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RESEARCH ARTICLE
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ABSTRACT

This paper studies the oscillation properties and asymptotic behavior of all solutions of the 2x 2 system of second-order
half-linear neutral differential equations. Four results are obtained in this research. The first and second results are
auxiliary results while the third and fourth results are main results. All possible cases of non-oscillating bounded solutions
for this system are estimated and analyzed. It is noted that the parameters that affect the volatility of the solutions are
Qi,Ri on the one hand and rl and r2 on the other hand. For this purpose, and through investigation, it is shown that there
are only fourteen possible cases of non-oscillating bounded solutions for this system, so all these cases must be treated,
in the first result as well as the second, some new necessary and sufficient conditions were obtained to ensure that there
are no non-oscillating bounded solutions in these cases, and thus all possible solutions for this system, if they exist, will
be only oscillating solutions and there are no non-oscillating solutions for this type of equations. Some examples are
included to illustrate all the results obtained.

Keywords: Asymptotic behavior, Half linear system, Neutral differential equations, Oscillation, Second order

Introduction

Consider the half-linear system

(r1(®)(E(E) + P1(0)&1 (r1(£))))) = Z 9i()G; (52(p0:(1)))
=1 , t>ty>0. €h)
(r2(t)(E2(t) + P2(B)E2(12(t))))*?) = Z Ri(£)H (&1 (0:(t)))

i=1
Under the following assumptions

7, Pj, Fj, 1j. Qi Ri pi,oi € C[[to, 00); R], 7 (t) > 0, Lim 7; () = oo,

tLim i () = oo, tLim oi(t) =00, p;(t) <t, 0i(t) <t, G, H; € C[R;R], (2)
2Gi(2) >0, zH;(2) >0, j=1,2,i=1, 2, ... , n,
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a1 and «y are the quotient of positive odd integers. Let

U®=6O)+P1 )& (1 (1)

: (3
Uz () =& () + P2 () &2 (12 (1))
System 1 can be rewritten as
(1 () (W (0))) =D i (1) Gi (&2 (oi (1))
i=1
(4

(ra (0) (U (£))%2) =D Ri (0) Hi (&1 (0: (1)) .

i=1

By a solution to system 1, means a vector functions (& (t), &2(t)) such that 7 (£)(U; (£))*, 72(t)(U5H(E))*>
are continuously differentiable and (& (t), &2(t)) satisfies system 1. The solutions that satisfy the condition
sup{|&1(t)| : t > T} > O, sup{|&2(t)| : t > T} > 0, T >ty are the solutions concerned in this research. As usual,
a function is said to be oscillatory if it has arbitrarily large zeros, otherwise, it is nonoscillatory. A solution of
system 1 is said to be oscillatory if all of its components are oscillatory. In the articles'~> conditions for the
oscillation and for the existence of nonoscillatory solutions with polynomial growth at infinity are given for the
second order neutral differential equations. It has been proven that every bounded solution of a neutral-type
system converges to Equilibrium. “-® Some sufficient conditions have been obtained to ensure that all solutions
of neutral systems oscillate or converge’-®

Some research has been devoted to studying the oscillation of solutions of second-order halflinear neutral
differential equations, the classical Riccati transformation technique was used by taking into account that part
of the total effect of delay that was neglected in previous results. °>~'! Asymptotic behavior and oscillation of all
solutions of impulsive neutral differential equations with positive and negative coefficients and with impulsive
integral terms were investigated, the convergence of all nonoscillatory solutions to zero is ensured by some
sufficient conditions. '>'3 The existence of nonoscillatory solution of neutral second order differential equations
is studied in article.'* In this article asymptotic behavior and oscillation of second order half linear neutral
system with several arguments and several delays are investigated. Before presenting the results, the following
lemmas need to be proved:

Lemma 1: Assume that (& (t), &2(t)) be nonoscillatory bounded solution of sys. 1, Qi(t) < 0,Ri(t) <0, i=
1,2,...n, t >ty and

%/ 1 \&
dt =00, j=1,2, T>t. 5)
/T (’l"j(t)> g °

Then there are only the following possible cases:

1 U(t) > 0, Ui(t) > 0, () (U (t))™) < 0, and either Lim,_. & (t) = oo or &(t) is bounded away from zero
ifo<Pi(t)<1,i=1,2.

2. Us(t) > 0, UL (t) > 0, (r1 (UL E)N™) < 0, and either Lim,_, & (t) = 0o or & (t) is bounded away from
zero if 0 < P1(t) < 1, and &, (t) oscillates.

3. &(t) oscillates and Ux(t) > 0, U, (t) > 0, (2(t)(Uy())™) < 0, and either Lim, . & (t) = oo, or &(t) is
bounded away from zero if 0 < P1(t) < 1.

4. Uit) < 0, U(t) < 0, () (U())™) > 0, and eitherLim,_, &(t) = —oo, or &(t) is bounded away from
zeroif 0 <Pi(t) <1,i=1,2.

5. & (t) oscillates and Ux(t) < 0, Uy(t) < 0, (72(t)(Uy(t))™) = 0, and either Lim, ., ,&2(t) = —o0, or &(t) is
bounded away from zero if 0 < P (t) < 1.

6. Us(t) < 0, U () <0, (r1 (W, E)N™) > 0, and either Lim, & (t) = —oo or & (t) is bounded away from
zero if 0 < P1(t) < 1, and &,(t) oscillates.

7. Uy () > 0, U (1) > 0, (r1 (U (E)™) > 0, Lim,_ooUs(t) = 00, Lim_ 01 (t) = oo,
Us(t) < 0, Uy(E) > 0, (r2(E) (U (t))™) < 0, Lim,_,0072(t)(Uy(£))* = 0.
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8. Ui (t) > 0, U (1) < 0, (r1 (U, (1)) = 0, Lim,—, o071 ()(U; (1)) =0,
Usz(t) <0, Uy(t) <0, (r2)Uy(t)) <0, Limy, oo Us(t) = —00, Limy—, 002 (t) = —00.
9. Us () > 0, U; () > 0, (r1 (O U ()™) > 0, Lim,—,ooUs (t) = 00, Lim,_, 01 (t) = o0,
Us(t) < 0, Uy(E) < 0, (r2(E)(Uy(t))™) < 0, Limy ooUs(t) = —00, Limy_,o0éa(t) = —o0.
10. U1(t) > O, ’u'l(t) <0, (/rl(t)(‘l[l(t))"‘l ) >0, Limt_wom(t)(‘u'l(t))‘)‘1 =0,
Us(t) < 0, Uy(®) > 0, (r2(t)(Uy(E))*2) < 0, Limy,aor2(t)(Uy(t))*2 = 0.
11, Us (1) < 0, Uy (1) > 0, (r1 (DU, ()™)Y <0, Lime, oor1 (DU (D) =0,
U (1) > 0, Up() > 0, (r2(D)(Up(0))™) > 0, Lime,ooUa(t) = 00, Lime, o2 (t) = 00.
12. U;(t) < 0, ’u’l(t) <0, (rl(t)(u;(t))“l ) <0, Limy_ U (t) = —o0, Lim,_, oo&1(t) = —o0,
Us(t) > 0, Uy(t) < 0, (r2(E)(UyE)™) > 0, Limy, cor2(t) (U, ()2 = 0.
13. Us(t) < 0, U () > 0, (-1 ()(U; (E)™) < 0, Lime, oor1 (E)(U; (£))* = O,
Us(t) > 0, Uy(E) < 0, (r2(E) (U (£))™) > 0, Limy,0072(t)(Uy(£))*2 = 0.
14, Us() < 0, U () <0, (1)UL E))™) <0, LimeooUs(t) = —00, Lim k1 (t) = —00,
Us(®) > 0, Uy(t) > 0, (ra(O)(Uy(t))™) = 0, Limy Uz (t) = 00, Limy oo (t) = o0o.

Proof: Assume that sys.1 has nonoscillatory bounded solution (& (t), &2(t)) then there are the following possible
cases for t > ty:

1. &(@) > 0,8(t) > 0,
2. &(t) <0,86() <0,
3. 5()>0,&(0) <0
4. £(t) < 0,&(t) > 0.

Case 1. If &1(t) > 0,&(t) > 0, t >ty and &1 (oi(t)) > 0, &(p;(t)) > 0,i=1, ..., n then from sys.1 getting
(1 (8) (U (8) )“1)/ <0, (r2(0) (U, @) )“2)’ <0, t>to. (6)

That means 7 (¢)(U; (£))4, 72(t) (U, (t))** non-increasing hence there exists t; > to such that 1 (£)(U; (£))*
and 75 (t)(‘u’2 (t))*2 are eventually positive or eventually negative. So there are the following subcases that can
be considered:

i 7 (OU ) > 0, 72(t)(UH(E))** > 0,

il. 71 (U™ < 0, 72(t)(UH(E))*2 < O,

; ; t>t. @
iii. 71 (O)(U(E)) > 0, 72(t)(U5())* < O,

iv. 71 (O)(UL @)™ < 0, 72()(UH(E))*> > 0,

i. It follows from this case Uj(¢t) > 0, U,(t) > O
Let Limt—>oo4’v1 (t)((ull (t))al = ll >0, Limt—)oo/r/Z(t)(ru,z(t))az = 12 >0,

@)U @) =4, @) (U, =h, t>t >t

: L1 \m o 1701 \=
U, @)=L <4”1(t)> Uy () = (ﬂrz(t)> :

Integrating from t, to t, yields:

1t 1 a1 a [f 1 g
Uy (6) —Us () = 1" / (”’1 (9)> do, Uy (t) — Uz () = 1 / (m) do.
to t

If l; > 0,1, > 0, then by letting t — oo, the last inequality leads to Lim; ., U;(t) = oo, Lim;, o, Uz(t) =
00, claiming that Lim;_, o&1(t) = 0o, Lim,_, o &a(t) = oo, otherwise Lim sup,_ ..&1(t) =k <
oo, Lim sup,_  &2(t) = ka < oo, since Py(t), Po(t) are bounded it follows from 3 that U;(t) <k; +
Ptk = A +P1(t)k; <K; and Uy(t) < (A 4+ Pa(t))ky < K. As t — oo, leads to Lim;_, . Ui(t) <K; <
0o, Lim;_, o Us(t) < Ky < 00, a contradiction. Or if l; = 0, [, = 0, then Lim;_, o7 (15)(’([1 ())* =0, and U;(t)
is bounded away from zero, claiming that &; (t) is bounded away from zero if 0 < P1(t) < 1, otherwise there
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exists t; large enough such that & (t;) = 0, then Eq. (3) implies

0=§6 ()= U1 (tn) —P1(t1) &1 (71 (1)) > Uy (t1) — &1 (71 (81))

a contradiction in a similar way, it can be shown that &,(t) is bounded away from zero if 0 < P,(t) < 1.
ii. 7 @)U )™ < 0, 72(t)(UL([E))*2 < 0, t > tp, then U, (t) < 0, U,(t) < 0. There exist by, by < 0 such that
1)U ))* < by, 72(E)(UL(E))* < by

g ’u/(t)<b$ 1 \= t>ty >t
s 2 = Uy 4’"2(1.') P —t2=-4.

U O =by (m ©

Integrating from ¢, to t to get:

Lot a 1yt &
U ) — U (tz)sb{“/ (L> ds, 'Uz(t)—’uz(tz)gb;?/ (L) ds.
t.

t \71(5) , \72(8)

Letting t — o0, gets Lim,_, .U (t) = —oo, Lim,_, Us(t) = —o0, this is a contradiction. Similar procedures as
in Case i or ii can be used to prove Case iii or iv.

Case 2. If & (t) < 0,&(t) <0, t >ty and &1 (0i(t)) < 0, &(p;(t)) < 0 then from Eq. (3) and sys 1 getting U (t) <
0, U2(t) < 0 and

(r1 () (U (©))) =0, (2 (0) (Up (£))*?) =0, t > 1. ®

That is 71 (£)(U; (£))*, 72(t)(U,(t))** nondecreasing hence there exists t; > to such that + (¢£)(U; (t))* and
7(t) (U, (t))* are eventually positive or eventually negative. So the subcases in 7 can be considered as follows:

i. It follows U, (t) > 0, U,(t) > 0 and there exist by, by > 0 such that 1 (£)(U; (£))* > by, #2()(Uy(£))*2 >
b2’

, 1001 \ao, 1 &
'ul(t)zb;l( ),uz(t)zbgz( ),tztzztl.

71 (t) 72 (t)

Integrating from ¢, to t, gets the following:

1t 1 oy s [ 1 =
hL®-thE) b / (4*1 (s)> s O -1 @)= b / (4’2 (S)) &
[5) t

Letting t — o0, gets Lim;_, ., U; (t) = 0o, Lim,_, o Uz (t) = oo, this is a contradiction.
ii. It follows U, (t) <0, Uy(t) <O0. There exist L, L <0 such that Lim, . (®)(U; ) =1 <
0, Limy oo 2(0)(Uy ()2 =1 <0,

1@ E) <h, @ U,EN2 <L, t>tb>t

, 101 N\ao, L/01 =
ul(t)illl(”’"l(l‘-)) O =k (’V“z(t)> '

Integrating from t; to t, yields:

1 \a Lol @
(4"’1(8)> ds, uz(t)—uZ(tz)flz /t;<4”2(s)) ds

Letting t — oo, ifl;, I < 0, the last inequality leads to Lim,_, U1 (t) = —o0, Lim;_,Uz(t) = —oo. Claiming
that Lim,_ & (t) = —o0, Lim;_, & (t) = —oo, otherwise Lim inf,_ &1 (t) = k1 > —oo, Liminf,_ & () =
ko > —o0, since P1(t), P2(t) are bounded it follows from Eq. (3) that

1 t
Uy () — U (&) < 17 f

t

U () = k1 +P1 (O ks = (1 +P1(t)) k1 > Ky and U (t) > (1 + P2 (t)) k2 > Ko.
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ast — oo, leads to Lim;_, o U; (t) > K1 > —oo, Limy_,oU2(t) > Ky > —o0, a contradiction. If ; = 0, [, = 0, then
Limy_, 0071 (£)(U7 (£))* = 0, and U, (t) is bounded away from zero, claiming that & (t) is bounded away from
zero if 0 < P1(t) < 1, otherwise, there exists t; large enough such that & (t;) = 0, then 3 implies

0=& ()= U (1) —P1(t1) &1 (1 (81)) < U (1) — &1 (71 (81))

a contradiction. in a similar way, it can be shown that &;(¢t) is bounded away from zero if 0 < P»(t) < 1. Similar
procedures as in Case i or ii can be used to prove Case iii or iv.

Case 3. If &1(t) > 0,&(t) <0, t > ty, from sys.1 getting U;(t) > 0, U2(t) <O
(r1 (O (U ©))) 20, (r2 () (U (©))*) <0, t > to. 9)

That is 7 (£)(U; (£))** nondecreasing and 75 (t)(U,(t))** non-increasing. So by 7, there are only the following
subcases that can be considered for t > t; > ty:

i. This case leads to U;(t) > 0, U;(t) > 0, then similarly as in the proof of case i getting Lim;_,,. U, (t) =
oo, which implies that Lim,_, ..&1 (t) = oo, also Ux(t)(0, U,(t))0, implies Lim,_, o7 () (U5 (t))*2 = 0.

ii. This case leads to U;(t) > 0, U;(t) <O, implies Lim,_, 71 (£)(U;())* =0 and Ux(t) <0, UL(t) <
0, Lim;_, o, U2(t) = —o0, which implies that Lim;_, ,.&2(t) = —oc.

iii. This case leads to U; (t) > 0, U;(¢) > 0, implies Lim,_, ..U, (t) = oo, which leads to Lim,_, ..&: (t) = oo, and
Ua(t) <0, UH(t) <0, Lim, o Us(t) = —00, leads to Lim,_, o&2(t) = —o0.

iv. This case leads to U; (t) > 0, U, (t) < 0, implies Lim,_, o771 (£)(U; (£))*> = 0 also U2(£)(0, U,(¢))0, implies
Limy_ o072 (£)(U5(£))*2 = 0.

Case 4. If £ (£)(0, &(1))0, t > ty, from sys.1 obtained that U; (t)(0, U2(t))0
(r1 () (U ©))) =0, (r2 () (U (©))*2) =0, t > to. (10)

That is #1(t)(U;(t))* non-increasing and 72 (t)(U,(t))*> non-decreasing. So by (7), there are only the
following subcases that can be considered for t > t; > ty:

i. This case leads to U;(t)(0, U (t))0, then similarly as in case 3 getting Lim,_,,71(t)(U;(t))* = 0, also
Ua(t) > 0, UL(t) > 0, Lim,_,Uo(t) = oo, which implies that Lim,_,.&2(t) = oo.

ii. This case leads to U, (t) < 0, U;(t) < 0, implies Lim;_, U1 (t) = —oo, which implies that Lim,_, & (t) =
—o0, and Uz (t) > 0, UH(t) < 0, Lim,_, o7 2(t)(UL(t))*2 = 0.

iii. This case leads to U; (£)(0, U (t))0, implies Lim,_, o771 (t)(U; ())*> = 0 and Ux(t) > 0, U,(t) < O, implies
Lim,_, o772 () (U5 (£))*2 = 0.

iv. This case leads to U;(t) < 0, U;(t) < O, implies Lim,_, U1 (t) = —oo, which implies that Lim,_, & (t) =
—oo, and Uz (t) > 0, U,H(t) > 0, implies Lim,_, U (t) = oo, which implies that Lim,_, &2 (t) = oo.

Lemma 2: Assume that (&1(t), &(t)) be a nonoscillatory bounded solution of sys.1 and let P1(t), P2(t) are
bounded, let Q;(t), R;i(t) > 0, t > to, and 5 holds. Then there are only the following possible cases:

1. W) > 0, U(t) > 0, (ry()(U,())™) > 0, Lim, o Ui(t) = 00, Limy_.oo&i(t) = 00

2. U;(t) > 0, ‘u;(t) <0, (frl-(t)(u;(t))a")’ >0, Limt_,ooﬂri(t)(’u;(t))“i =0

3. U(t) > 0, U (8) > 0, (1 (D)(U, )™ > 0, Limy_ Ui (t) = 0o, Lim,_, o0& (t) = o0,
Us(t) > 0, Uy(E) < 0, (r2(E)(Uy(8))™) > 0, Limy—0or2(t)(Uy(£))*2 = 0.

4. Uy (8) > 0, U (8) <O, (’1’1(t)('(1’1(t))0t1 ) >0, Lim,_ 71 (€)(U; ()4 =0,
Us(t) > 0, Uy(t) > 0, (’l’z(t)('ulz(t))az)/ > 0, Lim;_, o Uz(t) = 0o, Lim;_o&2(t) = o0.

5. Uit)(0, U0, () (U E)™) < 0, Lime, oo (E)(U(£))*% = 0.

6. U;(t) <O, u;(t) <0, (¢i(t)(u;(t))“i)’ < 0, Lim;_, o U;i(t) = —oo, Lim,_,,.&(t) = —oo.

7. Us ()40, U ()0, (1)UL )™)Y < 0, Limy_cor1 (0)(U; ()™ = 0.
Uz(t) < 0, Uy(t) <0, (r2()(Uy(t))™) <0, Lim,.oUz(t) = —00, Limy_oof2(t) = —00.

8. Ui(t) <0, Uy(t) <0, (1 (E)ULEN™) <0, Lim,,ooUy(t) = —00, Lim,_ & (t) = —oo0.
U (£)(0, Uy ()0, (Wz(t)(u/z(t))az)/ < 0, Lim,, 72 (t)(U, ()% = 0.

9. Uy(t) > 0, U (t) > 0, (-1 (O)(U; (£)™) < 0, and either Lim,_, & (t) = oo, or & (t) is bounded away from
zero if 0 < P1(t) < 1, and & (t) oscillates.
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11.
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£1(t) oscillates and Uy(t) < 0, Uy(t) < 0, (2(E)(Uy(t))™*) > 0, and either Lim,_, &2 (t) = —o0, or &(t) is
bounded away from zero if 0 < Py(t) < 1

U (t) > 0, U () > 0, (1 (U ()™ < 0, and either Lim,_, & (t) = 0o, or & (t) is bounded away from
zero if 0 < P1(t) < 1, Ua(t) < 0, Uy(t) < 0, (r2()(Uy(£))™) > 0, and either Lim,_, ,&2(t) = —00, or &(t)
is bounded away from zero if 0 < Py(t) < 1

£1(t) oscillates and Us(t) > 0, Uy(t) > 0, (2(E)(Uy(t))™) < 0, and either Lim,_, ,&2(t) = 00 , or &(t) is
bounded away from zero if 0 < P,(t) < 1.

Uy (t) < 0, Uy (t) < 0, (1 (U EN™) = 0, and either Lim,_, o.& (t) = —oc, or & (t) is bounded away from
zero if 0 < P1(t) < 1, and &;(t) oscillates.

U (t) < 0, U () < 0, (1 (U )™) > 0, and either Lim,_, & (t) = —oo, or & (t) is bounded away from
zero if 0 <P1(t) <1, and Uy(t) > O, ‘Z[z(t) >0, (rz(t)(”u'z(t))az)' < 0, and either Lim,_, ,.&>(t) = 00, or
& (t) is bounded away from zero if 0 < P,(t) < 1.

Proof: Assume that sys.1 has a nonoscillatory solution (& (t), £&2(t)) then there are the following possible cases

for
1

t >ty
c&1(t) > 0,62(t) > 0, 2. £1(¢) < 0,82(8) < 0, 3. £1(t) > 0,&2(¢) < 0, 4. & (£)(0, &2())O0.

Case 1. If &1 (t) > 0,&(t) > 0, t >ty and &1 (oi(t)) > 0, &(p0;(t)) > 0,i=1, ..., n then from sys.1 obtaining

(1

T
sub

i.
ii.

iii

© (U ©)) 20, (r2() (U ())*2) =0, t > to. (11)

hat is 7 (£)(U} (t))** nondecreasing and 75 (t)(U,(t))*> non-decreasing. So by 7, there are only the following
cases that can be considered for t > t; > tg:

@)U @)™ > 0, 72()(UL())* > 0,
71 (@)U EN* < 0, 72(E)(ULH(E))*2 < O, -
L1 (@)U ) > 0, 72) (UL ()2 < 0, -

iv. 71 () (UL < 0, 72()(UH(E))*2 > 0,

i.

It follows U;(t) >0, U;(t) >0, and Uax(t) >0, UL(t) > 0, Then, there exist by, by > 0 such that

PO ) = by, 72(E)(Uy(E))* > by

, 1701 N\a o, 1701 \=
U, (t) = by , Uy (t) = by L t>th >t .

71 (1) 72 (t)

Integrating from t; to t to get:

1t o Lo i
UL@® -t (tz)zbi”f (L> ds, uz(t)—uz(tz)zb;2/( ! ) ds.
n \71(5) A

72 (8)

Letting t — oo, getting Lim;,,U;(t) = 0o, Lim,, o Uz(t) = co. which implies that Lim;_ & (t) =

w!

ii.

Limtﬁoo‘EZ(t) = O0.
It follows U;(t) <0, UL(t) <0. There exist I;, I <0 such that Lim, 71U =14 <

0, Limy oo 2(®)(Uy(t))*2 =1, < 0,

1@ E) <h, @ U2 <L, t>tb>t

: L1 \u o, L/01 =
Lo =h (m(t)) RIOEL (m(t))'

Integrating from t, to t, yields:

1t a 1t o
U () — U (&) < I f (L) ds, Us (t) — Us (&) < L / ( ! ) ds.
ty 53

71 (8)

73 (8)
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Letting t — oo, iflj, [ < 0, the last inequality leads to Lim;_, o, U; (t) = —o0, Lim;_, ,U2(t) = —oco. a contra-
diction.

If 3 =0, =0, then Lim,_, o711 (£)(U; (t))* = 0, and U, (t) is bounded away from zero, claiming that &; (t)
is bounded away from zero if 0 < P;(t) < 1, otherwise there exists t; large enough such that &;(t;) = 0, then
Eq. (3) implies

0=46M)=UB)-P1®)& (1 (1)) > Us (t1) — & (11 (1))

a contradiction. in a similar way, it can be shown that &;(t) is bounded away from zero if 0 < Py(t) < 1.
Procedures similar to cases i-ii, can be used to show cases iii-iv.

Case2.If&(t) < 0,&(t) <0, t >ty and &1 (03(t)) < 0, &(pi(t)) < 0 then from Eq. (3) and sys 1, getting U, (¢) <
0, Ux(t) < 0 and

(1 () (U (©))) <0, (ra(®) (Uy (£))™2) <0, t >to. (12)

That is 71 (£)(U; ()™ and #5(t)(U,(t))* non-increasing hence there exists t; > to such that 4 (£)(U; (£))*
and 7 (t)(’u'2 (t))* are eventually positive or eventually negative. So the subcases in 7 can be considered as
follows:

i. It follows U, (t) >0, U,(t) > 0. There exist L, b >0 such that Lim, .7 (&)U N =1 >
0, Lim,_, o7 2()(Uy(£))2 = I > 0,

@)U )" 2h, @O (U, ) 2h, t>t>t

: TV N 101 =

Integrating from t; to t, yields:

1 \a Lol \a
(r(s)) ds, Uy (t) — Uy (tZ) > 12 /t; (/]/*2 (s)> ds .

Letting t — oo, if [1, I > 0, the last inequality leads to Lim,_, ,,U; (t) = 0o, Lim;_, ,Us(t) = co. a contradic-
tion.

If 4, =0, =0, then Limy_, 071 (£)(U; (t))* = 0, and U, (t) is bounded away from zero, claiming that & (¢)
is bounded away from zero if 0 < P1(t) < 1, otherwise there exists t; large enough such that & (t;) = 0, then
Eq. (3) implies

1 t
Uy (O) — U (&) = 17 /

ta

0=& ()= U (1) —P1(t1) &1 (11 (1)) < Uy (1) — &1 (71 (81))

a contradiction. in a similar way, it can be shown that & (t) is bounded away from zero if 0 < P,(t) < 1.
ii. It follows Ui (t) <0, Uj(t) <0, and Ux(t) <0, U,L(t) <O, then, there exist by, by <O such that
1 @ULE))* < by, 72E)(UHE))** < by

: L1 \am o, 1001 \=
U, ) <bj poes) , Uy () < by T(t) ,t=ta =t .

Integrating from t; to t to get:

Gt 1 o 1t 1 a
wo-tws=b [ (o) s bo-we sy [ ()
to f2

Letting t — oo, getting Lim,_, ., U;(t) = —oo, Limy_, Uz(t) = —oco. which implies that Lim,..&(t) =
—0Q, Limt—>oo$2(t) = —00.
Similar procedures as in Case i or ii can be used to prove Case iii or iv.
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Case 3. If £&1(t) > 0,&(t) <0, t > ty, from sys.1, obtaining U; (t) > 0, Ux(t) <O

(1 (O (U ©))1) <0, (r2 () (Uy (£))*2) =0, t > to. (13)
That is 1 (t)(U;(t))* non-increasing and 7 (t)(U5(t))*> non-decreasing. So by (7), there are only the

following subcases that can be considered for t > t; > ty:

i. It follows U; (¢) > 0, U,(t) > 0. Let Limy_, o071 (£)(U; ()" =11 > O,

Mm@OUEN">hL,, t>t>1t

, L/01 \a

Integrating from t, to t, yields:
1

U () — Ui () > 1{71 fé (%)ﬁd& If h, >0, then by letting t— oo, the last inequality leads
to Lim;,oUi(t) = oo, claiming that Lim,., & (t) = oo, otherwise Lim sup,_ & (t) =k; < oo, since
P1(t), P2(t) are bounded it follows from Eq. (3) that

Uy (t) < ki +P1()ky = (1 + P1(t)k1 < K.
As t — o0, leads to Lim,, U; (t) < K; < o0, a contradiction. Or if ; = 0, then Lim,_, 71 (£)(U; (£))** = 0,

and U, (t) is bounded away from zero, claiming that &; (t) is bounded away from zero if 0 < P (t) < 1, otherwise
there exists t; large enough such that & (t;) = 0, then Eq. (3) implies

0=56Mt)= U {m)-P1t)é& (n ) > U (b)) —& (1 (t))

a contradiction.
It follows U, (t) > 0 and there exist by > 0 such that #5(t)(U,(£))*2 > b,

! i 1 @
U, (t) > b2 , >t > 1.
2()_2(4~2(t)) >th>h

Integrating from t, to t, gets the following:

1ot a5
Us () — Us () = b / <L> ds.
t:

, \72(5)

Letting t — oo, getting Lim;_, . U2(t) = oo, this is a contradiction.

ii. This case leads to U;(t) >0, Uj(t) <0, implies & (t) oscillates and Uy(t) <0, ULH(E) <O,
either Lim;_, ,,U(t) = —oo, which implies that Lim,_, ,.&5(t) = —oo0.

Or Limt_,(,owz(t)(”Ll'2 (t))*2 =0, and U;(t) is bounded away from zero, leads to &;(t) is bounded away from
zero if 0 < Po(t) < 1.

iii. This case leads to U, (t) > 0, U} (¢) > O, implies either Lim,_, ., U; (t) = oo, which leads to Lim,_, & (t) =
00, or Lim oo (0)(U; ()2 =0 and Us(t) < 0, Uy(t) <0, either Lim,Us(t) = —o0, leads to
Lim;_, o&2(t) = —o0 , or Lim;_ o7 1 (£)(U; (£))** =0

iv. This case leads to U;(t) > 0, U;(t) <0, leads to & (t) oscillates also U2(t)(0, U,(t))0, leads to &x(t)
oscillates

Case 4. If £ (£)(0, &(t))0, t > ty, from sys 1 obtaining U, (£)(0, U»(t))0
(r1 (O (U; ©))) 20, (r2 () (U (©))*) <0, t > to. (14)

That is 71 (£) (U (t))** nondecreasing and 75 (t)(U, (t))*2 non-increasing. This case can be proven in a similar
way case 3.
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In the next results, this condition is needed

G.
G:i®@ > A, A=min{A;: A >0, i=1,2,.n)

zZ
z # 0.
H; ’
Hile) < ui, p=min{y;: p; >0, i=1,2,.n}

(15)

Zz

Main results

In this section, two results are given are given, the following results is the first.

Theorem 1: Assume that 0 <P;(t) <1, j=1,2, ri(t) <t, o) <t, Qi(t) <0, Ri(t) <0, t>ty, i=
1,2,...,n, and (5), (15) hold, in addition to the following conditions

1

t S(s) n ay

Li{ri sup . (4~11(s) i ; Qi) (1 — P2(p:;(V))) dV> ds = oo, (16-a)
t 1 S(s) n i

Limsup | | 5 . Emi(vn (1 —P1(o;))de | ds = 0. (16-b)

3(t) > t. Then every bounded solution of sys. 1 oscillates.

Proof: Assume that sys. 1 has nonoscillatory bounded solution (&;(t), £2(t)) then by Lemma 1, there are only
the following cases:

L If () > 0,6(t) > 0, then U(t) > 0, Ui(t) > 0, (+(E)(U())™) <0, and &(¢) is bounded away from
zero, i=1,2.

2. If &(t) < 0,&(t) <0, then Ui(t) <0, U(t) <0, (+:(O)(U())™) >0, and &(¢) is bounded away from
zero, i=1,2.

3.If &(t)>0,5() <0, then U (t) >0, Uy(t) <0, (+1(E)U ™) >0, Lim, o7 (U () =
U ()(0, Uy())0, (2(E)(Uy(£))™) < 0, Limyeor2(t)(Usy(t))*2 = 0.

4. 1f  £()(0,&())0, then Uy ()0, Uy ())0, (1 (UL EN™) < 0 Lim, ooy (UL AN =0, Us(t) >
0, Uy(t) <0, (2()(ULEN™) > 0, Lim, o7 2(t)(Uy(E))*2 =0

Case 1. From Eq. (3) it follows
U <&EO+POU@E)), i=1,2.
EO=UO)-PiOU@mE®) = A -PiE)UQ®). 17
Integrating the first equation from t to §(t) to get
s 1

71 (8 (@) (U (S ()™ — 71 () (U ()™ = f Z Qi () Gi (52 (pi (5)))ds
t i=1

s(t)

o (O W () < / D%t (i) s

s() M

71 (8) (U ()" = )»/ Z 19i (I (1 — P2 (pi ($)) Uz (pi (s)) ds. (18)

s(t)

> AUz (p (t))/ ZIQI (1 =P2(pi())ds, p(t) =min{p;(t):i=1,2,...n}

1

Uy (p (1) PO & )"1

Uy () = A= ( porsa A i:ZIIQi(S)I(l—?z(pi(S)))ds



BAGHDAD SCIENCE JOURNAL 2025;22(6):2002-2017 2011

Integrating the last inequality from t; to t to get

1

¢ (U 3s) n "
(M Z|Qi(v)|(1—?2(pi(v)))d1’) ds
i=1

71 (8) s

Uy (1) — Uy (1) = A%/

t

1

% §(s) oy
>Mu2(p(t1))/< (s)) (/ Z|Qi(v)|(1_?2(pi(v)))dv) s
s i=1

Letting t — oo and by using the condition (16) leads to Lim,_, ,,U; (t) = oo, implies that Lim,_, &1 (t) = oo
a contradiction, similarly obtaining Lim;_, &2(t) = oo

Case 2. Integrating the first equation from t to §(t) to get

s()

71 (8 () (U (S ()™ — 71 () (U ()™ = / Z Qi () Gi (62 (pi (s))) ds
t i=1

s(t)

— 1 () (U ) = f Zgl (5) A2 (pi (5)) ds

sy

— 1 (@) (U ()" = )»/ ZQl () (1 — P2 (pi (D)) Uz (pi (s)) ds

sy n

71(0) (U ) < 4 / Z 10: ()] (1 — P2 (o1 () Uz (p; (5)) ds

sty n

< 3z (p () f Z 10: ()] (1 — P2 (i (5)) ds,

Uy (p (1)) PO )

U @) < ?»"‘11< o ) ; 19: ()] (1 — P2 (pi (s))) ds

Integrating the last inequality from t; to t to get

Uy () = U (8) < x%f

t

U2 (5 [P0 z
(T(s) : ;|Qi(1’)l(1—?2(pi(v)))dv ds

1

S(s) n o
< AU (p (1)) / ( wo) Z|Qi(v)|(1—?2(pi(v)))dv> ds
i=1

Lettingt — oo and taking into count the condition 16 the last inequality leads to Lim,_, ., U; (t) = —oo, implies
that Lim;_, &1 (t) = —o0, a contradiction, similarly obtaining Lim;_, ,&2(t) = —oo.

Case 3. £(t) > 0, &(t) < 0. Integrating the second equation from t to §(t) to get

s@) n
2 () (W GON" ~r2 O W) = [ 3 R)Hi (e (o)) ds
t =1
sy n
S OO < [ YR i (06 ds

t =
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sy n

7o (t) (Uy (£))™ > / Z IR; ()] i (1 = P1 (0 (5))) Us (01 () ds
U 5 s@) n i
Uy () = (% > 1R ()] (1 - P1 (o (s)))ds)
bz

Integrating from t; to t to get

8(s) M ay
Uz () — Uz (1) = M“?’U“z (o (s (t)))/ ( ) ). Z IR I (1 — P71 (pi (S)))dv> ds
i=1

Letting t — oo and taking into count the condition 16 the last inequality leads to Lim; . Uz(t) = o0, a
contradiction unless Lim;_, ,U; (t) = 0, which implies that Lim,_, ..&; (t) = 0, Integrating the first equation from
t to §(t) to get

s(¢) M

71 (8 (£)) (U (8 ()™ — 71 (8) (U3 (£))™ —/ ZQl () Gi (52 (pi (D)) ds

st) n

o (O W ) > / IRCIEIOL

sy n

71 () (Uy () 5/ D 10i ()1 2i (1 — P2 (i (5))) Uz (i () ds
i=1

t

Uy (p (5 (1)) [°O & )“l

(TAGER ( oS : ;IQi(S)I(l — P2 (pi(s)))ds

Integrating from t; to t to get
1

8(s) 1 a1
Us () — Uy (1) < AT U ”1 (0 (8 (t)))/ ( ) / Z 19i M| (1 — P2 (pi (5))) dV) ds
i=1

Letting t — oo and taking into count the condition (16) the last inequality leads to Lim; ., U;(t) = —o0, a
contradiction unless Lim,_, »,Uz2(t) = 0, which implies that Lim,;_, ,&2(t) = 0

Case 4. The proof can be treated in a similar way as in case 3. d

Theorem 2: Assume that 0 <P;(t) <1, j=1,2, ri(t) <t, o) <t, Qit) >0, Ri(t) >0, t>ty, i=
1,2,..., n, and 5, 15 hold, in addition to conditions 16 — a and 16 — b hold. Then every bounded solution of sys.1
oscillates.

Proof: Assume that sys 1 has nonoscillatory bounded solution (& (t), £2(t)) then by Lemma 2, having only the
following cases:

1. If &(t) > 0, &(t) > 0, then U;(t) > O, ‘U;(t) <0, (/Vi(t)('u;(t))ai)’ >0, LimHoori(t)(’u;(t))”i =0

2. If £(t) < 0, £(t) < 0, then U;(£)(0, Uy ()0, (i)W, ) < 0, Lim,_, o) (U (£))*% = 0.

3. If £(t) > 0, £(t) < 0, then Uy (t) > 0, U, (t) > 0, (-1 (E)(U;)™) <0, and & (¢) is bounded away from
zero if 0 < P1(t) < 1, Uy(t) < O, u;(t) < 0, and &;(t) is bounded away from zero if 0 < P,(t) < 1

4. If £(£)(0, £(1))0, then U (t) < 0, U (t) < O, (=1 (O)(U, ()™)Y > 0. and & (t) is bounded away from zero
if 0 < P1(t) < 1, and Us(t) > 0, Uy (t) > 0, (2()(Uy(£))™) < 0, and &(t) is bounded away from zero if
0 <Psy(t) <1.
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Case 1. From Eq. (3) it follows

U <&EO+POU@E), i=1,2.

EO=U@-Pi@®OUE @)= A -Pi@))U®). (19
Integrating the first equation from t to §(t) to get

s(t) N

71 (8 () (U (8 ()™ — 71 (8) (U3 (£))™ —f ZQl (8) Gi (62 (pi (5))) ds

sty 1

- O W O = ICIRETARIORE

s()

o (O W () > / D%t (0 s

s(t) M

71 (8) (U ()" < k/ ZQI (8) (1 — P2 (pi (s))) Uz (pi (s)) ds, (20)

sy

—AlUz(p (8 (t)))/ ZQl () (A —=P2(pi(s)))ds, p(®) =min{p; (1) :i=1,2,...n}

1

Uy (0 B (1)) 2O )”1

U (t)s—m< par i:ZIQi(s)(l—Pz(pi(s)))ds

Integrating the last inequality from t; to t to get

1 t U S S(s) n %
WO - @) = / (L9 [V awa-mmwns)
h 5=l

1

Ll s(s) 1 a1
< )»”1’112 (o (8 (t))) QM A =Pa(pi(n))dv)] ds
(s)
$ i=1

Letting t — oo and by using the condition 16 leads to Lim,_, ,U; (t) = —oo, implies that Lim,_, &1 (t) = —o0,
a contradiction, similarly obtaining Lim,_, ..&2(t) = —oc.

Case 2. & (t) < 0, &(t) < 0. Integrating the second equation from ¢ to §(t) to get

s 1
72 (8 () (U5 (8 (£)))*2 — 72 () (U (£))*? = / ZRi () H; (&1 (0i (s)))ds
iz
s@) n

2 (O (U ()" = / IERIEICIOL

s n

7o (@) (U () = — / Z:Ri () i (1 — P1 (i (5))) Ui (o (5)) ds
i1

t

1

Uy (0 (5 (1)) 2O & )

Uy (t) > —p ( o) ;vei(s)(l—?l(ai(s)))ds
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Integrating from t; to t to get

1

B Lot 1 O a
Uz (t) — Uz (1) = —p2 (Uy (0 (8 (£)))) / (m / D R A —P1(pi(5)) dv) ds
f S =1

Letting t — oo and taking into count the condition 16 the last inequality leads to Lim,_, ., U (t) = oo, a contra-
diction unless Lim;_, Uz (t) = 0, which implies that Lim;_, &1 (t) = 0, similarly obtaining Lim;_, ,.&2(t) = oco.

Case 3. &(t) > 0, &(t) < 0. Integrating the second equation from t to §(t) to get

() 1
2 () W GON" ~r2 O W) = [ 3 Ri)Hi(E @ (o)) ds
t =
sy n
SO = [ YR i (06 ds
t =
s
SIOICACIEER B SEACTICEE A CTON IS
L =1

(U (o @) [OE B
U e | ———22 }:gei 1— P (o d
o) < —n ( O ) 2 (s)( 1 (0 (5))) S>

Integrating from t; to t to get

11 t 1 §(s) ay
Up (1) — Uz (1) < —p= U (0 (1) / (m / 2R A =P (s)))dV> N
f S =1

Letting t — oo and taking into count the condition 16 the last inequality leads to Lim,_,,,Us(t) = —o0, a
contradiction unless Lim;_, . U; (t) = 0, which implies that Lim,_, ..&; (t) = 0, Integrating the first equation from
t to §(t) to get

s() ™

71 (8 () (U (S ()™ — 71 () (U ()™ = / Z Qi (8) Gi (62 (pi (s))) ds
t i=1

s(t)

SR OO = [ 30Ok () ds
t o=

5(t)
71 () (U ()™ > —/ ZQi (8) i (1 — P2 (p;i (5))) Uz (p; (s))ds
t

i=1

(@) Ji

(U s(t) n oy
(ACE —m( 20 O) 750,51 =22 (o (s)))ds)
i=1

Integrating from t; to t to get

1

1 1 t 1 S(s) n oy
U () — U (1) = =2 (U2 (p (1)) ( PINAGICEACIO)N) dV) ds
& i=1

71(8) Js

Letting t — oo and taking into count the condition (16) the last inequality leads to Lim;_, ., U;(t) = 0o, a
contradiction unless Lim; ., ., Uz (t) = 0, which implies that Lim,_, ..&2(t) = 0,
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Similarly, obtaining Lim;_, &1 (t) = O.

Case 4. The proof can be treated in a similar way as in case 3. O

Applications: 4. lllustrative problems

Two examples are presented to illustrate the main results

Example 1: Consider the neutral differential system
1 51\’ 1 1
(a[(& ©) + & (£ - 3n)> } ) =—2%; (t — %) - 2% (t - %) :
1 TV 37\ 1 5
(b[<$z (&) + 652 (t - n)) } ) = —b&] (t - 7”) - gbé% <t — 7”)

In this example o1 =az =1,71(t)=a>0,72(t)=b>0, Pi(t) =1, P2(t) =1 , u(®) =t — 37, n(t) =
t—r, Q) =QM)=—3a M =pO)=t-% oa®)=t—-3%, o@d=t-3, Gi(&)=GCE)=
£, H1(&1) = H2(&1) = &}, Ri(t) = —b, Ra(t) = —%b. Let 8(t) = 2t. To check the condition (16), note that

2D

Lim su t ! o En 19i M| (A = P2 (pi (W))dv ids lim t <1 /zs a <1 1) dv> ds = o0
i - Pi = — — — = 00,
p T = 2 t—o00 T a s 2 6

t—00 71 (S) s
) t 1 S(s) n é ] t 1 2s a 1
nggoup N\mel ;‘ IR W (1 —P1(o; M) de | ds= tlgg@/T (5/5 5 (1 - 5) dv> ds = 00

So all the conditions of Theorem 1 are satisfied, and hence, according to Theorem 1, every solution of the system
21 either oscillates or tends to zero as t — oo. For instance the solution (&1(t), &x(t)) = (sint, cost), is such an
oscillatory solution. O

Example 2: Consider the neutral differential system
13\
(t[(él ) +e %6 (t — 1)) ] ) =64eC (4t —1)ES(t — 1) +128e 2t£8 (£ - 2),

s T _ge? Dot (io W age tvied (e 3)
(vl @+ eae-a)T) =8 (2= 3 )&l (- 5 ) +8e e (e~ 5)
In this example a1 = oy =3, 71(t) =t, ro(t) =/t , P1t)=e 2, Py(t)=e2 , )=t —1, no(t) =t —

3,q1(t) = 64e6(4t — 1), q2(t) =128 2, ;1 () =t — 1, p2() =t =2, o1 () =t — 1, 2O =t — 3, G1(&2) =
G2(&) = &9, H1(&1) = Ha(81) = &2, Ri(t) = 8%(2t —3), Ra(t) = 8e~ 3/t . Let To check condition 5, note that

[ Yo [ (a2 Yo (2 e
r \71(t) T \t T \72(t) T\

One can see that all the conditions of Theorem 2 are satisfied, so according to Theorem 2, each solution of the
system (22) either oscillates or tends to zero as t — oo. For instance the solution (£1(t), £&2(t)) = (e™% , e™*), is such
a nonoscillatory convergent solution. O

t>

1

Results and discussion

The space of the functions Q;(t) and R;(t) were classified into two classes either Q;(t) and R;(t) > 0 or Q;(t)
and R;(t) < 0 and obtain some conditions for oscillation of each solution of system 1. Through condition 5,
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14 possible cases were identified for the solutions of system 1 to oscillate or for these solutions to converge to
zero. As for condition 16, the 14 cases were reduced to only four cases in which the solutions were oscillatory
or convergent.

Conclusion

Several new sufficient conditions are introduced to ensure that every bounded solution of the system 1 either
oscillates or converges to zero as t tends to infinity. To this end, fourteen cases of a non-oscillating bounded
solution are discussed, and thus, under necessary and sufficient conditions, every possible bounded solution of
this system is guaranteed to oscillate. Some illustrative examples of the results obtained are given.
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