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A B S T R A C T  
 

 

In this paper, new subclasses of bi-univalent functions associated with Horadam polynomials 

are introduced and investigated. Additionally, the researchers find estimates of the first two coefficients 

of functions in these subclasses. Moreover, they obtained the Fekete-Szegö inequalities for these function 

classes. Besides, pertinent links of the results are provied  with those considered in previously 

investigations. 

 

 

 
 

 
1. INTRODUCTION1 
 
Let ƒ be function of the form 

ƒ(ʑ) = ʑ +∑𝑎𝑘ʑ
𝑘

∞

𝑘=2

 .                  (1) 

which belongs to A where A is the class of regular 

functions defined on the disk 

𝖴 = {ʑ ∈ ℂ ∶ |ʑ| < 1}, 
with ƒ(0) = ƒˊ(0) − 1 = 0 and let S be the subclass of A 

consisting of the form (1) which are also univalent in U. 

The Koebe’s Covering Theorem (see [1]) states for each 

ƒ ∈ S the image ѡ = ƒ(ʑ), ʑ ∈  𝖴,, in the w-plane contains 

the disk{ѡ ∶  |ѡ|  <  1/4}. From this theorem, every 

function ƒ∈S has an inverse ƒ−1which holds  

ƒ−1(ƒ(ʑ)) = ʑ, (ʑ ∈ 𝖴)  
and, 

ƒ(ƒ−1(ѡ)) = ѡ (|ѡ| < 𝘳0(ƒ), 𝘳0(ƒ) ≥
1

4
),  

where 

𝘨(ѡ) = ƒ−1(ѡ) = ѡ − 𝑎2ѡ
2 + (2𝑎2

2 − 𝑎3)ѡ
3

− (5𝑎2
3 − 5𝑎2𝑎3 + 𝑎4)ѡ

4 +⋯ 
 

A function ƒ ∈ 𝔸 is called bi-univalent in 𝖴 if both   ƒ 
and ƒ−1 are univalent in 𝖴.The class of all bi-univalent 

functions in 𝖴  is denoted by. This class was 
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introduced by Lewin [2] and showed that |𝘢2| ≤ 1.51 

for the function in the class . Recently, Brannan and 

Clunie [3] conjectured that |𝘢2| ≤ √2. Netanyahu in 

[4] proved that |𝘢2| =
4

3.
. Several researchers have 

examined these subclasses of bi-univalent regular 

function and found estimates of the initial coefficients 

for functions in different subclasses [5-10]. 

A function ƒ ∈ 𝔸 is called a λ –pseudo starlike function in 

𝖴 if the following inequality holds  are  true (see [11]): 

ℛ [
𝓏(ƒ′(ʑ))

𝜆

ƒ(ʑ)

 

] ≥ 0, (ʑ𝖴), λ ≥ 1.  

 

For two regular functions ƒ1 and ƒ2, the  

function ƒ1 subordination to ƒ2 in the disk  𝖴,  is written 

as follows: 

ƒ1(ʑ) ≺ ƒ2(ʑ),   (ʑ𝖴), 
if there is a regular function ƙ with ƙ(0) = 0 and 
|ƙ(ʑ)| < 1, such that 

𝑓1(ʑ) = 𝑓2(ƙ(ʑ)), (ʑ𝖴).  

 In particular, when ƒ2 is univalent in 𝖴,  

ƒ1 ≺ ƒ2        (ʑ𝖴)    ⟺ ƒ1(0) = ƒ2(0) and ƒ1(𝖴) = ƒ2(𝖴). 
Lately, the polynomial defined below has been included 

in the topic of the geometric function theory of complex 
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analysis. The Horadam polynomials are defined by the 

recurrence relationship as follows [12]. 

𝒽𝓃(𝓇) = 𝓅𝓇𝒽𝓃−1(𝓇) + 𝓆𝒽𝓃−2(𝓇)  𝓇 ∈ ℝ,𝓃 >
2, 𝑛 ∈ ℵ,                        (2) 

with 

𝒽1(𝓇) = 𝑎,  𝒽2(𝓇) = 𝑏𝓇 𝑎𝑛𝑑 𝒽3(𝓇) = 𝓅𝑏𝓇
2 +

𝑎𝓆 for some  𝓅. 𝓆, 𝑎, 𝑏 ∈ ℝ. 

The characteristic equation of the iteration relation (2) is 

𝓉2 − 𝓅𝓇𝓉 − 𝓆 = 0. 

The real roots of this equation are  

𝛼1 =
𝓅𝓇+√(𝓅𝓇)2+4𝓆

2
, 𝛼2 =

𝓅𝓇−√(𝓅𝓇)2+4𝓆

2
.  

It should be noted that for specific values of parameters, 

the Horadam polynomial 𝒽𝑛(𝑥) leads to different 

polynomials. To learn more about the details and special 

cases of the Horadam polynomials (see [13–14]). In [14], 

the Horadam polynomials 𝒽𝓃(𝓇) are generated by: 

𝑔(𝑟, ʑ) =∑ ℎ𝑛(𝑟)ʑ
𝑛−1

∞

𝑛=1
=
𝑎 + (𝑏 − 𝑎𝑝)𝑟ʑ

1 − 𝑝𝑟ʑ − 𝑞ʑ2
. (3) 

The Horadam polynomials 𝒽𝓃(𝓇) have recently been 

used in a similar context by Srivastava et al. [15]. 

Subsequently, many authors used a Horadam polynomial 

(see [16–19]).     

   The aim of the present work is to define two subclasses 

of the function class using the Horadam 

polynomials 𝒽𝓃(𝓇) and estimate the bounds of the 

coefficients 𝘢2, 𝘢3 and the Fekete–Szegö for functions of 

the subclasses presented throughout this work.  

 

2. COEFFICIENT  ESTIMATES  FOR SUBCLASS 

𝑮(𝝀,𝓹, 𝓺, 𝓻, 𝓰)   

We start with introducing the function subclass 

𝐺(𝜆, 𝓅, 𝓆, 𝓇, ℊ) using the following definition.. 

Definition (2.1): Let 𝐺(𝜆,, 𝓅, 𝓆,𝓇, ℊ) be the class of the 

function ƒ  given by (1) under the next subordination 

[
ʑƒ′(ʑ)

ƒ(ʑ)
+

𝓏ƒ′′(ʑ)

ƒ′(ʑ)
−

𝜆ʑ2ƒ′′(ʑ)+ʑƒ′(ʑ)

𝜆ʑƒ′(ʑ)+(1−𝜆)ƒ(ʑ)
] ≺ ℊ(𝓇, ʑ) − 𝑎, (ʑ ∈

𝖴),  

[
𝑤𝕘′(𝑤)

𝕘(𝑤)
+

𝑤𝕘′′(𝑤)

𝕘′(𝑤)
−

𝜆𝑤2𝕘′′(𝑤)+𝑤𝕘′(𝑤)

𝜆𝑤𝕘′(𝑤)+(1−𝜆)𝕘(𝑤)
] ≺ ℊ(𝓇,𝑤) −

𝑎, (𝑤 ∈ 𝖴),  
and for 𝕘 = ƒ−1, 0 ≤ 𝜆 ≤ 1. 
 

Remark(2.2): Setting 𝜆 = 0 in the 

class 𝐺(𝜆,, 𝓅, 𝓆, 𝓇, ℊ), we obtain Χ(, 𝓅, 𝓆, 𝓇, ℊ). 
Remark(2.3): Setting 𝜆 = 1 in the 

class 𝐺(𝜆,, 𝓅, 𝓆, 𝓇, ℊ), we obtain Τ(, 𝓅, 𝓆, 𝓇, ℊ). 
At  first, we state and prove the next result. 

Theorem (2.4): Let ƒ𝜖𝐺(𝜆, 𝓅, 𝓆, 𝓇, ℊ). Then  

|𝘢2| ≤
|𝑏𝓇|√|𝑏𝓇|

√|(𝑏𝓇)2
 
(1−4𝜆+(𝜆+1)2)−(𝑏𝑝𝓇2+𝓆𝑎)(2−𝜆)2|

 , (4)   

|𝘢 3| ≤
|𝑏𝓇|2

 

(2−𝜆)2
+

|𝑏𝓇|

2(3−2𝜆)
,                             (5)  

 

|𝘢 3 − 𝜀𝘢2
2| ≤

{
 
 
 

 
 
 

|𝑏𝓇|

2(3−2𝜆)
,                                                                  𝑖𝑓

 |𝜀 − 1| ≤
|(𝑏𝓇)2

 
(1−4𝜆+(𝜆+1)2)−(𝑏𝑝𝓇2+𝓆𝑎)(2−𝜆)2|

2(3−2𝜆)(𝑏𝓇)2
,

|(𝑏𝓇)3
 
(1−𝜀))|

|(𝑏𝓇)2
 
(1−4𝜆+(𝜆+1)2)−(𝑏𝑝𝓇2+𝓆𝑎)(2−𝜆)2|

,           𝑖𝑓

|𝜀 − 1| ≥  
|(𝑏𝓇)2

 
(1−4𝜆+(𝜆+1)2)−(𝑏𝑝𝓇2+𝓆𝑎)(2−𝜆)2|

2(3−2𝜆)(𝑏𝓇)2

  

 

Proof: Since  𝑓𝜖𝐺(𝜆, 𝓅, 𝓆, 𝓇, ℊ), there are holomorphic 

functions  𝜋, 𝜐 belong to 𝔸 and 𝜋, 𝜐: 𝖴 → 𝖴   given 

𝜋(ʑ) = 𝜋1ʑ + 𝜋2ʑ
2 + 𝜋3ʑ

3 +⋯   (ʑ ∈ 𝖴),   
𝜐(𝓌) = 𝜐1𝓌

 + 𝜐2𝓌
2 + 𝜐3𝓌

3 +⋯ , (𝓌 ∈ 𝖴),  
such that 𝜋(0) = 𝜐(0) = 0 𝑎𝑛𝑑 |𝜋(ʑ)| < 1 

 
, |𝜐(𝓌)| <

1 , (ʑ,𝓌 ∈ 𝖴) and we can write 

[
ʑ𝑓′(ʑ)

𝑓(ʑ)
+

ʑ𝑓′′(ʑ)

𝑓′(ʑ)
−

𝜆ʑ2𝑓′′(ʑ)+ʑ𝑓′(ʑ)

𝜆ʑ𝑓′(ʑ)+(1−𝜆)𝑓(ʑ)
] =  ℊ(𝓇, 𝜋(ʑ)) − 𝑎,  

[
𝑤𝕘′(𝑤)

𝕘(𝑤)
+

𝑤𝕘′′(𝑤)

𝕘′(𝑤)
−

𝜆𝑤2𝕘′′(𝑤)+𝑤𝕘′(𝑤)

𝜆𝑤𝕘′(𝑤)+(1−𝜆)𝕘(𝑤)
] = ℊ(𝓇, 𝜐(𝑤)) −

𝑎.    (6) 
Or, in equivalent way,  

[
ʑ𝑓′(ʑ)

𝑓(ʑ)
+

ʑ𝑓′′(ʑ)

𝑓′(ʑ)
−

𝜆ʑ2𝑓′′(ʑ)+ʑ𝑓′(ʑ)

𝜆ʑ𝑓′(ʑ)+(1−𝜆)𝑓(ʑ)
] =  𝒽2(𝓇)𝜋1ʑ

 +

[{ 𝒽2(𝓇)𝜋2 +  𝒽3(𝓇)𝜋1
2} +]ʑ

2 +⋯ ,                                                                      
(7) 

 and  

[
𝑤𝕘′(𝑤)

𝕘(𝑤)
+

𝑤𝕘′′(𝑤)

𝕘′(𝑤)
−

𝜆𝑤2𝕘′′(𝑤)+𝑤𝕘′(𝑤)

𝜆𝑤𝕘′(𝑤)+(1−𝜆)𝕘(𝑤)
] =  𝒽2(𝓇)𝜐1𝑤

 +

[{ 𝒽2(𝓇)𝜐2 +  𝒽3(𝓇)𝜐1
2}]𝑤2 +⋯.  

                                                                             (8) 

From (7) and (8),  it follows that 

(2 − 𝜆)𝘢2 = 𝒽2(𝓇)𝜋1,                          (9)  
(6 − 4𝜆)𝘢3 − (5 − (𝜆 + 1)

2)𝘢2
2

= { 𝒽2(𝓇)𝜋2 +  𝒽3(𝓇)𝜋1
2} , (10) 

−(2 − 𝜆)𝘢2 =  𝒽2(𝓇)𝑣1,       (11) 
 

(7 − 8𝜆 + (𝜆 + 1)2)𝘢2
2 − (6 − 4𝜆)𝘢3

= { 𝒽2(𝓇)𝑣2 +  𝒽3(𝓇)𝑣1
2}.  (12) 

From (9) and (11), it follows that  

 𝜋1 = −𝑣1     (13) 

2(2 − 𝜆)2𝘢2
2 =  𝒽2

2(𝓇) (𝜋1
2 + 𝑣1

2).  (14) 
Adding (10) and (12), we obtain that 

2[1 − 4𝜆 + (𝜆 + 1)2]𝘢2
2 =  𝒽2(𝓇)(𝜋2 + 𝑣2) +

 𝒽3(𝓇)(𝜋1
2 + 𝑣1

2)                  (15)   
Using (14) in (15), we conclude that  

2 [(1 − 4𝜆 + (𝜆 + 1)2)−
 𝒽3(𝓇)(2−𝜆)

2

 𝒽2
2(𝓇)  

 

] 𝘢2
2 =  𝒽2(𝓇)(𝜋2 +

𝑣2),                                   (16)   

𝘢2
2 =

 𝒽2
3(𝓇)(𝜋2+𝑣2)

2[𝒽2
2(𝓇) (1−4𝜆+(𝜆+1)2)− 𝒽3(𝓇)(2−𝜆)

2]
 (17)  

From (2) and (17), we have the required inequality (4). 

Subtracting (12) from (10), we have 

𝘢3 = 𝘢2
2 +

 𝒽2(𝓇)(𝜋2−𝑣2)

4(3−2𝜆)
 .               (18)  

 In view of (13) and (14), equation (18) becomes  
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𝘢3 =
 𝒽2

2(𝓇) (𝜋1
2+𝑣1

2)

2(2−𝜆)2
+

 𝒽2(𝓇)(𝜋2−𝑣2)

4(3−2𝜆)
.   

By using |𝜋𝑖| < 1 
 
, |𝜐𝑖| < 1 and (2), we have the required 

inequality (5).  

From (18), for   𝜀 ∈ ℝ , we write 

𝘢3 − 𝜀𝘢2
2 =

 𝒽2(𝓇)(𝜋2−𝑣2)

4(3−2𝜆)
+ (1 − 𝜀)𝘢2

2  (19)  

By substituting (17) in (19), we obtain that 

𝘢3 − 𝜀𝘢2
2 =

 𝒽2(𝓇)(𝜋2−𝑣2)

4(3−2𝜆)
+

(1−𝜀) 𝒽2
3(𝓇)(𝜋2+𝑣2)

2[𝒽2
2(𝓇) (1−4𝜆+(𝜆+1)2)− 𝒽3(𝓇)(2−𝜆)

2]
 = 𝒽2(𝓇) [(Υ(𝜀, 𝓇) +

1

4(3−2𝜆)
) 𝜋2 + (Υ(𝜀, 𝓇) −

1

4(3−2𝜆)
) 𝑣2],  

where   

Υ(𝜀, 𝓇) =
(1−𝜀) 𝒽2

2(𝓇)

2 [𝒽2
2(𝓇) (1−4𝜆+(𝜆+1)2)− 𝒽3(𝓇)(2−𝜆)

2]  
 .  

Thus, we deduce that 

|𝘢 3 − 𝜀𝘢2
2| ≤

{

 𝒽2(𝓇)

2(3−2𝜆)
,     0 ≤ Υ(𝜀, 𝓇) ≤

1

4(3−2𝜆)
,                 

2| 𝒽2
 (𝓇)|Υ(𝜀, 𝓇), |Υ(𝜀, 𝓇)| ≥  

1

4(3−2𝜆)
 .

  

From here with consideration of (2), it clearly  shows 

that the proof of Theorem 2.4 is completed. 

Corollary (2.5): If the function ƒ(ʑ) in Χ(, 𝓅, 𝓆, 𝓇, ℊ) 
given by (1), then 

|𝘢2| ≤
|𝑏𝓇|√|𝑏𝓇|

√|2(𝑏𝓇)2
 
−4(𝑏𝑝𝓇2+𝓆𝑎) |

,  

|𝘢3| ≤
|𝑏𝓇|2

 

4
+

|𝑏𝓇|

6
,  

|𝘢 3 − 𝜀𝘢2
2| ≤

{
  
 

  
 

|𝑏𝓇|

6
,                    𝑖𝑓                                           

|𝜀 − 1| ≤
|2(𝑏𝓇)2

 
−4(𝑏𝑝𝓇2+𝓆𝑎)

 
|

6(𝑏𝓇)2
,                             

|(𝑏𝓇)3
 
(1−𝜀))|

|2(𝑏𝓇)2
 
−4(𝑏𝑝𝓇2+𝓆𝑎) |

,   𝑖𝑓

|𝜀 − 1| ≥
|2(𝑏𝓇)2−4(𝑏𝑝𝓇2+𝓆𝑎)

 
|

6(𝑏𝓇)2
 .

  

 

Corollary (2.6): If the function ƒ(ʑ) in 

  
 T(, 𝓅, 𝓆, 𝓇, ℊ) given by (1), then 

|𝘢2| ≤
|𝑏𝓇|√|𝑏𝓇|

√|(𝑏𝓇)2
 
−𝑏𝑝𝓇2+𝓆𝑎 |

,  

|𝘢3| ≤ |𝑏𝓇|2 +
|𝑏𝓇|

2
 , 

|𝘢 3 − 𝜀𝘢2
2| ≤

{

|𝑏𝓇|

2
,     |𝜀 − 1| ≤

|(𝑏𝓇)2
 
−(𝑏𝑝𝓇2+𝓆𝑎)

  
|

2(𝑏𝓇)2
,                         

|(𝑏𝓇)3
 
(1−𝜀))|

|(𝑏𝓇)2
 
−(𝑏𝑝𝓇2+𝓆𝑎) |

,   |𝜀 − 1| ≥  
|(𝑏𝓇)2

 
−(𝑏𝑝𝓇2+𝓆𝑎)

  
|

2(𝑏𝓇)2
.
  

 

 
 

3. COEFFICIENT ESTIMATES FOR 

SUBCLASS ℳ
 (μ, λ, 𝜌, 𝓅, 𝓆, 𝓇, ℊ)  

Definition (3.1): A function ƒ ∈ Σ of the form (1) is in 

ℳ

q(μ, λ, 𝜌, 𝓅, 𝓆, 𝓇, ℊ) if it satisfies conditions 

   (1 − 𝜇) [𝜌 (
ʑ𝑓′′(ʑ) 

𝑓′(ʑ)
+ 1) + (1 − 𝜌)𝑓′(ʑ)] +

𝜇 [
ʑ(𝑓′(ʑ))

𝜆

𝑓(ʑ)

 

] ≺ ℊ(𝓇, ʑ) + 1 − 𝑎 , (ʑ ∈ 𝖴),   

(1 − 𝜇) [𝜌 (
𝑤𝕘′′(𝑤) 

𝕘′(𝑤)
+ 1) + (1 − 𝜌)𝕘′(𝑤)] +

𝜇 [
𝑤(𝕘′(𝑤))

𝜆

𝕘(𝑤)
] ≺ ℊ(𝓇,𝓌) + 1 − 𝑎, (𝑤 ∈ 𝖴),  

  for 𝕘 = 𝑓−1, 0 ≤ 𝜇 ≤ 1, 0 ≤ 𝜌 ≤ 1 and 𝜆 ≥ 1. 
Remark (3.2): For  𝜇 = 0 , the class  
ℳ

 (μ, λ, 𝜌, 𝓅, 𝓆, 𝓇, ℊ)  is shortened  to the class 𝒢Σ
⋇(𝛼, 𝑥)   

presented and investigated in [20]. In particular, in [20], for 

𝜌 = 0, we have 

ℳ
 (0, λ, 0, 𝓅, 𝓆, 𝓇, ℊ) ≔ ℋΣ(𝑥), 

also,  for 𝜌 = 1, we have 

ℳ
 (0, λ, 1, 𝓅, 𝓆, 𝓇, ℊ) ≔ 𝒦Σ(𝑥).  

Remark (3.3): For 𝜇 = 𝑎 = 1, 𝓅 = b = 2, 𝓆 =
−1 and 𝓇 → 𝓉, then ℳ

 (μ, λ, 𝜌, 𝓅, 𝓆,𝓇, ℊ)    reduced to 

the class ℒ𝔅Σ(𝜆, 𝓉) 
 presented and investigated in [21].  

Remark (3.4): For 𝜇 = 1, we have the class 

ℋ
 (λ, 𝜌, 𝓅, 𝓆, 𝓇, ℊ). 

Remark (3.5): For λ = 1, we have the class 

𝒩
 (μ, 𝜌, 𝓅, 𝓆, 𝓇, ℊ). 

Theorem (3.6): If  ƒ𝜖ℳ
 (μ, λ, 𝜌, 𝓅, 𝓆, 𝓇, ℊ), then  

|𝘢2| ≤
2|𝑏𝓇|√|𝑏𝓇|

√|
(𝑏𝓇)2

 
{𝜇(2𝜆2−4𝜆+1)−4𝜌(1−𝜇)+2(1−𝜇)(𝜌+3)+𝜇(2𝜆2+2𝜆−1)}

−2(𝑏𝑝𝓇2+𝓆𝑎){2+𝜇(2𝜆−3)} 
2 |

,            

                                                                                    (20) 

| 𝘢3| =
𝑏𝓇

3(1−𝜇)(𝜌+1)+𝜇(3𝜆−1)
+

(𝑏𝓇)2

{2+𝜇(2𝜆−3)}2
, (21)  

| 𝘢3−𝜀𝘢2 
2| ≤

{
  
 

  
  

|𝑏𝓇|

3(1−𝜇)(𝜌+1)+𝜇(3𝜆−1)
   𝑖𝑓

|𝜀 − 𝟷| ≤
|𝜽𝟏−𝜽𝟐|

2(𝑏𝓇)2[3(1−𝜇)(𝜌+1)+𝜇(3𝜆−1)]
,

|1−𝜀  
 |  
 |𝑏𝓇|3

|𝜽𝟏−𝜽𝟐|
         𝑖𝑓

|𝜀 − 1| ≥
|𝜽𝟏−𝜽𝟐|

2(𝑏𝓇)2[3(1−𝜇)(𝜌+1)+𝜇(3𝜆−1)]

  

Where    𝜽𝟏 = (𝑏𝓇)
2{𝜇(2𝜆2 − 4𝜆 + 1) −

                 4𝜌(1 − 𝜇) + 2(1 − 𝜇)(𝜌 + 3) +
                 𝜇(2𝜆2 + 2𝜆 − 1)} 

𝜽𝟐 = 2(𝓅𝑏𝓇
2 + 𝓆𝑎){2 + 𝜇(2𝜆 − 3)}2 

Proof: Since  ƒ𝜖ℳ

q(μ, λ, 𝜌, 𝓅, 𝓆, 𝓇, ℊ), there are regular 

functions  𝜋, 𝜐 belong to 𝔸 and 𝜋, 𝜐: 𝖴 → 𝖴  given 

𝜋(ʑ) = 𝜋1ʑ
 + 𝜋2ʑ

2 + 𝜋3ʑ
3 +⋯,   (ʑ ∈ 𝖴),  

𝜐(𝓌) =          𝜐1𝓌
 + 𝜐2𝓌

2 + 𝜐3𝓌
3…,       (𝓌 ∈ 𝖴),  
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Such that 𝜋(0) = 𝜐(0) = 0 𝑎𝑛𝑑 |𝜋(ʑ)| < 1 
 
, |𝜐(𝓌)| <

1 , (ʑ,𝓌 ∈ 𝖴) satisfying  

  (1 − 𝜇) [𝜌 (
ʑ𝑓′′(ʑ) 

𝑓′(ʑ)
+ 1) + (1 − 𝜌)𝑓′(ʑ)] +

𝜇 [
ʑ(𝑓′(ʑ))

𝜆

𝑓(ʑ)

 

] = ℊ(𝓇, 𝜋(ʑ)) + 1 − 𝑎 ,    

(1 − 𝜇) [𝜌 (
𝑤𝕘′′(𝑤) 

𝕘′(𝑤)
+ 1) + (1 − 𝜌)𝕘′(𝑤)] +

𝜇 [
𝑤(𝕘′(𝑤))

𝜆

𝕘(𝑤)
] = ℊ(𝓇, 𝜐(𝓌)) + 1 − 𝑎,  

(1 − 𝜇) [𝜌 (
ʑ𝑓′′(ʑ) 

𝑓′(ʑ)
+ 1) + (1 − 𝜌)𝑓′(ʑ)] +

𝜇 [
ʑ(𝑓′(ʑ))

𝜆

𝑓(ʑ)

 

] =  

 1 + 𝒽2(𝓇)𝜋1ʑ
 + [{ 𝒽2(𝓇)𝜋2 +  𝒽3(𝓇)𝜋1

2} +]ʑ
2

+⋯,                                                  (22) 

(1 − 𝜇) [𝜌 (
𝑤𝕘′′(𝑤) 

𝕘′(𝑤)
+ 1) + (1 − 𝜌)𝕘′(𝑤)] +

𝜇 [
𝑤(𝕘′(𝑤))

𝜆

𝕘(𝑤)
] =  

1 +  𝒽2(𝓇)𝜐1𝓌
 + [{ 𝒽2(𝓇)𝜐2 +  𝒽3(𝓇)𝜐1

2} +]𝓌2

+⋯.                                                  (23) 
From (22) and (23),  it follows that 

{2 + 𝜇(2𝜆 − 3)}𝘢2  
=  𝒽2(𝓇)𝜋1,

      (24) 

{3(1 − 𝜇)(𝜌 + 1) + 𝜇(3𝜆 − 1)}𝘢3 + {𝜇(2𝜆
2 − 4𝜆 +

1) − 4𝜌(1 − 𝜇)}𝘢2
2 =  𝒽2(𝓇)𝜋2 +  𝒽3(𝓇)𝜋1

2,  (25) 

−{2 + 𝜇(2𝜆 − 3)}𝘢2  
=  𝒽2(𝓇)𝜐1,

         (26) 

{2(1 − 𝜇)(𝜌 + 3) + 𝜇(2𝜆2 + 2𝜆 − 1)}𝘢2 
2 − {3(1 −

𝜇)(𝜌 + 1) + 𝜇(3𝜆 − 1)}𝘢3 =  𝒽2(𝓇)𝜐2 +  𝒽3(𝓇)𝜐1
2. 

(27) 

The equations (24) and (26), lead to  

𝜋1 = −𝜐1.                                           (28) 

Squaring and adding (24),  (26), we have 

2{2 + 𝜇(2𝜆 − 3)}2𝘢2 
2 = 𝒽2

2(𝓇)(𝜋1
2 +

𝜐1
2).       (29) 

Add (25) to (27), we conclude that 

{𝜇(2𝜆2 − 4𝜆 + 1) − 4𝜌(1 − 𝜇) + 2(1 − 𝜇)(𝜌 + 3) +
𝜇(2𝜆2 + 2𝜆 − 1)}𝘢2 

2 =  𝒽2(𝓇)(𝜋2 + 𝜐2) +
 𝒽3(𝓇)(𝜋1

2 + 𝜐1
2).  

(30) 
By substituting (29) in (30), we obtain that 

{𝜇(2𝜆2 − 4𝜆 + 1) − 4𝜌(1 − 𝜇) + 2(1 − 𝜇)(𝜌 + 3)
+ 𝜇(2𝜆2 + 2𝜆 − 1)}𝘢2 

2

=  𝒽2(𝓇)(𝜋2 + 𝜐2)

+  𝒽3(𝓇)
2{2 + 𝜇(2𝜆 − 3)}2

𝒽2
2(𝓇)

𝘢2 
2, 

𝘢2 
2 =

𝒽2
3(𝓇)(𝜋2+𝜐2)

𝜃3−𝜃4
                                                   (31) 

 

From (2) and (31), we have the required inequality (20). 

In order to find 𝖺3 , we subtract (27) from (25) to obtain 

[6(1 − 𝜇)(𝜌 + 1) + 2𝜇(3𝜆 − 1)](𝘢2 
2 −  𝘢3) =

(𝜋2 − 𝜐2)𝒽2
 (𝓇) + (𝜋1

2−𝜐1
2)𝒽3(𝓇).                     (32) 

In view of (28) and (32), we have 

 𝘢3 =
(𝜋2−𝜐2)𝒽2

 (𝓇)

6(1−𝜇)(𝜌+1)+2𝜇(3𝜆−1)
+ 𝘢2 

2.    (33) 

In view of (28) and (29), equation (33) becomes  

 𝘢3 =
(𝜋2−𝜐2)𝒽2

 (𝓇)

6(1−𝜇)(𝜌+1)+2𝜇(3𝜆−1)
+

𝒽2
2(𝓇)(𝜋1

2+𝜐1
2)

2{2+𝜇(2𝜆−3)}2
 . 

Now, by using equation (2) and applying  |𝜋i| ≤ 1, |𝜐i| ≤
1 , we deduce that  

| 𝘢3| =
|𝑏𝓇|

3(1−𝜇)(𝜌+1)+𝜇(3𝜆−1)
+

(𝑏𝓇)2

{2+𝜇(2𝜆−3)}2
 . 

For 𝜀 ∈ ℝ, using (33), we conclude that 

𝘢3−𝜀𝘢2 
2 =

(𝜋2−𝜐2)𝒽2
 (𝓇)

6(1−𝜇)(𝜌+1)+2𝜇(3𝜆−1)
+ (1−𝜀  

 )𝘢2 
2 .  (34) 

By substituting (31) in (34), we have  

 𝘢3−𝜀𝘢2 
2 =

(𝜋2−𝜐2)𝒽2
 (𝓇)

6(1−𝜇)(𝜌+1)+2𝜇(3𝜆−1)
+

(1−𝜀  
 )𝒽2

3(𝓇)(𝜋2+𝜐2)

𝜃3−𝜃4
. 

Where 𝜃3 = 𝒽2
2(𝓇){𝜇(2𝜆2 − 4𝜆 + 1) − 4𝜌(1 − 𝜇) +

2(1 − 𝜇)(𝜌 + 3) + 𝜇(2𝜆2 + 2𝜆 − 1)} 

𝜃4 = 𝒽2
2(𝓇){𝜇(2𝜆2 − 4𝜆 + 1) − 4𝜌(1 − 𝜇)

+ 2(1 − 𝜇)(𝜌 + 3)
+ 𝜇(2𝜆2 + 2𝜆 − 1)} 

Simplifying the above equation, we obtain that  

 𝘢3−𝜀𝘢2 
2 = 𝒽2

 (𝓇) {[
1

6(1−𝜇)(𝜌+1)+2𝜇(3𝜆−1)
+

𝜗(𝜀, 𝓇)] 𝜋2 + [𝜗(𝜀, 𝓇) −
1

6(1−𝜇)(𝜌+1)+2𝜇(3𝜆−1)
𝜐2]},  

where 

𝜗(𝜀, 𝓇) =
(1−𝜀  

 )  
 𝒽2
2(𝓇)

𝜃3−2 𝒽3(𝓇){2+𝜇(2𝜆−3)}
2 . 

Thus, we conclude that  

| 𝘢3−𝜀𝘢2 
2|

≤

{
 
 
 

 
 
 

𝒽2
 (𝓇)

3(1 − 𝜇)(𝜌 + 1) + 𝜇(3𝜆 − 1)
, 𝑖𝑓 

0 ≤ |𝜗(𝜀, 𝓇)| ≤
1

6(1 − 𝜇)(𝜌 + 1) + 2𝜇(3𝜆 − 1)
 ,

2|𝒽2
 (𝓇)||𝜗(𝜀, 𝓇)|, 𝑖𝑓 

|𝜗(𝜀, 𝓇)| ≥
1

6(1 − 𝜇)(𝜌 + 1) + 2𝜇(3𝜆 − 1)

 

 

By using (2), it  shows clearly the proof of Theorem 3.6 

is completed. 

Corollary (3.7): If  ƒ𝜖ℋ
 (λ, 𝜌, 𝓅, 𝓆, 𝓇, ℊ) 

  , then  

|𝘢2| ≤
2|𝑏𝓇|√|𝑏𝓇|

√|2𝜆(𝑏𝓇)2
 
(2𝜆−1)−2(𝑏𝑝𝓇2+𝓆𝑎)(2𝜆−1) 

2
|

 , 

| 𝘢3| ≤
𝑏𝓇

(3𝜆−1)
+

(𝑏𝓇)2

(2𝜆−1)2
 ,    
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  | 𝘢3−𝜀𝘢2 
2| ≤

{
 
 
 

 
 
 

|𝑏𝓇|

(3𝜆−1)
  if

|𝜀 − 1| ≤
|2𝜆(𝑏𝓇)2

 
(2𝜆−1)−2(𝓅𝑏𝓇2+𝓆𝑎)(2𝜆−1)2|

2(𝑏𝓇)2(3𝜆−1)
,

|1−𝜀  
 |  
 |𝑏𝓇|3

|2𝜆(𝑏𝓇)2
 
(2𝜆−1)−2(𝓅𝑏𝓇2+𝓆𝑎)(2𝜆−1)2|

, 𝑖𝑓 

 |𝜀 − 1| ≥
|2𝜆(𝑏𝓇)2

 
(2𝜆−1)−2(𝓅𝑏𝓇2+𝓆𝑎)(2𝜆−1)2|

2(𝑏𝓇)2(3𝜆−1)
.

  

Corollary (3.8): If  ƒ𝜖𝒩
 (μ, 𝜌, 𝓅, 𝓆, 𝓇, ℊ), then  

|𝘢2| ≤
2|𝑏𝓇|√|𝑏𝓇|

√|(𝑏𝓇)2
 
{2𝜇−4𝜌(1−𝜇)+2(1−𝜇)(𝜌+3)}−2(𝑏𝑝𝓇2+𝓆𝑎)(2−𝜇 )2|

 ,  

| 𝘢3| ≤
𝑏𝓇

3(1−𝜇)(𝜌+1)+2𝜇
+

(𝑏𝓇)2

(2−𝜇)2
  

| 𝘢3−𝜀𝘢2 
2|

≤

{
 
 
 
 

 
 
 
 

|𝑏𝓇|

3(1 − 𝜇)(𝜌 + 1) + 2𝜇
, 𝑖𝑓

|𝜀 − 1| ≤
|𝜃5 − 2(𝓅𝑏𝓇

2 + 𝓆𝑎)(2 − 𝜇)2|

2(𝑏𝓇)2[3(1 − 𝜇)(𝜌 + 1) + 2𝜇]
,

|1−𝜀  
 |  
 |𝑏𝓇|3

|𝜃5 − 2(𝓅𝑏𝓇
2 + 𝓆𝑎)(2 − 𝜇)2|

, 𝑖𝑓

|𝜀 − 1| ≥
|𝜃5 − 2(𝓅𝑏𝓇

2 + 𝓆𝑎){2 + 𝜇(2𝜆 − 3)}2|

2(𝑏𝓇)2[3(1 − 𝜇)(𝜌 + 1) + 2𝜇]
,

 

where 𝜃5 = 2𝜆(𝑏𝓇)
2 (2𝜆 − 1). 

4. CONCLUSIONS  

In this work, new subclasses of bi-univalent functions 

defined by means of the Horadam polynomials 𝒽𝓃(𝓇) 
are studied. The central purpose of this study is that 

bounds for the initial coefficients are established. 

Furthermore, the researchers solve Fekete-Szego¨ functional 

problems for functions 

 in𝐺(𝜆, 𝓅, 𝓆, 𝓇, ℊ)𝑎𝑛𝑑ℳ

q(μ, λ, 𝜌, 𝓅, 𝓆, 𝓇, ℊ) in the 

present work. In the form of corollaries, several 

exceptional and unique cases of the key theorems are 

illustrated. 

5. REGULAR AND Bi-UNIVALENT 

FUNCTIONS AND APPLICATIONS 

Recent RCS studies discuss the hidden body's response 

to electromagnetic. Cloaking of electromagnetic has 

gained interest in the scientific field, especially amongst 

scientists who are interested in materials-artificial 

composites which have properties of exotic 

electromagnetic. In the mathematical sense, in complex 

plane cloak of two dimensions and cloaked object can be 

considered as simple connected regions. There are 

equivalence between the above regions and conformal 

maps of the unit circle according to the theorem of 

Riemann Mapping. Suppose that cloaked object and 

cloak are respectively denoted   by the functions 𝑔(𝘻)  
and q(𝘻), then we obtain 𝑔(𝘻) ≺ q(𝗓).  

For the cloak, it is better to be a three dimensional since 

the cloak relies on the cloaked body and the rays which 

are  reflected by the body could be cloaked because of not 

consisting all reflected rays.  
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