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An Efficient Numerical Scheme for Solving Time Delay Volterra Integral
Equations by Using Basis Functions

1.Introduction

Many numerical methods have been introduced to solve IE numerically, but each method has its
own shortcomings. Most of the numerical methods convert the model equations containing IE into
discrete model equations, which appear in the form of a set of linear or nonlinear algebraic equations.
In the case of direct solvers for solving this set of algebraic equations, the computational cost of a large
system worsens due to the large computational time and memory requirements required for
mathematical operations. Therefore, it is still a challenging task to introduce a simple and efficient
technique for IEs. In this method, we focus on improving the efficiency of direct solvers by using
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orthogonal base functions method. Direct solvers are useful for solving problems that iterative solvers
struggle with. Most of time delay Integral equations are frequently encountered in engineering and
biological modeling processes. In [1,2 ], delay integral equations (DIEs) and delay integro-differential
equations (DIDEs) are solved by different methods. In [3], the approximate solutions of optimal
control of time delay systems are derived by Block pulse functions. Apiecewise fuzzy polynomial
interpolation method is proposed to approximate the solutions of fuzzy delay integral equations with
weakly singular kernels has been reviewed [4]. In [5], a numerical method to solve a fuzzy differential
equation via differential inclusions with their membership distribution functions is obtained. Bloor et
al. [6] used collocation technique to solve delayed IEs using Taylor polynomials. Mosleh and Otadi [7]
used the least squares technique to solve Volterra delay IEs. Bica and Popescu [8] developed an
iterative technique to solve nonlinear Volterra fuzzy IEs with fixed delay.

Nowadays, basis functions such as Haar wavelets were used to derive solutions of integral and
differential equations that can be seen in [9-11]. It also presents a new numerical method for solving
integral VVolterra functional equations with variable bounds and mixed delays [12]. The problem of the
existence of solution to functional integral equations has been investigated in different references [13]
and applications to this type of equations have also been found in models of swelling porous media
[14], [15].

In this paper we use Block pulse functions for numerical solving Volterra integral equations with

constant time delay 7 >0 as,
o) =f()+ [ k(t.9)g(s-1)ds te[0,T], te(0.T)

This article is organized as follows. In section 2, we explain block pulse functions and integration

operational matrix and functions containing time delayf(t_r). Section 3 is devoted to solving
Volterra integral equations with time delay. Section 4 is devoted to error estimation in Block Pulse
functions approximation and in Section 5 we achieve numerical examples to show the accuracy of the
method and the culmination of paper in section 6 is the conclusion.

2. Preliminaries

The aim of this section is to interpret notations and definition of the block pulse functions that have
expressed entirely in [9].

2.1. Definition
We define the m-set of BPFs as,
1 i—-Dh<t<ih
o= GTnEte
0 otherwise.
witht€[0,T), i=12,...,mandh :I.

m
The primary properties of BPFs are disjointness and orthogonality that can be expressed as follows

& (O (1) = 5,6 (1)
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J.0T¢i(m)(t)¢§m)(t)dt =ha;, hj=12,..,m

2.2. Functions approximation
The orthogonality property of BPFs is the base of expanding functions into their block pulse series.

2
f(t)eL[0,T) , can be expanded into a block pulse series as

0,0 =210 ),

A real bounded function

1 T
fi=—] f(O" ()dt
where D j 0

vector form we have,

(m)
is the block pulse coefficient with respect to the ith BPF o (t). In the

f(t) O f_(t)=F d(t) =" (t)F,

_ T 2
where F=(ffo f) Let k(s,) e L([0, T,)x[0, T,)). It can be expanded as

k(s,) = PT(S)KD(t) =" (KT (S), \yhere T6): () are MM gimensional BPFs vectors

(ky), 1=12,.my, j=12,.,M,jg the MxM

respectively, and K= 2block pulse coefficient matrix with

_ 1 fnm (M) (<) ey (M2)
k.j_h_hzjo jo k(s, t)®¥{™ (s)®{™ (t)dtds,

T T
where ™ M. For convenience, we put T = M2 =M,
2.3. Integration operational matrix
[ o™ (s)ds .
Computing 7o one obtains
0 0<t<(i-D)h,
[[0M@E)ds=1t-(-Dh  (i-Dh<t<ih,
h ih<t<T

From [5], we will have:
jotq)(s)dsu PO(t),
where the operational matrix of integration is given by

1 2 2 2

h 01 2 2
P=—|0 0 1 2
2. . . .
000 -1

mxm

So, the integral of every function f(t) can be approximated as follows
[Jf ()dx = [ FTox)dx = FTPa()
2.4. Functions containing time delay
In order to approximate a function containing time delay, we consider a block pulse function
containing time delay “ = @+ with a nonnegative integer 9 and 0<% <1that can be expressed as
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O () + ™ (t— (i +)h) — 6™ (t—(i+q-Dh) for i<m-—q

O™ (t—1) =4 {0 (1) — ™ (t— (i + g —1)h) for i=m—q.
0 for i>m—q
1 0<t<A\h,
oM (t) = { .
Where 0 otherwise.

M+ _ )= ATHY AT Tpgg+l
In a vector form, & (£=0) = Ay H'O(1) = A7 H®, () + A H" D, (1),

A, =(0,..,0,1,0,...,0)"

where with 1 in i-th position and
Oo10 -0
o010
H=|: @ @ "
000 -1
0

mxm

. D, () . oM (t-1)
To avoid the expression ~*‘"/ in the above equation, we expand the function i into its block
pulse series :

d)i(m) (t—1)= (Cil’CiZ’ i cim)CD(t),

where the block pulse coefficients (J=12-m) o

¢, =%E 4 (t - 7), (et :%Lj,-h_l)hg’i' t —7)dt,

_1 Tiq jh B jh
= =ATH ('[(jil)hq)(t)dt j“_?

T +1
=A] (L-DH +AHT™) A,

T _ q q+1
A (A-MHT+AHTIA, is just the single entry positioned in the ith row

jh
) @ (Ot +H J‘(jil)hq)l(t)dt )

Noticing that the expression

+1
and jth column of the matrix (1=2)H" +AH" , we can expand the whole block pulse function vector

t=(q+A)h

containing time delay into its block pulse series in a vector form :

D(t—1) = (L= A)HT + AH Y D(L).

q g+l
In the above equation, the matrix (@=2)H +AH 5 usually called the block pulse operational matrix
for time delay, or simply the delay operational matrix. Expressing concretely, it is :

(+)-th
\

o .- 01-2 4 0 - 0

0 0 1-2 4 - 0
0 0 O 0 o0 A

(- A)H® +2H " =

0 O 0 o0 1-4
0 0 O 0 0 0
0 0 O 0 o0 0
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Therefore, the block pulse series of a function containing time delay can easily be obtained as :
ft-0)JF dt-7)=F (L-A)H*+AH ™ D(t).

3. Solving Volterra integral equations with time delay
We consider the following Volterra integral equation with constant time delay 7 > 0

g®)=f O+[ kt.s)g(s—2)ds, te[0T], 7e(OT),

2 2
where the function 9 € L[0T ] is the unknown function, while the functions fel[OT ]and

2
k(t,s) e L°([0.T Ix[0.T 1) 4re the known functions.

We approximate 9®) T ©) . kK(t.8) 3nq9( ~7) by relations as follows
gt)IGTD@H)=D" ()G, ft)IF D)= (t)F,

k(t,s)J® t)KWP()="" (s)K d(t),
g6 -7)0G ¥(s-7)0GT (1-A)H* + AH ¥ ¥P(s),
, then we have,

g(s—7)IGTAY(s).

If we put A== AH*+2H"

With substituting above approximation in equation, we have
G ()0 FTc1>(t)+j;GTAqf(s)\1ﬂ (5)K T d(t)ds,

0 FTQ(t)+GTA(I;‘I’(s)‘PT (5)ds)K ™ d(t).

Let Ki be the ith row of the constant matrix K, Ri be the ith row of the integration operational

matrix P and ~ ¥i be a diagonal matrix with Ki as its diagonal entries. By the previous relations and
assuming
M =Mz we will have,

(j; PSP (s)ds)K T D(t) = (j;cp(s)cpT (s)ds)K T d(t)

ROE) 0 - 0 (K,
0 R, () --- 0 K

= : 2:() - : S o)
0 0 - ROWK,

R,®(t)K,D(t) R,®(t)D (t)K,
R®K,O() | R,O()®" (1)K,

R,OM)K,@t)) (R, ®E)D (t)KT
RlDK1

RZDK
=| U o) =Bag),
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where
kll 2k21 2km1
s |0 ke %,
2 : :
0 0 K o -
we will have
G dt)0 F d@t)+GTABD(t),
or G'(1 —AB) F",
So, by setting M =1 —AB and replacing | by =, we will have,
MTG =F,

which is a linear system of equations with lower triangular coefficients matrix that gives the

approximate block pulse coefficient of the unknown function g(t).

4. Error estimation in block pulse functions approximation
In this section, we will show that the rate of block pulse functions approximation is O(h) and because
of it we can obtain a good degree of accuracy.

Theorem 1. Suppose that f(t) is an arbitrary real bounded function, which is square integrable in the

L f £, (t)=3F, 40
interval [0,1), and et)=f (t)_fm(t), tel =[0D) \yhich ®) .Z:;‘

)] 5 5Suplt (1)

is the block pulse

seriesof T @) Then, tel
Proof. Let,

ft)-f, t eD,
€ (t): O -

0 tel -D,

Diz{t (i— )h<t<ih h=i} _
M) and | =12,..,m. We have,
1

e, ()=F (1) - [, F (5)ds :% I (F ©)-F (5))es

now by mean value theorem, we get,
e, (t):fﬁ_ni)j(iihl)h (t —s)ds =f '(n)(t +£—i +%jh) t n €D, I = m
2 ih 2 B , (i 1 )
e ()] = e OF dt =06 () 2] {_. +Ejh dt

h® ., 2 _
:E(f (7 ))?, meD, i= ..m

where

then



Jamil K. Saeed, , Al-Qadisiyah Journal of Pure Science xx, x(year) PP. x-x 7

Consequently

ol = [y e =] Se >]2 "
= ﬁ(ie )+2> e (t Jdt = zj t)dt = ileHe‘ )]’

i<j

hta ., h? L2
Ty (f'(m)) SESUpJL )",
e <—Su f t
_ letlls5gsupl )
hence, He t H:O h

2
Theorem 2. Suppose that fFst)el ([O’l)x[o’l))

" f t fowpm ™ (¢t
g €D =F (5.1 (st) (st)eD=[ )x[ ) o " n(s.1)= ZZ i wi™ ()4 ()Is

the block pulse series of f (S’t). Then,

h , 2
He(s t)‘ <m{(xy)w s (X.y)eD '

Proof. Let,

N
N,
N |-

& (5 t)z{f 0=ty lo)eny

0 (s;t)eD-D,.

. . . . 1
Di.={(s,t):(| _h<s<ih (j= )h<t<in h=—} .
Where mJ and 11 =12..M \ye have,

e, (s.t)=f (s,t) hZII.hl jjh (x,y dydx_—j I f(s,t)-f (x,y))dydx,

mean value theorem, we get,
NN L ! £/ dyd
€y (61 = [y iy (6 3Oy + €=y a7y )yl

=fs’(77i,77j)(s +(—i +%)hj+f{(mﬂ7,—)(t+(—j %jhj, (s.t).(m.m;) € Dy.
then

Heij (st) szji_h J'j,h ei. (st ‘Zdtds

now by

12(f o)+ Jmny)) (mom)eDy ii= m

Consequently
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e (s t)HZ :J:J:‘e (s t) ‘ dtds —j j:(i e; (s, t)J dtds

i=1

ij:j:(e“ (5.,1))’ dtds :ii” L6

i=1 i=lj=

Ms

Il
[UN

4 2

m m h
Y Ammy) +E fmny)) < — | sup [fx,y)f + sup [FGy)f
12 (x,y)eD (x,y)eD

i=l j=1

:T

1

N

G Ol<57

, 2
t
2\/§ «, ) (x.y)eD

or,

Hence, He (S t)H:O h

5. Numerical examples

G

To illustrate the theoretical results stated in Section 3 we consider the examples below. Let ~i denote

the Block pulse coefficient of exact solution of the given examples, and let 9i pe the Block pulse
coefficient of computed solutions by the presented method. The error is defined as,

| El w=MaX 4 |Gi -0 |

Example 1. Consider the following Volterra integral equation with (constant) time delay 7 >0,
4 3

t t 2.,
g(t) :_E+T§+(l_?)t +Io(t -s)g(s—r)ds s,t €[0T J,z€(0,T)
2
With the exact solution g(t) =t for 0<t <T The numerical results are shown in Table 1.

Example 2. Consider the following Fredholm integral equation time delay 7 >0,
g(t) =t(Tcos(T —z) —sin(T —7) —sin( 7)) +sin(t)

+] (1s)g(s—7)ds ste[0T Lre(0T)
With the exact solution 9(t) =SiNt ¢4 0<t <T The numerical results are shown in Table 2.

Conclusion

Using Block pulse functions as basic functions to solve the Volterra integral equations with constant
time delay is very simple and effective in comparison with other methods. Its applicability and
accuracy is checked on some examples. In these examples the norm infinity of error is given only for
10 specific values of 7. The benefits of this method are low cost of setting up the equations without
applying any projection method such as Galerkin, collocation, etc.

Table 1. Results for example 1 with m=32.

T =01 T =05 T=1

= e L o EL
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0.001 | 2.252537E-10 | 0.005 1.432365E—-8 | 0.01 2.417813E -7
0.004 | 7.890189E—-10 | 0.020 5.053922E -8 | 0.04 8.895481E -6
0.007 1.051373E-9 | 0.035 6.775494E -8 | 0.07 1.189044E -6
0.010 | 3.235521E-9 | 0.050 2.075733E-6 | 0.10 3.594127E -5
0.013 | 7.100636E -8 | 0.065 4.540855e¢ -5 | 0.13 7.787479E -5
0.016 | 1.311426E-8 | 0.080 8.363133E-5 | 0.16 1.422281E -4
0.019 | 2.172782E-7 | 0.095 1.382092E-5 | 0.19 2.332652E -4
0.022 | 3.337662E-7 | 0.110 2.118146E-5 | 0.22 3.550228E - 4
0.025 | 4.847992E—-7 | 0.125 3.070148E—-4 | 0.25 5.113481E -4

Table 2. Results for example 2 with m=32.

T =01 T =05 T=1
e T IEL i EL i
0.001 2.585682E—-8 | 0.005 | 1.790986E-6 | 0.01 4.756345E -5
0.004 2.066313E—-8 | 0.020 | 1.435647E-6 | 0.04 3.782767E -5
0.007 3.904944E-9 | 0.035 | 3.296881E-6 | 0.07 1.189205E -4
0.010 3.318922E—-8 | 0.050 | 2.090175E-5 | 0.10 4.142219E -4
0.013 9.939014E-8 | 0.065 | 6.382695E -5 | 0.13 1.323771E -4
0.016 2.034678E—-7 | 0.080 | 1.310208E—-4 | 0.16 2.704209E -3
0.019 3.541915E -7 | 0.095 | 2.279810E-4 | 0.19 4.642849E -3
0.022 5.603294E -7 | 0.110 | 3.601617E-4 | 0.22 7.220738E -3
0.025 8.306449E -7 | 0.125 | 5.329749E-4 | 0.25 1.051349E -3
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