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In this paper, new subclasses of bi-univalent functions associated with Horadam polynomials
are introduced and investigated. Additionally, the researchers find estimates of the first two coefficients
of functions in these subclasses. Moreover, they obtained the Fekete-Szeg6 inequalities for these function
classes. Besides, pertinent links of the results are provied with those considered in previously

1. INTRODUCTION

Let f be function of the form

f(z) =2+ z a,z" . 1)
k=2

which belongs to A where A is the class of regular
functions defined on the disk

U={z€C :|z| <1},
with f(0) = f(0) — 1 = 0 and let S be the subclass of A
consisting of the form (1) which are also univalent in U.
The Koebe’s Covering Theorem (see [1]) states for each
f€Stheimagew = f(z),z € U,, inthe w-plane contains
the disk{w : |w| < 1/4}. From this theorem, every
function f€S has an inverse f~*which holds

@) =2 (z€ V)

and,
S W) = w (Jwl < ro(). ro(H) = 3),
where
gw) = 1(w) = w—a,w? + (2a3 — az)w?
- (5a§ —5a,a;5 + a4)w4 + .-

A function f € A is called bi-univalent in U if both f
and f~1 are univalent in U.The class of all bi-univalent
functions in U is denoted byX. This class was
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introduced by Lewin [2] and showed that |a,]| < 1.51
for the function in the class . Recently, Brannan and
Clunie [3] conjectured that |a,| < v2. Netanyahu in
[4] proved that |a,| = ;1 Several researchers have

examined these subclasses of bi-univalent regular
function and found estimates of the initial coefficients
for functions in different subclasses [5-10].
A function f € A is called a A —pseudo starlike function in
U if the following inequality holds are true (see [11]):
2(f )"
R|———=—120,(zeU),A=1.
f(2)
For two regular functions f, and f,, the
function f; subordination to f, in the disk U, is written
as follows:
f1(2) < f,(2), (z€V),
if there is a regular function k with kK(0) = 0 and
[k(z)| < 1, such that
f1(@) = f2(k(@)), (z€V).
In particular, when f,, is univalent in U,
fi <f2 (zeU) < f1(0) = f,(0) and f; (U) = f, (V).
Lately, the polynomial defined below has been included
in the topic of the geometric function theory of complex
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analysis. The Horadam polynomials are defined by the
recurrence relationship as follows [12].

by (1) = prb, (r)+qh, ,(r) r ERn >

2,n €Y, (2)

with

h (1) = a, i,(r) = br and A5 (r) = pbr? +

ag for some p.g,a,b € R.
The characteristic equation of the iteration relation (2) is
—prt—q=0.
The real roots of this equation are
;W—W

pr+priZ+ig
a; = 7' a; =

It should be noted that for specific values of parameters,
the Horadam polynomial #4,(x) leads to different
polynomials. To learn more about the details and special
cases of the Horadam polynomials (see [13-14]). In [14],
the Horadam polynomials 4, (#) are generated by:

g1 — a+ (b—ap)rz

9D =) e = )

The Horadam polynomials 4, (#) have recently been
used in a similar context by Srivastava et al. [15].
Subsequently, many authors used a Horadam polynomial
(see [16-19)).

The aim of the present work is to define two subclasses
of the function classX using the Horadam
polynomials #,,(#) and estimate the bounds of the
coefficients a,, a; and the Fekete—Szegt for functions of
the subclasses presented throughout this work.

2. COEFFICIENT ESTIMATES FOR SUBCLASS
G parg)

We start with introducing the function subclass
Gs(A, p,q,r,¢) using the following definition..
Definition (2.1): Let G(4, X, p, g, 7, ¢) be the class of the

function f X given by (1) under the next subordination

i@ | '@ A @+ )
[f(_z) 7w ar@ra sl < $rH - aGE
U),
wg'w) | wg''w)  aw?g’ w)+wg' W)
[ gw) | gw)  Awg (w)+(1—/1)g(w>] < gtr,w) -
a,(w € V),

andforg=f10<1<1.
Remark(2.2): Setting A=0 in the
classG(A, Z, p, q,7,¢), we obtain X(Z, p, g, 7, ).
Remark(2.3): Setting A=1 in the

class G4, Z, p,q,7,¢), we obtain T(Z, p, g, 7, ¢).
At first, we state and prove the next result.
Theorem (2.4): LetfeGs (A, p,q,7,¢). Then

| | |br|\/|br| (4)
a1 = \/|(b4~)2 (1-42+(A+D2)—(bpr2+qa)2-2?|
|br|? |br|
|a 3| — (2-1)2  2(3-21) ®)

_ 2
la, —ea,?| <
|br|
2(3-21)’

le =1 <

if
|12 (1-42+(A+1)%)-(bpr2+qa)(2—1)? |
2(3-22)(br)?
[(br)3 (1-£)| if
|(b7)2 (1-4A+(A+1)2)—(bpr2+ga)(2—-1)2|’
|£ _ 1| - |(b)? (1-42+(A+1)2)—(bpr2+ga)(2-2)?|
\ - 2(3=-22)(br)2

Proof: Since feGs(A, p,q,7,¢), there are holomorphic
functions m,v belongto A and ,v: U —» U given
m(z) = mz + 22 + M3z + - (z € U),
v(w) = vyw +vw? +vgwd + -, (w € U),
such that 7(0) = v(0) = 0 and |n(z)| <1, |v(w)| <
1, (z,w € U) and we can write
! n 2l !
[Zf (@ | 2f (@) _ A2°f @)+zf (2) ] _ g,(ﬂr,n(z)) —a,

@ W e @21
wg'w)  wg"w)  awPg" wmwg' W) ] _ _
Ew) | gw)  Awg W+ A)g(m] = g(rvwm)

a. (6)
Or, in equivalent way,
') |, 2f' () 2 @Dvaf' () ] _
[f(Z) @ Azf’(z)+(1—/1)f(z)] = Aa(rmz +
[{ A (M), + Az(r)my?} +]2% + -,

@)
and
wg'w)  wg"w)  awPg" wmwg' W) ] _
Bw) T gw) | Awg w+(- A)g(w)] = fa(ruw +
[{ A, ("), + As(r)v*Hw? + -
(8)

From (7) and (8), it follows that
(2 = Day = A, (r)my, €))
(6 —4M)a; — (5 — (A +1)?)a,?
= { A, (r)m, + /L3(4’“)7t12},(10)
-2 =NDa; = A,(r)vy, (11

(7—81+ (A +1)a,? — (6 —41)a,
= {A,(r)v, + A3()v 2} (12)
From (9) and (11), it follows that
m =-v; (13)
22 = M?a% = Ay () (nf + 7). (14)
Adding (10) and (12), we obtain that
2[1 =42+ (A + 1)?]ay? = A,(r) (1, +v,) +
A (r)(mf + vi) (15)
Using (14) in (15), we conclude that
2 [(1 A+ (A + 1)?)— et ]
Fi2" (1)
UZ)! 5 (16)
Hiz” () (2 +v2)
2[A22 () (1-42+(A+1)2) - A3()(2-1)2] a7
From (2) and (17), we have the required inequality (4).
Subtracting (12) from (10), we have
Hi2(r) (T2 —v2)
4(3-21) (18)
In view of (13) and (14), equation (18) becomes

= f,(r)(m, +

azz =

a; =a,’+
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A2 () (m34+v3) | A () (mp—vy)

a3 = 2(2-1)2 4(3-22)
By using |rr;| < 1, |v;] < 1and (2), we have the required
inequality (5).

From (18), for € € R, we write

ﬁz(/V')(ﬂz—Uz) _ 2
e+ (1= 9)a,” (19)

By substituting (17) in (19), we obtain that
Hp (1) (2 —v7)
az —€a,’ = —24?3_”22/1)”2

(1-8) A3 () (2 +v) _
2[/’,22(4'“) 1-42+(A+1)2)— A3 () (2-1)2] - hz (/’ﬂ) [(Y(s, )+

M) T2+ (Y(s,/r) B 4(3i2/1)) UZ]'

where
_ (1-8) A2*(r)

Y(e,7) = 2 [A22 () (1-42+(A+1)2)~ A3()(2-2)?]
Thus, we deduce that
la, —ea,?| <

o (1) 1

2(3-21)" 0<Y(e,r) < 4(3-22)

1

2| f ()X (e, ), (e 2 (s
From here with consideration of (2), it clearly shows
that the proof of Theorem 2.4 is completed.
Corollary (2.5): If the function f(z) inX(Z, p, ¢, 7, ¢)
given by (1), then

a3 - gazz =

|a | < |br |/ |br|
207 2r)? -apritea) |
br|? b
|a3| < & + m’
4 6
|la, —ea,?| <
|br| .
R i
le—1| < |2(b1)?% —4(bpr2+qa) |
- 6(br)2 ’
) (b3 (1-e))| £
|12(b#)2 —4(bpr2+ga) |’
le—1] > |2(br)2—4(bpr?+ga) |

6(br)?

Corollary (2.6): If the function f(z) in
T(E, p,g,7,¢) givenby (1), then
|br |/ |br|
|32| = JI#)?2 —bpr2+gal

|br|

las| < |br|? +=-,

|la, —ea,?| <

Ibr|
2

|(br)? —(bpr2+qa) |
2(br)? ’

_ |2 —(bpr?+ga) |
le —1] = Y T

, le—1] <

|(br)3 (1-£))|
[(br)2 —(bpr2+ga) |’

3. COEFFICIENT ESTIMATES FOR
SUBCLASS Ms (LA, p, 2, G, 7 &)

Definition (3.1): A function f € X of the form (1) is in
MG A, p, p, g, 7, g) if it satisfies conditions

A-wlp (L2 +1)+0-pf @]+

2
2(f' @)
M[Wl < ga(/l"’,Z»)‘l'l—a,(ZEU),

-0 [p(*E22 +1) + A - pgw)] +

A g'(w)
'w)
U Iw(g w)

o) ] < gr,w)+1—a, (weul),

forg=f10<u<10<p<tlandi=>1.

Remark (3.2): For u=0 , the class
Ms(w, A p, p,q,7,¢) isshortened to the class G5 (a, x)
presented and investigated in [20]. In particular, in [20], for
p = 0, we have

ME(O' )\' 0' ;7' "l' 7, g*) = }[Z (X),
also, forp = 1, we have

ME(O' }\; 1; ;7; %I r, g) = jCZ(x)'
Remark (3.3): Foru=a=1,p=b=2,g =
—1and » — %, then M (W, A, p, p,g,7,¢) reduced to
the class £LB5(4,%) presented and investigated in [21].
Remark (3.4): For u = 1, we have the class
Hsp, 0,04, 7, 9)-
Remark (3.5): For A = 1, we have the class
N (W, 0, 9,87, ).
Theorem (3.6): If feMs(w, A, p, »,g,7,4), then

la,| <
2|br|\/|br|
‘(b/r)z (w222 —42+1)—4p(1-p)+2(1—p) (p+3) +p(2A2+22-1)}|
—2(bpr2+ga)(2+pu(21-3)} 2

(20)
_ br (br)?
T 301w e+ D+uBEA-1) | (2+p(24-3))7 (21)
( o] if
| 3(1-pw)(p+1)+p(834-1)
_ 161-62]
le =11 < P Ea-wer e rGI DI’
l1-¢ | |br|?
[01—-62] f
101—62]
e TS I TemmpreyreyRey
Where 0, = (br)?{u(222 — 41+ 1) —
dp(1—-w+201—-wWp+3)+
w222 + 22 — 1)}
0, = 2(pbr? + ga){2 + u(21 — 3)}?
Proof: Since feMg (w2, p, p, g, 7, ¢), there are regular
functions m,v belong to A and ,v: U - U given
m(z) = M2 + m2? + 1325 + -+, (z € U),
v(w) = vw +vw?+tuwd..,  (w eU),

| a3l

33—882 2| S
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Such that 7(0) = v(0) = 0 and |7(z)| < 1, [v(w)| <
1, (z,w € U) satisfying

A-w (L2 +1)+ 0 -pf @]+

(' @)

U leg(/r,n(z))+1—a,

@-0[p (B 1 1)+ (1 - p)g )] +

_W(g' (W))A
gw)

u l = g(r,v(w)) +1—a,

a-]p (L2 +1)+a-pf @]+

} f
)]
H f(2) -
_ 1+ A,(r)mz + [{ hy ()T, + /7/3(4”)7'[12} +]ZZ
oo, (22)
- [p (G +1)+ 1 -p)g W) +
wew)] _
gw) |
1+ A,(viw + [{A,(P)vy + Az(7)v, 2} +]w?
+- (23)

From (22) and (23), it follows that
{2+p@A-3)}a;, = A,(r)my,  (24)
BA-wWh+1D+uBr-1a; +{u2r* —41+
1) —4p(1 — Wla,® = A,(r)m, + Az(r)mi?, (25)
—{2+uRr-3)}a; = A()vy, (26)
{20 —=w(p +3) + p(22* + 22 - D}a, * — {3(1 -
1(12)()P + 1) +uBA—1la; = Ay (1), + As()v,%
7
The equations (24) and (26), lead to
T, = —V;. (28)
Squaring and adding (24), (26), we have
202+ p(2a = 3)¥a,? = A3 (r)(m? +
vi?).  (29)
Add (25) to (27), we conclude that
W@ —42+1) —4p(1—w +2(1 —w(p +3) +
uA2 + 22— 1D}a, %2 = A,(r)(m, +vy) +
Fi3 (1) (1, % + v?).
(30)
By substituting (29) in (30), we obtain that
@2 —42+1) —4p(1 —w) +2(1 —w)(p + 3)
+ u(22%2 + 22 — 1)}a, 2
= Ay (r)(m, + vy)
22 +u(22-3)¥
+ As(r) A2 a",
3,2 = ﬂ%(gi(ir;:m (31)

From (2) and (31), we have the required inequality (20).
In order to find a5 , we subtract (27) from (25) to obtain

[6(1 —w(p+1) +2uBA—-Dl(a,? — a3) =

(1 — V) Ay () + (% =0, 2) Az (7). (32)
In view of (28) and (32), we have
as (T —va) iy (r) +a,% (33)

T 61— (p+1D)+2u(31-1)
In view of (28) and (29), equation (33) becomes

— (ma—v2) Ay (1) #5(r)(m1%+v,2)

T 6(1-w(p+)+2u(3A-1) | 2{2+u(2A-3)}2

Now, by using equation (2) and applying |m;| < 1, |y;| <
1, we deduce that

as

|br| (br)?
3(1-w)(p+1)+u(BA-1) =~ {2+p(22-3))2 "
For € € R, using (33), we conclude that
(2 —v)fip (1) 2
22782 = S rnyrapean T (178 %27 - (34)
By substituting (31) in (34), we have
ay—ga,? = — T2vaha() (1= M5 (ma+vg)
6(1-p)(p+1)+2u(32A-1) 03—064
Where 0; = A3(#){u(2A2 =42+ 1) —4p(1 — p) +

20— w(p +3) +u@2%2 +21-1)}

| as| =

0, = A5(r){u(22* — 44+ 1) — 4p(1 — )
+2(1—w(p+3)
+u(22%2 + 22— 1)}
Simplifying the above equation, we obtain that

a2 — 1
a3—ea © = Ay (1) {[6(1—u)(p+1)+zu(3z-1)+

ﬁ(e,r)] T, + [ﬁ(e,r) —

1 v}
6(1-w)(p+1)+2u(32-1) 1)’

where
_ (-2 ) H3(r)
9T = G sz
Thus, we conclude that
| as—ea, 2|
Hip (1) i
3-wp+1)+uBr-1)
1
0<|9(s,7)| < ,
< (0=l < e T D T auGi— D
21,9, ), if
1
9(e, )| =
2 S A =G+ D + 2nGA— D

By using (2), it shows clearly the proof of Theorem 3.6
is completed.
Corollary (3.7): If feHs (A, p, p,q,7,¢) , then

|a |< 2|br|\/|br|
21 = [l
\/|2/1(b4~)2 (2A-1)-2(bpr2+qa)(2A-1) 2|
|as| < br (br)?
3 —_—

Ba-1) (22-1)2'
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| az—ea, ?| <
|br| .
(31-1) if
|2A(b7)? (24-1)-2(pbr?+ga)(22-1)?|
2(br)2(31-1) ’
|[1-¢ | |br|3 .
[2A(b)2 (2A-1)=-2(pbr2+ga)(21-1)2|’ if
le—1] > [2A(br)? (22-1)-2(pbr?+qa)(2A-1)?|
- 2(b7)2(31-1) !
Corollary (3.8): If feNsz(w, p, p,g,7,¢), then

le—1] <

la,| <
2|br|y/|br|
VIbm)? 2p—4p(1-w)+2(1-w) (p+3)}-2(bpr2+qa)(2—pu )2’
br (br)?

| as| <

3(-w)(p+D+2p  (2-w)?
| as—ea, 2|
|br| )
3a-wp+nrz
o1 <%= 2(pbr? + qa)(2 — p)?|
T2 B3A-wp+ 1) +2u]’
- |1—¢ | |br|? .
165 — 2pbr? + g @ — w2l
e 1> 165 — 2(pbr? + ga){2 + u(22 — 3)¥*|
E — = )
2(br)2[3(1 —w(p + 1) + 2p]
where 85 = 2A(br)? (24 — 1).
4. CONCLUSIONS

In this work, new subclasses of bi-univalent functions
defined by means of the Horadam polynomials 4, (+)
are studied. The central purpose of this study is that
bounds for the initial coefficients are established.
Furthermore, the researchers solve Fekete-Szego™ functional
problems for functions

inGs(4, p, g, 7, g)and Mg (WA p, p,g,7,¢) in the
present work. In the form of corollaries, several
exceptional and unique cases of the key theorems are
illustrated.

5. REGULAR AND Bi-UNIVALENT
FUNCTIONS AND APPLICATIONS

Recent RCS studies discuss the hidden body's response
to electromagnetic. Cloaking of electromagnetic has
gained interest in the scientific field, especially amongst
scientists who are interested in materials-artificial
composites which have properties of exotic
electromagnetic. In the mathematical sense, in complex
plane cloak of two dimensions and cloaked object can be
considered as simple connected regions. There are
equivalence between the above regions and conformal
maps of the unit circle according to the theorem of
Riemann Mapping. Suppose that cloaked object and
cloak are respectively denoted by the functions g(z)
and q(z), then we obtain g(z) < q(2).

For the cloak, it is better to be a three dimensional since
the cloak relies on the cloaked body and the rays which
are reflected by the body could be cloaked because of not
consisting all reflected rays.

Additionally, your paper's figs. must be without
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