y,
x8,x — @ and f(¢)&,Y — V[by Proposition 3.4]

Y=V cx—f(p) thenVe c (f(9))".

2. By  [Proposition
f((@)), then V< < (f(9))", .
3. Since f(¢) < V[ ByProposition 3.6(i)],f(¢) K V
and (@) 8,Y — V [By Proposition 3.6(ii)].

4, Since  f(p) K V,then f(p) < int(V) and
since [ int A = (A°)¢ ] then [f (@) < (VO°].

5.19 Proposition

3.4])(—Vcint()(—

Let §,,0y be two proximity relations on the set y,
f:(x,6x) = (Y, 6y), x = Yis identity function of a set
X, then fis &, —continuous function if and only if §, >
Sy-

Proof:

Let f is &, —continuous, then for all x € y,and for
allv cY, f(x)6,Y —V thereexist U c y,

x8,x —U,x €U, then f(x)6y f(x —U) = f(x) —
fWbut f(x)=Y|[fis identity], let fU)=V
hencef (x)8yY — V forall x € x, then §, > &y,
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Conversely, let §, > 48, and for all x €y, V cY,
FOO8Y =V butf(x) = x, f (V) =y, x8x
f7Y(V), now let f~Y(V)=Ucy, hence there
existU c y, x6,x —U,x €U and fU) =u
{f (x),x € U}, then f is &, —continuous function.

5.20 Proposition

If f:(x,Ts,) = (Y,Ts,)is onto &, —continuous, then
for every open set V in T, there exist open set U in Ts,
such that f(U) c V.

Proof

Let f is 6, —continuous , V € Ty, since f is onto then
forally e V cY,yé,Y —V since f is onto there exist
X € y, such that y = f(x) and since Vis open, then y =
f(x) 8,Y — V[by Proposition 3.4] and since f is &, —
continuous function, then there exist U c y such that
ch_X)( - UL x € U imply U is open [by Proposition 2.3]
and f(U)6yY —V, hence f(U) c V.

5.21 Remake

If f:(0Ts,) = (Y, Ts,) is open function, then not
necessary f is &, —continuous function as explained in
that example.

5.22 Example

Let f: ()(, Tgx) - (Y,6y)such that f is identity
function, y = {m,j,k} =Y , Ts, is normal proximity
topological space, Ts, = {X,0,{m},{j,k}}and &y is
discrete relation defined on Y, clearly fis open function
but is not §, —continuous since if x =j,f(j) =,
letV={j}, f(DoyY —{j} = {m, k}since {j}n{m, k} =
(0] _[by Example 1.2 (i)], there existU = {j,k} c X
Joyx — U =x—{j,k} ={m} but f({j, kDY —{j} =
{m, k}, then f is not &, —continuous.

5.23 Proposition

Let f:(x 6,)— (¥,8y) 8, —continuous, then the

following statements are holds for all x € y,U,E c

yandV,H CY:

i. There exist nonempty set E subset of ysuch that
X Ky X_E«x U,

ii. There exist nonempty set Hsubset of Y such
that, f(U) Ky Y — H <y V.

Proof:

since f is &, —continuous, then for all x €
x.V Y, f(x)6,Y —V,there exist Uc
X, x8xx — U, then there exist E c y [by
Definition 2.1.P5] such that  {x}5,E,
x L&x x — E [by Definition 2.6] and y —
E&, x — U imply y — E « U [by Definition

2.6], then x K, x — E <y U [ by Definition
2.6].

since f is &, —continuous, then for all x € y,V c
Y, f(x)6,Y — V, there exist Ucyxxb,x—U,
fWHéyY —V, then there exist @#HcY
, f(U)S,H and f(U) <y, Y — H [by Definition 2.6]
and Y — H6,Y —V,Y — H <, V[ by Definition 2.6]
imply f(U) <y Y —H <y V.

6. CONCLUSION

&, —continuous is a new type of

continuity in the space of topological proximity. The
lesson of continuity of each element of domain
depending on definition of the neighborhood in the
space of topological proximity.
This kind has got qualification of special condition and
it is related to or connected with continuity in
topological space and continuity within the topologicl
proximity space.
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