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Abstract:

In this research, some of the properties of the modulus of smoothness
and the average modulus of smoothness in weighted space Ly, ;(I) , 0 <

q<1, I=][-d,d] ,d =positive integer were discussed. The best
approximation of the monotonic function f € L,, ,(I) N A*(4;) was also

found, using the spline S, ,r =1..n ,n € N, in the weighted space.
1.Introduction

There is research (see[5],[6],[8])in which the approximation of the
functionf in space c[a,b],Lp[a, b],(see[3,4]) has been studied, using
splines and algebraic polynomials, and numerical applications have been
found for it. In this research, some properties of the modulus of

smoothness were found w o (f, x, Nwgq = sup |[|Agn(f,.)
0<hsé Il Lyq(D

AGh(f, X)w =
ﬁo(—l)m“' (T)f(x+i%h)w(x+%h) , if x+%h X €1

0 , 0-W

Q(x) = /1 — (g)2 , represent m-th symmetric difference.
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And finding the properties of average modulus of smoothness were
found

T (f, g = ||Wfr'i(f'-'5)”Lw,q<I)

in weighted space L, ,(I) where as

Ly ) ={f:f:1>R: (fllf(x)w(x)lq dx)% <o ,0<qg<1}

the function f monotony in weighted space f € Ly, ,(I) N A*(4;)

where A; = {a,,...,a,—d=0a, < a, < <ag<aeq =d} .
Letf,¢ cI,where £, ¢ = [cm, Cr—1,s] , r=2.n+1,s=1..n

and
cs={cpCp,Vip1=c1<c, < <cp<cpp1 =Y} ,i=0..n

The interior points (knods) at the interval £, ¢ can be defined as follows
Cos < E2,s << Cpogs < 571—1,5 < Cps -

Where {&}7=7 represents a sequence of knods in an interval #,¢ =
6,5, Cr1s]T=2,m+1,s=1,..,n.

Let S, represent the spline which is define in form

So(x), xo<x<1x
S.(x) = 51.(x) , X1 <x <X,
sn(;c), Xp—1 < X < X
In this research we will find the best approximation of the function f €
Ly () N AY(As) using the spline s, € Sp,_1(I) N A'(Ag), which is
comonotony with the function f.

2.Lemma. In the waited space L, ,(I), the modulus of smoothness
we (f, x, 8)wq has the following properties , if f€L,,()N
A(4y) ,0<6; <6,,1>0,then:

D wr(f,8),, ,is non negative function with

lim wys (f, 8), = 0
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Proof: Since wy(f,5),, = Sup |[Ann(f,.)
|h|=& 1T "m Ly,q(I)
lim wyy (f, &) = Aro(f-)
m Ly,q(D)
= Sup ||z o= (M (x + Dw(x + 25 |
|h|—0
= Sup [ZZo(~1)" () Cow @
Hence

llmW (0w =

2) Wr(fl(fr Sl)w,q < W‘r(fl(f' 62)W,q for 61 < 62

Proof: we have

Wi (f, 8Dw,q = Sup |[ARe(f,.)
A=8ll m Lg (D
< Sup A?ﬁp(f,-)‘
AP m Lu,q(D)
= wy (f, 82)w
Hence
Wr(fl(f» 61)W,CI < Wrﬁ(f» 52)W,q for 61 < 62 .

Wy (f, 48D g < AW (f, S g

Proof: We have

Wr(ﬁ(f» Aa)w,q = Sup Amp (f,.)
n<as || La )
< Sup Af{ﬁg_w( f,)
h<Aé Ly g (1)

= sup (22 Lympmy
Lw,q(D
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= [A™|Sup ”(5_<p)man
m

Lq®
= |A™|Sup |[AZ, (f, )
g ll m Lg (D

= |A"™W (f, 8)g A >0
Hence

Wi (f, A8)w,q < AW (f, 6w q

3.Lemma.Letf € L, ,(I) N A'(4;) ,the  average  modulus  of
smoothness 7,,(f,81)w,q , in the waited space L, ,(I), where w is a
waited bounded function , has the following properties

D tn(f,00)wq < ™Tm(f,02)w,q » 61 =9

Proof: Let § = m1n{6}and1—12 ,0<6;, ,0<6, and 6, <6,,

0<isn

then

Sup

Agi (f X) < Sup

Apn (f, %)

m

Ly,q(D)

Then we get by definition of the usually modulus of smoothness that

m(f X, 61)Wq Wm(f X, 62)wq

By take L, ,(I)_normd of both sides, we get
Wit 80ll,, () < WiaEdll,

Then by definition of 7,,,(f, §),, 4 We get

Tm(f» Sl)w,q = Tm(f» 82)w,q ’ 61 = 82

) tm(fi + f20)wg = Tm(f1, Dw,g + Tm(f2, Ow,g

Proof: We have by m-th property of symmetric difference
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A&(fl + fZJx)w,q (flix)wq + A (fzrx)wq , then

q q q

Agn(fi + f2r wg| =< |Bor (o Dwgq A (f20 O w,q
m m m

By take the integration for I € R, then

1

q q
( | | A+ o dx)

1

q
(f HAGEON x> (f YATRI x)
I I
Sup &(ﬁ"‘fz'-)
oshsoll m Lwq(D)
< Sup ||Agn(f1,-) + Sup |[AGn(f2,-)

Ly,q(D

Then we get by definition of the usually modulus of smoothness that

Wr(fl(fl + fZ» X, 6)W,q < Wr(fz(fli X, 5)W,q + Wrﬁ(fZ» X, S)W,q

Now by take the L, ,(I)_normd of both sides then we get
) ® @
”Wm(fl + fZ’ ") 6) ”Lw,q(l) S ||Wm(f1' ") 6)||Lwlq(1) + ”Wm(fZ' ") 6)||Lw,q(1)
By definition of 7,,,(f, 6) w4 » We get
Tm(fl + f2» 6)w,q < Tm(fl» 6)w,q + Tm(fZ» 6)w,q

3) Tm(ft 6)w,q < Sme—l(f,» S)W,q

Proof: We have

Wi (s Owg = W1 (f', 8w g

W (f, 8)a = 05‘255{ AL, x)w| xe 1}
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AR (F 20 = %" (Mo 0w) = 855 (Bnp (Fr0W),

m—1 w
= A’ﬁ_;l (Zilzo(—l)l‘i (1)f (x + lhT(p) w(x + hT(p)) , X+ he €1
m-—1

= Ahy (—fIW(x + ho) + f(x + hoIw(x + hp)),,

m-—1

= 0ho ([f (x + he) = FCOIW(x + hep))yy

m-—1

73 e (Jy x+t)wdt)

m-—

SuPo<hss | B8y V)| = SuPacrss [N f (' x + B dt
" w
h
< Sup At (f x4+ 0 dt}
0<h<é me1
Since from definition of modulus of smoothness then
Wi, Owq < Sup { [ A% (1) dt}
0<h<§ mei
h
WO < | Wha(F' = By
0
—hW 1(f 6)Wq ,h <6
< 6w, U= 5)wq
W (f &g < SWr_ (f', )
m ’ w,q — m-—1 4 w,q
Since w (f, Nw,q = || °(f, x, 6)Wq|| , and by definition of

average modulus of smoothness then we get

T (fs Owg < 6" Tm1(f', O)w g
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B T (f, k) wq < 2K)" 2k — D)1 (f, Owyg , KEN

Proof: since
ikho kh
Mg (/) = Z( - () f+ = Dwir+ =)

-[D" (D) + (D™ Tf ( +22) + (™2 (f (x +
2kh(p)+ A (DM f Lm )] w(x +kh<P

kh(p(f)
m Ly,q(D)
kh
< (| s+ (D e R
+(O)re +kh<o||Lw,qa))
(2k-1)m " 2k-1 (k — ymho
= ) O, fe+——
i=0 j=1 Ly,q(1)

Letm=1

1
(1
Bing (f 0w = Z()(—l)l-l (;) £+ ikhpywie + ho)

= [f(x + kho) — f()]w(x + ho)

Z Akhq, (x + ihe)

Hence for m-th symmetric difference

k-1 k-1 -

SHGENEDIDIE z Mg (fx + ish@ + -+ + ixhphy

i1=0i,=0 i,=0

Therefor
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2(k—1)m 2k-1
(k — j)mho
GB!I | R
Ly,q(D) i=0 Ly,q()
2k—1
(k — j)mho
M| s @om ) -
Ly,q(1) j=1 Ly,q(1)
2k—-1
(k — j)mho
sup 0B (£, < @™ ) Supllf(r -
h<ké L@ = hs La®
2k—1 (k — Hmh
— j)mhe
W% kS < (O™ D Wi (f, % =, g
=
By take L, 4 (I)- normed of both sides
lwnlf, - kSwall,, o
2k—1 (k — jymh
—J)m
< 2k)™ z w? (f, x —#,5)
j=1 Lw,q(I)
1
2k-1 d q
k — j)mh 1
= (2K)™ Z f w,‘fl(f,x——( ]2) ‘p,a) dx
Jj=1 \-d
1
_(k=j)mhe q
2k—1 2
- 2l)™ z j W (f,x,8)|" dx
d_(k—j%mhw
1
q

< 2k)™(2k — 1) f|w,;’;(f,x, &) dx

= (2k)™(2k — 1) ||w (f, x, 6) ||qum

By definition of 7,,,(f, §),, 4 we get



Al-Qadisiyah Journal of Pure Science Vol. (29) Issue (Special) (2024)

Tm(f» k6)w,q < (Zk)m(Zk - 1)Tm0cr 6)W,q

4.Theorem. Let f € L, ,(I) N A'(A) and
B. = {by,...byi—d =b, < by <-<b,_, <b, =d}

be a given knods sequence, such that there are at least two b; in each
(Y3, Yitq)

Vi=0..n ,then there exists a spline S, € S,,_;(I) NA(4,),0 <r <
m — 1 on knods sequence B, , such that

I = S lls,,, < AWECE, (04 D)y
A=A(m,d,qoa), meN,deZ*,0<qg<1l,a>1.
Proof: Let I; = [ b;,bj11] € = [ bi_1,bi42] ,i=1..n

the interval [; is called contaminated (see[2]) if b; < a; < b;q,for some
a; € Ag. we assume that the interval I; is uncontaminated and lies
between the intervals [; and I;,; , such that

I] = [b],b]+1] (- {i = [bj_l’ bj+2] ,j =1..s
Let g; best a constant approximation of the function f on the interval
I;,i = 0..nin weighted space L, 4 (I;).
Let § = 0m,in |Y; 11 — Y;|, since § < |Y;,1 —Y;| ,and § it is longer than
<isn

the interval [; , and there for the length of the interval I; of the function f
converges to zero faster than the interval |Y;,; — Y;|,i = 0...n.But if the
Points Y; inside the interval I; ,it is possible that the function f is not the
best approximation, so by Whitney's inequality(see[1]) we get :

If = gill, ,ap < cmM)Wo (f 1L 1) w g .. (41

If none of the knods b;,i =0 ..n inside the interval [;, then g; is
comonotony with the function f in an interval [;.

We will know
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0 ;XE[bj,bj+1),1SjSS
S, =
9i ;XE[bi,bi+1),OSiSTl,i¢j

It is clear that S,, the best constant approximation of the function f
inaninterval [; . Suppose that g;_; and g;,; constant polynomials of

opposite sign with respect to the function f that is

gj-1 =0 and gj,; = 0, hence by[7 ]

gj+1 — 9j-1 = —9j-1

|gj—1| < |.gj+1 —Yj-1

b

When [; € {;, then we get

1
19j-1] < 1gje1 = gjal < 161N gjs1 = gjall,,

1
<c|g;| a (“f - gj+1”LW,q((j)+”f h gj_lan,q((j))

By (4.1) we get at the interval {;

R AR A AR @2
Now ,when x € [ bj,b;41) , we get
Wf = Selle, ) = WLy, o)
By (Lemma (2.1) [7]), we have
Wf =Sells, ;) S cllflle, )
<cllf =gl o)+ gl o )]

We have

1

||gj—1||Lw,q(1j)=(f1j|gj—1w(x)|qu)5

=|gj-1|(J Iw(x)|%dx)
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:lgj_1|”W“Lw,q(If)

Since w is a bounded function, then there is k > 1, such that
loy-ill,, o) < Kl
By (4.2) , we get
_1
”gj_l”LW'q(Ij) = k|I] | qwr(fl(f' |I] |'I] )W,q (43

Now ,by (4.1) and (4.3) , we get

_1
D wa k|| Wi (15 | 5 wg

_1
If =Selly,, i) < clhi | wm () [1;

=A|l; |_%W;fl(f, i Idwg , c+k=A4
Since [; < {; and |IJ-| < |Cj | , then
1 =Sl 1) < AL T WE NG S dung (44
Now ,for x € [ b;, bj41)
Ilf — Sr”Lwlq(Ii) =|If - gi”LW,q(Ii) , By (4.1) we get
If = Sl qa) < Wi (F i L T g

And by (4.4) we get

1
If = Selle, a0 < € 1Si Wy (f 18 1, 8 wg

Since
_1
If = Srlle, 0 < € Zizaldi| W (f 18 1, Dwg

< I wa (f, Ow,g

We have
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(o

: 5 :
=N<n then%<6,that1s %<;S6,C>O,smcen<n+1then

o> |

1 1 1 1
— < —, hence —<—<6and6<i,a>1
n+1 n n+1 n n+1

By the property of modulus of smoothness (1), then

1
If = Sl < €QA) Wi (f, =g

=AW (f, (M + 1) g

A=A(m,d,qa)meN,deZt,0<g<1l,a>1.
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