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This article introduces a new kind of mean sets that are also semi-open.
Each such set contains a non-void proper semi-open set and also it is contained in
another proper semi-open set. Within this work, we compare our new concepts
against the corresponding concepts that were defined via open sets. We study
some fundamental properties of mean semi-open sets and their complements and
provide some new results. Moreover, we investigate the behavior of such sets

when they are also minimal and maximal.

1. INTRODUCTION

Generalizing open sets is not a new research line in
general topology. A vast number of studies and
investigations were initiated to examine various kinds of
open sets, ranging from semi-open , a-open and not
ending with pre-open sets. Almost each such study
investigated and explored various topological properties
possessed by generalized open sets. For example,
generalized interior and closure operators were defined
depending on various generalized open sets. In [1], a
study introduced a new kind of open set called minimal.
Many significant results were explored. Then in [2],
another study introduced and investigated maximal open
sets. The complements of minimal and maximal open
sets were investigated in [3]. Maximal and minimal
clopen sets were introduced in [4]. Then many authors
re-introduced minimal and maximal sets in terms of
various generalized open sets such as [5] and [6].
Minimal soft sets have been re-investigated in [7].
Recently, minimal and maximal anti-open sets and their
complements have been introduced in [8]. Mean open
set was introduced in [9]. This kind of set appeared to
possess many interesting properties that can be related
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to other kinds of sets, like minimal and maximal
open sets. The study in [10] characterized mean open
sets in connected T, -spaces. Furthermore, the concept of
mean sets has also been introduced on fuzzy open sets
in[11].

In this work, we introduce mean sets in terms of
semi-open sets. The duality of such sets is also
introduced and explored in some detail.

This article consists of the following sections:
Section 2 includes some basic but fundamental
concepts. Section 3 is devoted to introducing mean
semi-open sets and their complements and exploring
some of their basic properties. Section 4 includes further
results of mean semi-open sets.

2. PRELIMINARIES

Throughout this article, we use letter X to
represent a topological space. An open set P in X is
minimal open if the only open sets in P the sets ¢ and
P itself. The dual of this set is the maximal open set,
defined in [2]. An open set P is maximal in X if the only
open sets that contain P are X and P itself. Suppose that
P is a minimal open set then the complement of P (that
is, X — P) is a maximal closed. In dual sense, the set



mailto:qays.shakir@gmail.com

2025,Volume 2, Issue 6 , PSIJK (17-20)

X — P is a minimal closed set whenever P is maximal
open set. See also [3] for further reading.

Mean open sets have been introduced and
investigated in [9] and [12]. A set O that is opef in X is
called meanif R € O < Q where R and Q are open in
X with R # @ and Q # X. Within this article, by
P c Q we mean that P is a subset of Q with P # Q. A
semi-open set S of X is a set yields B ¢ P < B where
B is an open set of X and B is the closure of B, [13].
LetSO(X) = {P € X: Pissemi— openinX}.

The set A2 =U{P € SO(X): P C A} represents
the semi-interior of A. Now, a set F is semi-closed in

X if X — F € SO(X). Consider the collection
SC(X) =_§F C X : Fissemi— closed in X}.
Theset A =n{F € SC(X): A S F} represents
the semi-closure of A. Further information can be
found in [3].

Theorem 2.1. [13] Consider the product space of a
topological space X and a topological spaceY. If P €
SO(X)and Q € SO(Y),thenP x Q € SO(X x Y).

Let P,Q € SO(X) with P,Q # X. Then P is called
minimal if the only semi-open set of P is either ¢ or P
itself. On the other hand, Q is called maximal if the only
semi-open set that contains Q is Q itself or X.

An easy observation is that minimal open sets are
indeed minimal semi-open sets.

Lemma 2.2. [14] Let P € SO(X) and Z c X be an
openset. ThenP N Z € SO(X).

Proposition 2.3. Let P € SO(X) and Z < X be an

open set.
1. Whenever P is minimal, then either P c Z or
PNnZ=a¢.

2. Whenever P and Z are minimal, then either P = Z
orPNZ=0a.
Proof. Suppose that P N Z # ¢. Since P is minimal
semi-open and P N Z is semi-open, Lemma 2.2. So,
P n Z = S. Therefore, P c Z.
2.1f P n Z # @, then by (1) we have P c Z. But the
set Z is minimal with P N Z# @, then P N Z = Z.
Thus, Z < P. Consequently, P = Z.
Theorem 2.4. [5] Let P,Q € SO(X). If P is maximal,
then either P U Q = X or Q < P. If both P and Q are
maximal with P = Q. ThenP U Q = X.

A semi-continuous is a map h: X — Y, where X
and Y are two topological spaces such that h1(P) is
semi-open in X for any openset P in Y.

3. MEAN SEMI-OPEN SETS

We present in this section mean semi-open sets and
present few properties they have.
Definition 3.1. A semi-open set S of X is called mean
semi-open if there exist K, L € SO(X) with K = ¢ and
L # XsuchthatK c S c L.
Example 3.2. In the usual topological space X = R, let
consider the set S =[3,6) in X. Clearly S is a mean

semi-open set since K ¢ S c L where K =[4,5) and
L=1[27)and K,L € SO(X).

Example 3.3. Consider the Euclidean space on R?. Let
S={(x,y) ER%: 02<x<08, 02<y<08} Itis
clear that S is semi-open.

Now, let L={(x,y)ER:0<x<1, 0<y<1}
and K = {(x,y) € R?*: 04 <x <06, 04 <y <0.6}.
Clearly, K € S c L. Thus, S is mean semi-open.

One can easily notice that if an open set R is mean,
then R is also a mean semi-open. However, in general,
the converse may not be true. Furthermore, the union of
mean semi-open sets need not be mean semi-open sets.
The same may occur for the intersection case; see
Example 3.4.

Example 3.4. Let X ={1,2,3,4,5} be a set and 7 =
{¢,{1},{3,4},{1,3,4},{2,3,4,5}, X} be a topology on X.
If we take the sets S; = {3,4,5} and S, = {2,3,4}. It is
clear that both S; and S, are mean semi-open, but both
the sets S; N S, = {3,4} and S, U S, = {2,3,4,5} are not
mean.

Definition 3.5. A mean semi-closed set C of X is a
semi-closed set such that D ¢ F ¢ H for some semi-
closed sets D and H with D # @ and H # X

Example 3.6. Consider the topological space in
Example 3.4. Notice that

sC(X) ={0,{2,3,4,5},{1,2,5},{2,5},{1,2},{1,5}, {2},
{13}, X3}. It is clear that {2,5} is a mean semi-closed in X
since {2} c {2,5} c {1,2,5}.

Theorem 3.7. Let P € SO(X). Then P is mean if and
only if X — P is mean semi-closed.
Proof. Assume that P is a mean semi-open.

So K c P cL where K,L € SO(X) with K # ¢ and
L # X. The complement of K ¢ P c L gives
X—LcX—-PcX-—L. Clearly, X — L is non-empty
and distinct from X — P. Moreover, X — K differs from
X — P and X. Therefore, X — P is a mean semi-closed
set.

Now, let P € SO(X) such that X — P is mean semi-
closed set.

Thus, F ¢ X — P c H where F and H are semi-closed
sets differ from each other with F = @ and H # X.
Hence, X —HcPcX—-F. But@#X—H=+P and
P # X — F # X. Therefore, P is mean semi closed set.
Proposition 3.8. Assume that £ be a minimal semi-
open, L be a minimal open subsets of X with E #=L. Let

R €{E,L}. Then either R=R or X —R is a mean
semi-open set in X.
Proof. From Proposition 2.3, we have E N L = @. Hence

ENL =¢. So EcX—1L . But both E and L are
minimal semi-open, so X — I #0,X.
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If the set X — L is not mean semi-open set, then this set
is either minimal semi open or maximal semi-open.

Since, Ec X — L, hence X — L_ is not minimal.

Thus, X —L  is maximal. Now, L is semi-open, by
Theorem 2.4, we have either LcX—L or LU
(X—ZS) = X. The former case cannot occur, SO we

have L U (X - ZS) = X. This implies that L =L . If

. =S . .
this case does not occur, then L is a mean semi-open.
We can proceed with a similar argument to the one

above so we can get that either E=E or X —E  is
mean semi-open.

Proposition 3.9. Assume that P and Q be distinct
maximal semi-closed subsets of X. Let H € {P, @}, then
either H = H® or X — H*" is a mean semi-closed set.
Proof. Since both P and Q are distinct maximal semi-
closed sets, so their complement sets, X — P and X — Q
are minimal semi-open sets with X —P # X —Q.

Proposition 3.8 leads to either G = G or X — G is a
mean semi-open set, where G = X —PorG = X — Q.
In case that G = X — P, then clearly P = P as G =

G, orsince X — G is a mean semi-open set, we get that
X - (X — PS) = P°° € SO(X) and it is a mean in X.

Hence, Theorem 3.7 implies that X —P° is a mean
semi-closed set. Now, a similar argument can be applied
for X — Q to find that either Q = Q°° or X —Q° is
mean semi-closed by Theorem 3.7.

4. MORE RESEULTS on MEAN SEMI-OPEN SETS

Proposition 4.1. Suppose that P,Q € SO(X) are both
maximal with P = Q. If R € SO(X) is a mean, then,
PNQ +Q.

Proof. By Theorem 2.4, P U Q = X. Since R is a mean
set. So R can not be maximal or minimal semi-open.

So R ¢ {P,Q}. On the other hand, R # 0, X.

Theorem 2.4 leads to either R c Por RU P = X and
RcQorRuUQ=X.

Consequently, we have to check the following possible
cases:

RcPandR c Q.

Verification: Since R ¢ P,Q and never R = P, Q, s0O

Rc (PNnQ).Hence,PNQ # Q.

RcPandRUQ =X.

Verification: If RN Q # @, then P N Q # @. Assume
now RN Q = @. But, R c P, so there existsan x € P —
R.ButRUQ = X,s0x € Q. Therefore, PN Q + Q.
RcQandRUP =X.

Verification: Similar proof to the previous one.
RUP=XandRUQ =X.

Verification: Since RUP =XandRUQ = X,S0R U

(PNnQ)=X.Hence,ifPNQ = @, then R = X. But

R + X, therefore, P n Q +# Q.

Proposition 3.4. Consider the product space X XY
where X and Y be two spaces. Let S and T be a mean
semi-open subsets of X and Y, respectively. Then P x Q
is a mean semi-open setin X x Y.

Proof. Consider the set P x Q. By the hypothesis, we
getthat ¢ # Ky € P c Ly #+ X where Ky, Ly € SO(X).
Similarly, ¢ #K, cQcL,#Y where Ky,Ly,€
SO(Y). By Theorem 2.1, {Ky X Ky, Ly X Ly,P X Q} C
SO(X x Y). Since P and @ is a mean semi open set in X
and Y, respectively. Consequently, Ky X Ky, # ¢ and
Ly X Ly # X. Therefore, Ky X Ky € P X Q C Ly X Ly.
Proposition 4.3. Consider the following bijective map
h from space X to space Y. If h is semi-continuous and
P is a mean open set Y, then h™1(P) € SO(X) and it is
also mean.

Proof. Since P is a mean open subset of Y, then
¢+#KcPcL=+Y whereK,LcY and both K and L
are open in Y. Semi-continuity of h implies that
h=1(P),h"Y(K),h"1(L) € SO(X).

But h, is bijective, so

¢ #h Y (K)ch1(P)ch™ (L) # 1Y) =X.
Hence, h~1(P) iws mean semi-open set in X.

5. CONCLUSION

We present the notion of mean semi-open sets.
Such sets are defined via semi-open sets. investigated
The properties of such sets along with their
complements namely  mean semi-closed sets, are
investigated. In addition, the study offer some
interesting results regarding being mean semi-open sets
maximal and minimal. Besides, other similar results for
mean semi-closed sets are presented.
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