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In this paper we introduce the concepts higher x*-left
(accordingly
(accordingly right) centralizer. We prove Any J HxL(AR) C
on prime ring R has characteristic different from 2 with
involution is H¥L(AR) C on R.
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1. Introduction

Assume R be a ring with involution, (In short *-ring)
the concept of prime ring was presented in [5] the
concept of 2-torsion free was presented in [2].The
concept of higher left centralizer on R was presented
in [6]. For more information see [3,4],[7-9]. Let
*f— £* be an additive map of R satisfying: 1)( £
@) = g* #*and ii)( £*)* = £, for all £,g€R. then R is
called ring with involution [1]. The objective of this
article specify the relation between two concepts:
higher *-left (accordingly right) centralizer and
Jordan higher *-left (accordingly right) centralizer
within certain conditions.

2. Higher *-Left (Accordingly Right) Centralizers
on Ring with Involution

Definition 2.1: A family of additive mappings

g =(g dienis called higher « - left (accordingly right)

centralizers (abbreviation H*L(AR) C) of Rif V1, 9

€ R and n€ N then

(0= T, g:(9) g1 (n) (accordingly gn(Om)=

Y i (0) gi(m)

fis said to be jordan higher *-left (accordingly right)

centralizers (J HxL(AR) C) of R if

gn (0= 3:(9) gi_1(9*) (resp. ga(92) =

Y gi-1(0M)g () )

g 1is said to be Jordan higher triple *-left

(accordingly right) centralizers (J HT*L(AR) C) of R

if

Qnﬁflf)): 211'1:1 g’t(s ) 9'1—1(71* ) 9’1—1(8*)

(resp. gONO)=Y7; ¢,.1(9") g-1(1*) g.(9)).

Example 2.2: Let Z be the ring of integers, and
R= {(0 u):u € Z} be aring , g = (gi)ien

0 0
defined on R by
g»n(g 3) = (8 38u) , for all u€Z, neN.
R — R defined by (8 ‘5) - (8 70“), for all
(8 g)e R. Then gis H*L(AR) C on R.

Lemma 1: If ¢ =( ¢ 1) ien is J H¥xL(AR) C on prime
rings with involution R then v 9, n € R
Dgn®nm o) =T, g,(9) g-.(™) +
g.(m) ¢i-1(3)
ii) gn Onw+wno)=YL, 4,9 g,-1(n*) g .1 (w*) +
W) g1 (") gi-1(9")
iii) If R is 2-torsion free and 9 n=n9, V 9, n€ R, then
g2 nw) =3, 30 g1 () gioa (W)
Proof:i) g «((9 +n)(9 +n) =¥, g:(O + )@ + 1))
= Z?:l 91(8 + 77) 91—1(8 + 77)
=219 1 (0 + g:.(Dgi -1 () +
g M) ¢-1(9) +g.m) g-1(1") - (D)
Again
g2((9+n) O +1) = gn 92+ 9n + 9 +n?2
=( §‘=1gi () g1-1(9) + ¢.(1) g -1 (n")+ gn O+ n9)
.2
So, by (1) and (2) we have
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g n(On+n9) = X1 g: 0) gi-1 (1) + ¢:(0) 911 (87)
ii) Replacing 9+w for 9 in definition2.1
G n (('8 +W) n ( 9 +W)): Z?:l gal(ﬁ +
w ) g’L—I( 71*) g L—I( 9" + W*)
= Z?:l g'l(ﬁ) g'l.—l( 77*) P-1 (71*) +
g‘L(’S) Pi-1 (7)*) 91—1( W*) +
giw) g,1(n") g, 1(9) +
g(w) g 1M gia(wW?)
Again
gn (9 +w)n( 9 +w))=g » Ond + Inw+wn9 +wnw )

-~ (3)

21 gic1 (g1 + g W)g_ 1 ()G W)+
gn (19r1 w +wn 9 ) ...(4)
By (3) and (4) we get
gn(Onw +wnd) =%, gi(9) g1 (") g, (W) +
g.(w) gi-1(n*) gi_1(99)

iii) By (ii) and R is commutative 2-tortion free.

Remark 2.3: If g =(g) ien is J HXL(AR) C on R with
involution we define @n(9,1) by

en(d,n) = g+On) - 1 ¢:(0)gi1 ("), VY InER.
Lemma 2: If g =(g ) ien is J HXL(AR) C on R with
involution then V 9,n,we R.

1) Pn (8,1’1) =" Pn (I], 8)

2) eu(¥+w,n) = . (9,1) + @n (w,n)

3) en(9, n+w) = @u(9,1) + @u(O,w)

Proof: 1) By lemma 1()
g (On+nd) =37, g () g1 () + g,(M g 1-1(9")
g On) - Y19 (D) g () =- gnd)-
Yic1 ¢ (M) gio1 (D)
on(9,n) =- on(n,9)
2) on 9+w,n) = gn(@+wW)n) - T2, 2D +w) g (1Y)
=gn On+wn) - X7, (g ((9) + g:(W))gi-1 ()
=gn(On) + g (wn) - X, :(9) gia (1) +
gi(W)gio1 ()
= gn(On) - Xy ¢i(9) gio () + gnlwn) -
Yiigiw) gi-i(m)
=@n(9,n) + u (w,n)
3) en(9,n+w) = gn(O+w)) - T, ¢:(®) gioi(m + w)*
=gnOn+9w) - 3L ¢.(9) g (™) +
g’l(ﬂ) g’t—l( W*)
=gn®n) -, ,.0) g1 + gn @ W) -
Z?:l g’t({)) 91—1( W*)
= om®,n)+en®w)

Remark 2.4: Let R be a ring with involution then
g = (gi)ien is HXL(AR) C on R iff gn (9,1)=0,
V 9,n€R and neN.

3. The Main Results

Lemma 3: If g = (gn) iev is on prime ring with
involution R then vV 9,n,weR and ne N

(pn(l(), I]) Gn-1l ( W*) [9%1(19 *), g’n'l(rl*)] =0

Proof: Suppose that the result satisfies VpeN,
where p<n
(Pp(\(.), 1]) g-p'l(l]*) [g‘pl('a *), g»p'l(ﬂ*)] =0
then by using mathematical induction on n, we
have.
Now if m=9nwn9 + ndwon, then
gn (m) = g» ((Onw)(n9)+ g n(ndw)(On))
=g« (OnwW)(19) + g A(nd w)(On))
=219 (9Mm)g 1 (19)" + gi(mdw)g, _1 (On)

?:1 g’l( 19)91—1(71*)9’1—1(W*) g‘t—l(ﬂ*) (74 1—1(77*) +
%(ﬂ) g’ L—1('8*) g‘ L —1(W*) g‘ L—1(77*) g’t—l(ﬁ*)

=218 g1 $p-1(W) @-1(9) @r—1(1%)
+ Zn?z_ll gl(ﬁ)g L—1( U*)Qn—1 ( W*)gn—l (‘9*)9‘44,—1( 77*)
£ 510D 319 G (W) G 1 (1)1 ()

n-1

+ Z (M) 9,109 g¢,-1 (W) gi-1(n) g 11 (I7)
i=1
Again
gn(m) = g (On)wnd+ g, (n9w(n))
=219 ()G -1 (WG -1 (M9)"+
¢:(n9) g1 (W) gi_1(9n)"
=g ®On g 1w gn1 (n9)* +
L gi(Og —1 (WG 1 ()"
+g @9 g w1(w*) g n1(9n)* +

2 i1(19)g i (W) g ()
...(6)
By comparing (5) , (6) and the assumption, we get
0:( g n(ﬁl’]) —Zlnzl g‘(f)) g 1—1(77*)) g n-l(W*)g' n 1(19 *)
g»m(n*) +
(g‘ (HB)-Z?=1 g,(ﬁ) g i—1(n*)) g»n'I(W*) g ﬂ'l( U*)gm'l( 9 *)
= euO,0)gn-( W)Gn-199g r1 () +on(7,9g w1( W9 G-
1(z) gﬁq(ﬁ *)
:(pn('B,II) gn'l(W*)g'rrl('B *)g'n'l(l]*) - (pn('s,l])gm’l(w*) G
1(z) gm-1(19 *)
=@, 1) g il w*) [g 107, @ ni()]
Lemma 4 : Let g =(g1) iewbe J H¥xL(AR) C on prime
ring with involution then Vv 9,n,q1,q,p€ R and ne N
on(®,n) g-1(q1?) [g+1(q*), g1 (p)]1=0
Proof: Replacing 9 +q for 9 in lemma 3
on( 9 +q, 1) gn1lq?) [ gn1@+q) , gn1()] =0
(pn(ﬁ,l]) Gn-1 (ql*) [gnl (19*), Gn-1 ( n* )]+ On (8,1]) Gn-1
(a1" [gr1(z), gn1(n)] +
on(g, 1) gn1( ) [gn10%) , gn1(*)] + on (g,

g»1(q") [gn1(g*) , gn1(n)]1=0
And by using lemma 3 we have
0x(9, ) g n1(@1") [gr-1( 2, gn-1(n?) 1+ @n (g,1) gn1(
q1*) [gvnl (19 * ), gn'l(n* )] =0
Therefore
0= @n(O,n) g»1(q) [g»1(g?) , g1 ()] q1 n O 1) grr
1(g1*) [gni( 7)), gni( p*) ]

. (5)
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=pn(9,7) g1(q1*) [g~1(q"), gn )] q1 ou(q,) T g
w1(qr*) [ 1 (0*) , g ni()]
Since R is prime we have
On (8,)911-1 (q1*) [g ﬂ-l( q*) , g-n-J(I]*)] =0
(1)
On the other hand by replacing#+p with £ in
Lemma3 and using the same above argument, we
get
(Dn({),rl) gﬂ-I(QI*) [gm-] (8 *), Gl ( q*)] =0
... (8)
NOW, Pn (8,1]) gvn'l( Q1*) [g'n-l (‘8 *+q*), g-n']( mw+ p* )]:0
(Dn(lg,l]) g'rrl(qf) [g» n-](l‘.) *) s g'ﬂl(ll*)] + (pn(\(-), 1]) gﬂl(qf)
[g»m-1(8*), g»m(p*)] +
00, gri(q®) [gn1@") , gw1 (@] + 0 O,0) gr-
Aq1¥) [gnm-l(cz*) s gm-l(p*)] =0
Therefore by using lemma 3, (7) and (8)
on(9,1) gm(oll*) [g»ﬂ-l(q*) , g»n-z(p*) 1=0
Theorem 5: Any J HxL(AR) C on prime ring R has
characteristic different from 2 with involution is
H*L(AR) C on R.
Proof: Assume that g =(g 1) ien is J HxL(AR) C on
prime ring R. So, by Lemma 4 we have ¢« (9,1) =0 or
g »/q?), ¢ »1(p)] =0,V 9,1,g,p€ R; nE N.
If [g w1( 2, ¢ - pI] £ 0,V g,p € R, n€EN, then
on(9,n) =0,V 9,n€ R;n € N. So, by remark2.4 we
have g is higher *- left (accordingly right)
centralizers on R.
If [g n-1(g), g»1 (p)] = 0, Vq, p€ R, then R is
commutative ring therefore, by proposition 1()
gn(291) =231, g, () g (")
Since R is of characteristic different from 2 therefor
T satisfy the require result.
Proposition 6: Any J H*xL(AR) C on characteristic
different from 2 ring R with involution is JT
H*L(AR) C on R.
Proof: Let g =( g ien is J HXL(AR) C on ring R
Linearizing by 9n+1 in proposition 1(1)
9(q On+n 9+ Onn 9 9= XL,9,®) g, ((On +
n9)") +g:((On +19)) g1 (0
=21 ¢ gi-i(nD g1 (37) +
2.)g. 10 g 1(nH+
gi® g1 (n") g1 (97) +
(M) g,-1(07) g1 (I7)
...(9)
On the other hand
g8 9 n+n 9) +(® n+nd) 9) = g(d9n + Ind + I
+199)
= 2i=19.0) 2,197 g1 () +
G1(1) .-1(3) g1 (9)+ gn(9nd + 9n9)
...(10)
Therefore by comparing (9) and (10), we get

gn(2009) =2 31, g:(®) gis ") g1 (97
Since R is of characteristic different from 2 we get ¢
is satisfying the required result.

Corollary 7: Every J HxL(AR) C of R with involution
on characteristic different from 2 is J HT*L(AR) C
on R.

Proof: If g = (g1ien is HXL(AR) Con Rso g is J
H*L(AR) C and by Proposition 6 we have

g is Jordan higher triple * - left (acco. right)
centralizer on R.
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