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Abstract: 

   In this research, some of the properties of the modulus of smoothness  

and the average modulus of smoothness  in weighted space 𝐿𝑤,𝑞(𝐼)  , 0 <

𝑞 < 1 ,    𝐼 = [−𝑑, 𝑑]  , 𝑑 =positive integer were discussed. The best 

approximation of the monotonic function 𝑓 ∈ 𝐿𝑤,𝑞(𝐼) ∩ ∆
1(𝐴𝑠) was also 

found, using the spline 𝑆𝑟     , 𝑟 = 1…𝑛  , 𝑛 ∈ 𝑁, in the weighted space. 

1.Introduction 

    There is research (see[5],[6],[8])in which the approximation of the 

function𝑓 in space 𝑐[𝑎, 𝑏], 𝐿𝑃[𝑎, 𝑏],(see[3,4]) has been studied, using 

splines and algebraic polynomials, and numerical applications have been 

found for it. In this research, some properties of the modulus of 

smoothness were found 𝑤𝑚
𝜑

(𝑓, 𝑥, 𝛿)𝑤,𝑞 = sup
0<ℎ≤𝛿

‖∆𝜑ℎ
𝑚

𝑚 (𝑓, . ) ‖
𝐿𝑤,𝑞(𝐼)

 

            ∆𝜑ℎ
𝑚

𝑚 (𝑓, 𝑥)𝑤 =

{
∑ (−1)𝑚−𝑖𝑚
𝑖=0 (𝑚

𝑖
)𝑓 (𝑥 +

𝑖𝜑ℎ

𝑚
)𝑤 (𝑥 +

𝜑ℎ

𝑚
)         ,    𝑖𝑓  𝑥 +

𝜑ℎ

𝑚
  , 𝑥 ∈ 𝐼

 
0                                                                                            ,      0 ∙ 𝑊            

 

𝑄(𝑥) = √1 − (
𝑥

𝑑
)2   , represent  𝑚-th symmetric difference. 
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And finding the properties of average modulus of smoothness were 

found 

𝜏𝑚(𝑓, 𝛿)𝑤,𝑞 = ‖𝑤𝑚
𝜑
(𝑓, . , 𝛿)‖

𝐿𝑤,𝑞(𝐼)
 

in weighted space 𝐿𝑤,𝑞(𝐼)  where as 

𝐿𝑤,𝑞(𝐼) = {𝑓: 𝑓: 𝐼 → 𝑅: (∫ |𝑓(𝑥)𝑤(𝑥)|
𝑞 

𝐼
𝑑𝑥)

1

𝑞  ≤ ∞   ,0 < 𝑞 < 1}. 

the function 𝑓 monotony in weighted space 𝑓 ∈ 𝐿𝑤,𝑞(𝐼) ∩ ∆
1(𝐴𝑠) 

where 𝐴𝑠 = {𝑎2, . . . , 𝑎𝑠, −𝑑 = 𝑎1 < 𝑎2 < ⋯ < 𝑎𝑠 < 𝑎𝑠+1 = 𝑑}   . 

   Let ℓ𝑟,𝑠 ⊂ 𝐼 , where  ℓ𝑟,𝑠 = [𝑐𝑟,𝑠, 𝑐𝑟−1,𝑠]    , 𝑟 = 2…𝑛 + 1  , 𝑠 = 1…𝑛   

and   
𝑐𝑠 = {𝑐2…𝑐𝑛 , 𝑌𝑖+1 = 𝑐1 < 𝑐2 < ⋯ < 𝑐𝑛 < 𝑐𝑛+1 = 𝑌𝑖}     , 𝑖 = 0…𝑛 

   The interior points (knods) at the interval ℓ𝑟,𝑠 can be defined as follows 

𝑐2,𝑠 < �̃�2,𝑠 < ⋯ < 𝑐𝑛−1,𝑠 < �̃�𝑛−1,𝑠 < 𝑐𝑛,𝑠 . 

Where {�̃�𝑠}𝑟=2
𝑛−2 represents a sequence of knods in an interval ℓ̃𝑟,𝑠 =

[�̃�𝑟,𝑠, �̃�𝑟−1,𝑠] 𝑟 = 2,… , 𝑛 + 1  , 𝑠 = 1,… , 𝑛 . 

Let 𝑆𝑟 represent the spline which is define in form 

              𝑆𝑟(𝑥) = {

𝑠0(𝑥) ,   𝑥0 < 𝑥 ≤ 𝑥1
𝑠1(𝑥) ,   𝑥1 < 𝑥 ≤ 𝑥2 
⋮                               

𝑠𝑛(𝑥) ,   𝑥𝑛−1 < 𝑥 ≤ 𝑥𝑛 

 

In this research we will find the best approximation of the function 𝑓 ∈

𝐿𝑤,𝑞(𝐼) ∩ ∆
1(𝐴𝑠) using the spline 𝑠𝑟 ∈ 𝑆𝑚−1(𝐼) ∩ ∆

1(𝐴𝑠), which is 

comonotony with the function 𝑓. 

2.Lemma. In the waited space 𝐿𝑤,𝑞(𝐼), the modulus of smoothness  

𝑤𝑚
𝜑
(𝑓, 𝑥, 𝛿)𝑤,𝑞 has the following properties  , if 𝑓 ∈ 𝐿𝑤,𝑞(𝐼) ∩

∆1(𝐴𝑠)    ,0 < 𝛿1 ≤ 𝛿2 , 𝜆 > 0, then: 

1) 𝑤𝑚
𝜑
(𝑓, 𝛿)𝑤  , is non negative function with  

lim
𝛿→0

𝑤𝑚
𝜑
(𝑓, 𝛿)𝑤 = 0 
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          Proof:  Since  𝑤𝑚
𝜑
(𝑓, 𝛿)𝑤 = Sup

 |ℎ|≤𝛿
‖∆ℎ𝜑

𝑚

𝑚 (𝑓, . )‖
𝐿𝑤,𝑞(𝐼)

       

        lim
𝛿→0

𝑤𝑚
𝜑
(𝑓, 𝛿)𝑤 = lim  

𝛿→0 
Sup
 |ℎ|≤𝛿

‖∆ℎ𝜑
𝑚

𝑚 (𝑓, . )‖
𝐿𝑤,𝑞(𝐼)

 

                                       = Sup
 |ℎ|→0

‖∑ (−1)𝑚−𝑖𝑚
𝑖=0 (𝑚

𝑖
)𝑓(𝑥 +

ℎ𝜑

𝑚
)𝑤(𝑥 +

ℎ𝜑

𝑚
)‖
 
       

                                       = Sup
 |ℎ|→0

‖∑ (−1)𝑚−𝑖𝑚
𝑖=0 (𝑚

𝑖
)𝑓(𝑥)𝑤(𝑥)‖

 
       

          Hence  

lim
𝛿→0

𝑤𝑚
𝜑
(𝑓, 𝛿)𝑤 = 0 

2) 𝑤𝑚
𝜑
(𝑓, 𝛿1)𝑤,𝑞 ≤ 𝑤𝑚

𝜑
(𝑓, 𝛿2)𝑤,𝑞         for   𝛿1 ≤ 𝛿2 

         Proof: we have  

𝑤𝑚
𝜑
(𝑓, 𝛿1)𝑤,𝑞 = Sup

 |ℎ|≤𝛿1

‖∆ℎ𝜑
𝑚

𝑚 (𝑓, . )‖
𝐿𝑤,𝑞(𝐼)

       

                        ≤ Sup
 |ℎ|≤𝛿2

‖∆ℎ𝜑
𝑚

𝑚 (𝑓, . )‖
𝐿𝑤,𝑞(𝐼)

       

= 𝑤𝑚
𝜑
(𝑓, 𝛿2)𝑤 

        Hence  

   𝑤𝑚
𝜑
(𝑓, 𝛿1)𝑤,𝑞 ≤ 𝑤𝑚

𝜑
(𝑓, 𝛿2)𝑤,𝑞            for   𝛿1 ≤ 𝛿2 . 

 

3)𝑤𝑚
𝜑
(𝑓, 𝜆𝛿)𝑤,𝑞 ≤ 𝜆

𝑛𝑤𝑚
𝜑
(𝑓, 𝛿)𝑤,𝑞 

Proof: We have 

𝑤𝑚
𝜑
(𝑓, 𝜆𝛿)𝑤,𝑞 = Sup

 ℎ≤𝜆𝛿 

‖∆ℎ𝜑
𝑚

𝑚 (𝑓, . )‖
𝐿𝑤,𝑞(𝐼)

 

≤ Sup
 ℎ≤𝜆𝛿 

‖∆𝜆𝛿𝜑 
𝑚

𝑚 (𝑓, . )‖
𝐿𝑤,𝑞(𝐼)

 

= Sup
 
‖( 
𝜆𝛿 𝜑

𝑚
)𝑚𝐷𝑚𝑓‖

𝐿𝑤,𝑞(𝐼)
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= |𝜆𝑚|Sup
 
‖( 
𝛿 𝜑

𝑚
)𝑚𝐷𝑛𝑓‖

𝐿𝑤,𝑞(𝐼)
 

= |𝜆𝑚|Sup
 ℎ≤𝛿 
 

‖∆𝛿𝜑 
𝑚

𝑚 (𝑓, . )‖
𝐿𝑤,𝑞(𝐼)

 

 

 

                                                  = |𝜆|𝑚𝑤𝑚
𝜑
(𝑓, 𝛿)𝑤,𝑞  ,𝜆 > 0 

Hence  

𝑤𝑚
𝜑
(𝑓, 𝜆𝛿)𝑤,𝑞 ≤ 𝜆

𝑚𝑤𝑚
𝜑
(𝑓, 𝛿)𝑤,𝑞 

 

3.Lemma.Let 𝑓 ∈ 𝐿𝑤,𝑞(𝐼) ∩ ∆
1(𝐴𝑠)  , the average modulus of 

smoothness 𝜏𝑚(𝑓, 𝛿1)𝑤,𝑞 ,  in the waited space 𝐿𝑤,𝑞(𝐼),  where 𝑤 is a 

waited bounded function , has the following properties 

1)  𝜏𝑚(𝑓, 𝛿1)𝑤,𝑞 ≤ 𝜏𝑚(𝑓, 𝛿2)𝑤,𝑞      ,    𝛿1 ≤ 𝛿2 

Proof: Let  𝛿 = min
0≤𝑖≤𝑛

{𝛿𝑖} and i = 1,2    , 𝛿 ≤ 𝛿1   , 𝛿 ≤ 𝛿2  and  𝛿1 ≤ 𝛿2 , 

then 

Sup
ℎ≤𝛿1

‖∆𝜑ℎ
𝑚

𝑚 (𝑓, 𝑥)‖
𝐿𝑤,𝑞(𝐼)

≤ Sup
ℎ≤𝛿2

‖∆𝜑ℎ
𝑚

𝑚 (𝑓, 𝑥)‖
𝐿𝑤,𝑞(𝐼)

 

 Then we get by definition of the usually modulus of smoothness that 

                                 𝑤𝑚
𝜑
(𝑓, 𝑥, 𝛿1)𝑤,𝑞 ≤ 𝑤𝑚

𝜑
(𝑓, 𝑥, 𝛿2)𝑤,𝑞 

By take 𝐿𝑤,𝑞(𝐼)_normd of both sides, we get  

  ‖𝑤𝑚
𝜑
(𝑓, . , 𝛿1)‖𝐿𝑤,𝑞(𝐼)

≤ ‖𝑤𝑚
𝜑
(𝑓, . , 𝛿2)‖𝐿𝑤,𝑞(𝐼)

 

Then by definition of 𝜏𝑚(𝑓, 𝛿)𝑤,𝑞 we get 

τm(f, δ1)w,q ≤ τm(f, δ2)w,q     ,    δ1 ≤ δ2 

 

2) 𝜏𝑚(𝑓1 + 𝑓2, 𝛿)𝑤,𝑞 ≤ 𝜏𝑚(𝑓1, 𝛿)𝑤,𝑞 + 𝜏𝑚(𝑓2, 𝛿)𝑤,𝑞       

Proof: We have by 𝑚-th  property of symmetric difference 
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∆𝜑ℎ
𝑚

𝑚 (𝑓1 + 𝑓2, 𝑥)𝑤,𝑞 = ∆𝜑ℎ
𝑚

𝑚 (𝑓1, 𝑥)𝑤,𝑞 + ∆𝜑ℎ
𝑚

𝑚 (𝑓2, 𝑥)𝑤,𝑞 , then 

|∆𝜑ℎ
𝑚

𝑚 (𝑓1 + 𝑓2, 𝑥)𝑤,𝑞|

𝑞

≤ |∆𝜑ℎ
𝑚

𝑚 (𝑓1, 𝑥)𝑤,𝑞|

𝑞

+ |∆𝜑ℎ
𝑚

𝑚 (𝑓2, 𝑥)𝑤,𝑞|

𝑞

 

By take the integration for 𝐼 ⊂ 𝑅, then 

(∫ |∆𝜑ℎ
𝑚

𝑚 (𝑓1 + 𝑓2, 𝑥)𝑤,𝑞|

𝑞 

𝐼

𝑑𝑥)

1
𝑞

 

 

≤ (∫|∆𝜑ℎ
𝑚

𝑚 (𝑓1, 𝑥)𝑤,𝑞|

𝑞 

𝐼

𝑑𝑥)

1
𝑞

+ (∫|∆𝜑ℎ
𝑚

𝑚 (𝑓2, 𝑥)𝑤,𝑞|

𝑞 

𝐼

𝑑𝑥)

1
𝑞

 

Sup
0≤ℎ≤𝛿

‖∆𝜑ℎ
𝑚

𝑚 (𝑓1 + 𝑓2, . )‖
𝐿𝑤,𝑞(𝐼)

≤ Sup
0≤ℎ≤𝛿

‖∆𝜑ℎ
𝑚

𝑚 (𝑓1, . )‖
𝐿𝑤,𝑞(𝐼)

+ Sup
0≤ℎ≤𝛿

‖∆𝜑ℎ
𝑚

𝑚 (𝑓2, . )‖
𝐿𝑤,𝑞(𝐼)

 

Then we get by definition of the usually modulus of smoothness that 

            𝑤𝑚
𝜑
(𝑓1 + 𝑓2, 𝑥, 𝛿)𝑤,𝑞 ≤ 𝑤𝑚

𝜑
(𝑓1, 𝑥, 𝛿)𝑤,𝑞 +𝑤𝑚

𝜑
(𝑓2, 𝑥, 𝛿)𝑤,𝑞 

Now by take the 𝐿𝑤,𝑞(𝐼)_normd of both sides then we get 

 ‖𝑤𝑚
𝜑
(𝑓1 + 𝑓2, . , 𝛿)‖𝐿𝑤,𝑞(𝐼)

≤ ‖𝑤𝑚
𝜑(𝑓1, . , 𝛿)‖𝐿𝑤,𝑞(𝐼)

+ ‖𝑤𝑚
𝜑
(𝑓2, . , 𝛿)‖𝐿𝑤,𝑞(𝐼)

 

By definition of 𝜏𝑚(𝑓, 𝛿)𝑤,𝑞  , we get  

            𝜏𝑚(𝑓1 + 𝑓2, 𝛿)𝑤,𝑞 ≤ 𝜏𝑚(𝑓1, 𝛿)𝑤,𝑞 + 𝜏𝑚(𝑓2, 𝛿)𝑤,𝑞 

3)  𝜏𝑚(𝑓, 𝛿)𝑤,𝑞 ≤ 𝛿
𝑚𝜏𝑚−1(𝑓

′, 𝛿)𝑤,𝑞 

Proof: We have 

           𝑤𝑚
𝜑
(𝑓, 𝛿)𝑤,𝑞 = 𝛿𝑤𝑚−1

𝜑
(𝑓′, 𝛿)𝑤,𝑞 

          𝑤𝑚
𝜑
(𝑓, 𝛿)𝑤,𝑞 = Sup

0≤ℎ≤𝛿
{|∆ℎ𝜑

𝑚

𝑚 (𝑓, 𝑥)𝑤|    , 𝑥 ∈ 𝐼} 
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            ∆ℎ𝜑
𝑚

𝑚 (𝑓, 𝑥)𝑤 = ∆ ℎ𝜑

𝑚−1

𝑚−1 (∆ℎ𝜑
1

1 (𝑓, 𝑥)𝑤)
𝑤

= ∆ ℎ𝜑

𝑚−1

𝑚−1(Δℎ𝜑(𝑓, 𝑥)𝑤)𝑤
 

               = ∆ ℎ𝜑

𝑚−1

𝑚−1 (∑ (−1)1−𝑖1
𝑖=0 (1

𝑖
)𝑓 (𝑥 +

𝑖ℎ𝜑

1
)𝑤(𝑥 +

ℎ𝜑

1
)) , 𝑥 + ℎ𝜑 ∈ 𝐼 

               = ∆ ℎ𝜑

𝑚−1

𝑚−1(−𝑓(𝑥)𝑤(𝑥 + ℎ𝜑) + 𝑓(𝑥 + ℎ𝜑)𝑤(𝑥 + ℎ𝜑))𝑤 

               = ∆ ℎ𝜑

𝑚−1

𝑚−1([𝑓(𝑥 + ℎ𝜑) − 𝑓(𝑥)]𝑤(𝑥 + ℎ𝜑))𝑤 

                = ∆ ℎ𝜑

𝑚−1

𝑚−1 (∫ (𝑓′, 𝑥 + 𝑡)𝑤𝑑𝑡 
ℎ

0
)
𝑤

 

𝑠𝑢𝑝0<ℎ≤𝛿 | ∆ℎ𝜑
𝑚

𝑚 (𝑓, 𝑥)𝑤| = 𝑠𝑢𝑝0<ℎ≤𝛿 |∆ ℎ𝜑
𝑚−1

𝑚−1 (∫(𝑓′, 𝑥 + 𝑡)𝑤𝑑𝑡 

ℎ

0

)

𝑤

| 

≤ Sup
0≤ℎ≤𝛿

{∫ |∆ ℎ𝜑
𝑚−1

 

𝑚−1 (�́�, 𝑥 + 𝑡)𝑤| 𝑑𝑡}

ℎ

0

 

Since from definition of modulus of smoothness then 

𝑤𝑚
𝜑
(𝑓, 𝛿)𝑤,𝑞 ≤ Sup

0≤ℎ≤𝛿
{∫ |∆ ℎ𝜑

𝑚−1

𝑚−1(�́�, 𝑥)𝑤| 𝑑𝑡}

ℎ

0

 

𝑤𝑚
𝜑
(𝑓, 𝛿)𝑤,𝑞 ≤ ∫𝑤𝑚−1

𝜑
(𝑓′,

𝑚

𝑚 − 1
𝛿)𝑤,𝑞

ℎ

0

 

                     = ℎ𝑤𝑚−1
𝜑

(𝑓′,
𝑚

𝑚−1
𝛿)𝑤,𝑞     , ℎ ≤ 𝛿 

                     ≤ 𝛿𝑤𝑚−1
𝜑

(𝑓′,
𝑚

𝑚−1
𝛿)𝑤,𝑞 

𝑤𝑚
𝜑
(𝑓, 𝛿)𝑤,𝑞 ≤ 𝛿𝑤𝑚−1

𝜑
(𝑓′, 𝛿)𝑤,𝑞 

Since 𝑤𝑚
𝜑
(𝑓, 𝛿)𝑤,𝑞 = ‖𝑤𝑚

𝜑
(𝑓, 𝑥, 𝛿)𝑤,𝑞‖𝐿𝑤,𝑞(𝐼)

 , and by definition of 

average modulus of smoothness then we get 

𝜏𝑚(𝑓, 𝛿)𝑤,𝑞 ≤ 𝛿
𝑚𝜏𝑚−1(𝑓

′, 𝛿)𝑤,𝑞 
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4) 𝜏𝑚(𝑓, 𝑘𝛿)𝑤,𝑞 ≤ (2𝑘)
𝑚(2𝑘 − 1)𝜏𝑚(𝑓, 𝛿)𝑤,𝑞          ,    𝑘 ∈ 𝑁 

Proof: since 

∆𝑘ℎ𝜑
𝑚

𝑚 (𝑓, 𝑥) =∑(−1)𝑚−𝑖
𝑚

𝑖=0

(
𝑚

𝑖
) 𝑓(𝑥 +

𝑖𝑘ℎ𝜑

𝑚
)𝑤(𝑥 +

𝑘ℎ𝜑

𝑚
) 

=[(−1)𝑚(𝑚
0
)𝑓(𝑥) + (−1)𝑚−1(𝑚

1
)𝑓 (𝑥 +

𝑘ℎ𝜑

𝑚
) + (−1)𝑚−2(𝑚

2
)𝑓 (𝑥 +

2𝑘ℎ𝜑

𝑚
) +⋯+ (−1)𝑚−𝑚(𝑚

𝑚
)𝑓(𝑥 +

𝑚𝑘ℎ𝜑

𝑚
)]𝑤(𝑥 +

𝑘ℎ𝜑

𝑚
) 

‖∆𝑘ℎ𝜑
𝑚

𝑚 (𝑓, . )‖
𝐿𝑤,𝑞(𝐼)

≤ (|(
𝑚

0
)| ‖𝑓‖𝐿𝑤,𝑞(𝐼) + |(

𝑚

1
)| ‖𝑓(.+

𝑘ℎ𝜑

𝑚
‖
𝐿𝑤,𝑞(𝐼)

+⋯

+ |(
𝑚

𝑚
)| ‖𝑓(.+𝑘ℎ𝜑‖𝐿𝑤,𝑞(𝐼))

 

 

= ∑ |(
𝑚

𝑖
)|

(2𝑘−1)𝑚

𝑖=0

∑ ‖𝑓(𝑥 +
(𝑘 − 𝑗)𝑚ℎ𝜑

2
‖
𝐿𝑤,𝑞(𝐼)

2𝑘−1

𝑗=1

 

Let 𝑚 = 1 

∆𝑘ℎ𝜑
1

1 (𝑓, 𝑥)𝑤 =∑(−1)1−𝑖
1

𝑖=0

(
1

𝑖
) 𝑓(𝑥 + 𝑖𝑘ℎ𝜑)𝑤(𝑥 + ℎ𝜑) 

= [𝑓(𝑥 + 𝑘ℎ𝜑) − 𝑓(𝑥)]𝑤(𝑥 + ℎ𝜑) 

                               = ∑ ∆𝑘ℎ𝜑
1

1𝑘−1
𝑖=0 (𝑥 + 𝑖ℎ𝜑)                                

Hence for 𝑚-th symmetric difference  

∆𝑘ℎ𝜑
𝑚

𝑚 (𝑓, 𝑥)𝑤 = ∑ ∑…

𝑘−1

𝑖2=0

𝑘−1

𝑖1=0

∑ ∆𝑘ℎ𝜑
𝑚

𝑚

𝑘−1

𝑖𝑛=0

(𝑓, 𝑥 + 𝑖1ℎ𝜑 +⋯+ 𝑖𝑛ℎ𝜑)𝑤 

Therefor  
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‖∆𝑘ℎ𝜑
𝑚

𝑚 (𝑓, . )‖
𝐿𝑤,𝑞(𝐼)

≤ ∑ |(
𝑚

𝑖
)|

2(𝑘−1)𝑚

𝑖=0

∑ ‖𝑓(𝑥 −
(𝑘 − 𝑗)𝑚ℎ𝜑

2
‖
𝐿𝑤,𝑞(𝐼)

2𝑘−1

𝑗=1

 

‖∆𝑘ℎ𝜑
𝑚

𝑚 (𝑓, . )‖
𝐿𝑤,𝑞(𝐼)

≤ (2𝑘)𝑚 ∑ ‖𝑓(𝑥 −
(𝑘 − 𝑗)𝑚ℎ𝜑

2
‖
𝐿𝑤,𝑞(𝐼)

2𝑘−1

𝑗=1

 

Sup
ℎ≤𝑘𝛿

‖∆𝑘ℎ𝜑
𝑚

𝑚 (𝑓, . )‖
𝐿𝑤,𝑞(𝐼)

≤ (2𝑘)𝑚 ∑ Sup
ℎ≤𝛿

‖𝑓(𝑥 −
(𝑘 − 𝑗)𝑚ℎ𝜑

2
‖
𝐿𝑤,𝑞(𝐼)

2𝑘−1

𝑗=1

 

𝑤𝑚
𝜑
(𝑓, 𝑥, 𝑘𝛿)𝑤,𝑞 ≤ (2𝑘)

𝑚 ∑ 𝑤𝑚
𝜑

2𝑘−1

𝑗=1

 (𝑓, 𝑥 −
(𝑘 − 𝑗)𝑚ℎ𝜑

2
, 𝛿)𝑤,𝑞 

By take 𝐿𝑤,𝑞(𝐼)- normed of both sides  

‖𝑤𝑚
𝜑
(𝑓, . , 𝑘𝛿)𝑤,𝑞‖𝐿𝑤,𝑞(𝐼)

≤ (2𝑘)𝑚 ∑ ‖𝑤𝑚
𝜑
(𝑓, 𝑥 −

(𝑘 − 𝑗)𝑚ℎ𝜑

2
, 𝛿) ‖

𝐿𝑤,𝑞(𝐼)

2𝑘−1

𝑗=1

 

= (2𝑘)𝑚 ∑ ( ∫|𝑤𝑚
𝜑
(𝑓, 𝑥 −

(𝑘 − 𝑗)𝑚ℎ𝜑

2
, 𝛿)|

𝑞𝑑

−𝑑

𝑑𝑥)

1
𝑞2𝑘−1

𝑗=1

 

= (2𝑘)𝑚 ∑

(

 
 

∫ |𝑤𝑚
𝜑
(𝑓, 𝑥, 𝛿)|

𝑞

𝑑−
(𝑘−𝑗)𝑚ℎ𝜑

2

−𝑑−
(𝑘−𝑗)𝑚ℎ𝜑

2

𝑑𝑥

)

 
 

1
𝑞

2𝑘−1

𝑗=1

 

≤ (2𝑘)𝑚(2𝑘 − 1)( ∫|𝑤𝑚
𝜑
(𝑓, 𝑥, 𝛿)|

𝑞

𝑑

−𝑑

𝑑𝑥)

1
𝑞

  

= (2𝑘)𝑚(2𝑘 − 1) ‖𝑤𝑚
𝜑
(𝑓, 𝑥, 𝛿) ‖𝐿𝑤,𝑞(𝐼)

 

By definition of 𝜏𝑚(𝑓, 𝛿)𝑤,𝑞 we get 
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𝜏𝑚(𝑓, 𝑘𝛿)𝑤,𝑞 ≤ (2𝑘)
𝑚(2𝑘 − 1)𝜏𝑚(𝑓, 𝛿)𝑤,𝑞    

  

4.Theorem. Let 𝑓 ∈  𝐿𝑤,𝑞(𝐼) ∩ ∆
1(𝐴𝑠)  and  

𝐵𝑟 = {𝑏1, … , 𝑏𝑛: −𝑑 = 𝑏1 < 𝑏2 < ⋯ < 𝑏𝑛−1 < 𝑏𝑛 = 𝑑} 

be a given knods sequence, such that there are at least two 𝑏𝑖 in each 

(𝑌𝑖 , 𝑌𝑖+1) 

∀ 𝑖 = 0…𝑛 ,then there exists a spline 𝑆𝑟 ∈ 𝑆𝑚−1(𝐼) ∩ ∆
1(𝐴𝑠), 0 < 𝑟 ≤

𝑚 − 1 on knods sequence 𝐵𝑟 , such that 

‖𝑓 − 𝑆𝑟‖𝐿𝑤,𝑞 ≤ 𝐴𝑤𝑚
𝜑
(𝑓, (𝑛 + 1)−1)𝑤,𝑞 

𝐴 = 𝐴(𝑚, 𝑑, 𝑞, 𝑎),𝑚 ∈ 𝑁, 𝑑 ∈ 𝑍+, 0 < 𝑞 < 1, 𝑎 > 1. 

Proof: Let  𝐼𝑖 = [ 𝑏𝑖 , 𝑏𝑖+1] ⊂ 𝜁𝑖 = [ 𝑏𝑖−1, 𝑏𝑖+2]  , 𝑖 = 1…𝑛 

 the interval 𝐼𝑖 is called contaminated (see[2])  if 𝑏𝑖 ≤ 𝑎𝑖 ≤ 𝑏𝑖+1,for some 

𝑎𝑖 ∈ 𝐴𝑠. we assume that the interval 𝐼𝑖 is uncontaminated and lies 

between the intervals 𝐼𝑗 and 𝐼𝑗+1 , such that 

 𝐼𝑗 = [ 𝑏𝑗 , 𝑏𝑗+1] ⊂ 𝜁𝑖 = [ 𝑏𝑗−1, 𝑏𝑗+2] , 𝑗 = 1…𝑠 

Let 𝑔𝑖  best a constant approximation of the function 𝑓 on the interval 

𝐼𝑖  , 𝑖 = 0…𝑛 in weighted space 𝐿𝑤,𝑞(𝐼𝑖). 

    Let 𝛿 = min
0≤𝑖≤𝑛

|𝑌𝑖+1 − 𝑌𝑖|, since 𝛿 ≤ |𝑌𝑖+1 − 𝑌𝑖| ,and 𝛿 it is longer than 

the interval 𝐼𝑖 , and there for the length of the interval 𝐼𝑖 of the function 𝑓  

converges to zero faster than the interval |𝑌𝑖+1 − 𝑌𝑖| , 𝑖 = 0…𝑛.But if the 

Points 𝑌𝑖 inside the interval 𝐼𝑖 ,it is possible that the function 𝑓 is not the 

best approximation, so by Whitney's  inequality(see[1]) we get : 

‖𝑓 − 𝑔𝑖‖𝐿𝑤,𝑞(𝐼𝑖) ≤ 𝑐(𝑚)𝑤𝑚
𝜑
(𝑓, |𝐼𝑖|, 𝐼𝑖)𝑤,𝑞                          … (4.1  

 If none of the knods  𝑏𝑖  , 𝑖 = 0…𝑛 inside the interval  𝐼𝑖 , then  𝑔𝑖 is 

comonotony with the function 𝑓 in an interval 𝐼𝑖 . 

We will know 
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𝑆𝑟 = {
0     ; 𝑥 ∈ [ 𝑏𝑗 , 𝑏𝑗+1), 1 ≤ 𝑗 ≤ 𝑠           

 
𝑔𝑖    ; 𝑥 ∈ [ 𝑏𝑖 , 𝑏𝑖+1), 0 ≤ 𝑖 ≤ 𝑛  , 𝑖 ≠ 𝑗

 

It is clear that 𝑆𝑟, the best constant approximation of the function 𝑓 

inaninterval 𝐼𝑖 . Suppose that 𝑔𝑗−1 and 𝑔𝑗+1 constant polynomials of 

opposite sign with respect to the function 𝑓 that is 

 𝑔𝑗−1 ≤ 0  and 𝑔𝑗+1 ≥ 0 , hence by[7 ] 

𝑔𝑗+1 − 𝑔𝑗−1 ≥ −𝑔𝑗−1 

|𝑔𝑗−1| ≤ |𝑔𝑗+1 − 𝑔𝑗−1|  ,         

When  𝐼𝑗 ⊂ 𝜁𝑗 , then we get 

|𝑔𝑗−1| ≤ |𝑔𝑗+1 − 𝑔𝑗−1| ≤ |𝜁𝑖 |
−
1
𝑞‖𝑔𝑗+1 − 𝑔𝑗−1‖𝐿𝑤,𝑞(𝜁𝑗 )

 

≤ 𝑐|𝜁𝑗 |
−
1
𝑞 (‖𝑓 − 𝑔𝑗+1‖𝐿𝑤,𝑞(𝜁𝑗 )

+‖𝑓 − 𝑔𝑗−1‖𝐿𝑤,𝑞(𝜁𝑗 )
) 

By (4.1) we get at the interval 𝜁𝑗  

|𝑔𝑗−1| ≤ 𝑐|𝜁𝑗 |
−
1

𝑞𝑤𝑚
𝜑
(𝑓, |𝜁𝑗 |, 𝜁𝑗 )𝑤,𝑞                                     … (4.2        

Now ,when  𝑥 ∈ [ 𝑏𝑗 , 𝑏𝑗+1)  , we get 

         ‖𝑓 − 𝑆𝑟‖𝐿𝑤,𝑞(𝐼𝑗 ) = ‖𝑓‖𝐿𝑤,𝑞(𝐼𝑗 ) 

By (Lemma (2.1) [7]),     we have 

‖𝑓 − 𝑆𝑟‖𝐿𝑤,𝑞(𝐼𝑗 ) ≤ 𝑐‖𝑓‖𝐿𝑤,𝑞(𝐼𝑗 ) 

≤ 𝑐[‖𝑓 − 𝑔𝑗−1‖𝐿𝑤,𝑞(𝐼𝑗 )
+ ‖𝑔𝑗−1‖𝐿𝑤,𝑞(𝐼𝑗 )

] 

We have 

                 ‖𝑔𝑗−1‖𝐿𝑤,𝑞(𝐼𝑗 )
=(∫𝐼𝑗|

𝑔𝑗−1𝑤(𝑥)|
𝑞
𝑑𝑥)

1

𝑞
 

                                         =|𝑔𝑗−1|(∫ |𝑤(𝑥)|
𝑞𝑑𝑥)

1

𝑞 
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                                         =|𝑔𝑗−1|‖𝑤‖𝐿𝑤,𝑞(𝐼𝑗 ) 

Since 𝑤 is a bounded function, then there is 𝑘 ≥ 1, such that 

                ‖𝑔𝑗−1‖𝐿𝑤,𝑞(𝐼𝑗 )
≤ 𝑘|𝑔𝑗−1| 

By (4.2) , we get 

‖𝑔𝑗−1‖𝐿𝑤,𝑞(𝐼𝑗 )
≤ 𝑘|𝐼𝑗 |

−
1

𝑞𝑤𝑚
𝜑
(𝑓, |𝐼𝑗 |, 𝐼𝑗 )𝑤,𝑞                                  … (4.3 

Now ,by (4.1) and (4.3) , we get 

‖𝑓 − 𝑆𝑟‖𝐿𝑤,𝑞(𝐼𝑗 ) ≤ 𝑐|𝐼𝑗 |
−
1

𝑞𝑤𝑚
𝜑
(𝑓, |𝐼𝑗 |, 𝐼𝑗 )𝑤,𝑞+𝑘|𝐼𝑗 |

−
1

𝑞𝑤𝑚
𝜑
(𝑓, |𝐼𝑗 |, 𝐼𝑗 )𝑤,𝑞 

                            =𝐴|𝐼𝑗 |
−
1

𝑞𝑤𝑚
𝜑
(𝑓, |𝐼𝑗 |, 𝐼𝑗 )𝑤,𝑞   ,     𝑐 + 𝑘 = 𝐴 

Since 𝐼𝑗  ⊂  𝜁𝑗  and  |𝐼𝑗 | ≤ |𝜁𝑗 | , then 

‖𝑓 − 𝑆𝑟‖𝐿𝑤,𝑞(𝐼𝑗 ) ≤ 𝐴|𝜁𝑗 |
−
1

𝑞𝑤𝑚
𝜑
(𝑓, |𝜁𝑗 |, 𝜁𝑗 )𝑤,𝑞                             … (4.4 

Now ,for   𝑥 ∈ [ 𝑏𝑖 , 𝑏𝑖+1) 

‖𝑓 − 𝑆𝑟‖𝐿𝑤,𝑞(𝐼𝑖 ) = ‖𝑓 − 𝑔𝑖‖𝐿𝑤,𝑞(𝐼𝑖)   , By (4.1) we get  

                    ‖𝑓 − 𝑆𝑟‖𝐿𝑤,𝑞(𝐼𝑖 ) ≤ 𝑐𝑤𝑚
𝜑
(𝑓, |𝐼𝑖 |, 𝐼𝑖 )𝑤,𝑞 

And by (4.4) we get 

                   ‖𝑓 − 𝑆𝑟‖𝐿𝑤,𝑞(𝐼𝑖 ) ≤ 𝑐 |𝜁𝑖 |
−
1

𝑞𝑤𝑚
𝜑
(𝑓, |𝜁𝑖 |, 𝜁𝑖 )𝑤,𝑞 

Since 

                   ‖𝑓 − 𝑆𝑟‖𝐿𝑤,𝑞(𝐼𝑖 ) ≤ 𝑐 ∑ |𝜁𝑖 |
−
1

𝑞𝑤𝑚
𝜑
(𝑓, |𝜁𝑖 |, 𝜁)𝑤,𝑞

𝑛
𝑖=1   

                                             ≤ |𝐼|
−
1

𝑞𝑤𝑚
𝜑
(𝑓, 𝛿)𝑤,𝑞 

We have  
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𝑐

𝛿
= 𝑁 ≤ 𝑛  𝑡ℎ𝑒𝑛

𝑐

𝑛
< 𝛿 , that is  

1

𝑛
<
𝛿

𝑐
≤ 𝛿  , 𝑐 > 0 ,since 𝑛 < 𝑛 + 1 then  

1

𝑛+1
<
1

𝑛
 , hence    

1

𝑛+1
<
1

𝑛
< 𝛿  and 𝛿 <

𝑎

𝑛+1
  , 𝑎 > 1 

By the property of modulus of smoothness (1), then 

                 ‖𝑓 − 𝑆𝑟‖𝐿𝑤,𝑞(𝐼) ≤ 𝑐(2𝑑)
−
1

𝑞𝑤𝑚
𝜑
(𝑓,

𝑎

𝑛+1
)𝑤,𝑞 

                                           =𝐴𝑤𝑚
𝜑
(𝑓, (𝑛 + 1)−1)𝑤,𝑞 

𝐴 = 𝐴(𝑚, 𝑑, 𝑞, 𝑎),𝑚 ∈ 𝑁 , 𝑑 ∈ 𝑍+ , 0 < 𝑞 < 1 , 𝑎 > 1  . 
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