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Abstract.

We introduce a class of modules in this article that is comparable to that of G*-
extending and G"-extending modules. We specify what a module M is as G?-
extending if and only if for every cyclic submodule A of M, there exists a direct
summand D of M such that An D is essential in A as well as D. We look into
GP-extending modules find this inference in relation to the other extending
properties. We provide a few descriptions of GP-extending condition. We
demonstrate the direct sum of GP-extending should not beGP-extending and
deal with decompositions for GP-extending concept.

Keywords: Cyclic submosules, Goldie extending modules, P-extending
modules.
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1. Introduction.

Throughout this paper, all rings are associative with unitary, R denotes
such a ring, and all modules are unital right R- modules. In the spirit of [1] , for
a module M, think of the following relations on the set of submodules of M:
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()AaB if and only if there exists a submodule C of M such that A <, C and
B <.C.

(i)ABB if and only if AnNB <, A and AnB <, B. Recall that B is an
equivalence relation. It’s clear that a module M is extending (CS) iff for all
submodule A of M, there is a direct summand D of M such that A a D, (see
[1,2]). Further a module M is called Goldie extending module (G-extending) iff
for all submodule A of M, there is a direct summand D of M such that A 5 D or
equivalently, for each closed submodule A in M, there is a direct summand D of
M such that A g D (see [1]). Obviously, every extending module is G-extending.

A generalization of CS-modules is p-extending (see [3]). Recall that a
module M is called p-extending if every cyclic submodule of M is essential in a
direct summand of M.

In this paper, we study a module condition including the 3 relation on the
set of all cyclic submodules of a module. We call a module M is GP-extending if
for every cyclic submodule A of M, there is a direct summand D of M such that
ABD. Aring R is GP-extending if Rg is GP-extending module. It is clear that the
class of GP-extending modules property contains the class of G-extending
modules. The notion of GP-extending generalizes each of G-extending,
extending and p-extending modules.

In part 2, we look at relationships between GP-extending property, p-
extending and G-extending conditions. In addition, we provide adequate
circumstances for p-extending and GP-extending modules are equivalent.

The characterizations of GP-extending modules are covered in Section 3.
Due to the fact that the total of GP-extending modules should not be GP-
extending, we concentrate when a direct sum of GP-extending modules is again
GP-extending. Also, sufficient conditions under which the direct summand of
GP-extending is also GP-extending are introduced. These are introduced in
section 4.

Following [4], if each submodules of M have a unique closure in M then M
is called UC -module.

2. Preliminary results.

The GP-extending notion is based on two tools, namely an equivalence
relation on cyclic submodules of a module M. Let us begin by mentioning basic
facts about them. First recall the following relations on the set of submodules of
M (see [1]).
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()AaB if and only if there exists a submodule C of M such that A <, C and

B <. C.

(iApBifandonlyif An B <,Aand An B <.B.

Observe that a is reflexive and symmetric , but it may not be transitive .

However, B is an equivalence relation. For submodules of a module M note that

if AaB, then ABB.

Proposition 2.1: A module M is p-extending iff for every cyclic submdule A of
M, there is a direct summand D of M such that Az D.

Proof: The evidence is typical.

Propositional motivation 2.1 and Akalan, Birkenmeier, Tercan's use of the f
equivalence relation in [1]. As a broad generalization Goldie extending modules
We present a class of modules that is comparable to that of G#-extending and
G"-extending modules that are shown in [5] and [6] respectively.

Definition 2.2: If for each cyclic submodule A of M, there exists a direct
summand D of M such that ASD then we call a module M is GP-extending.
Observe that M is G-extending iff for all submodule A of M there is a
direct summand D of M s.t. AfBD. It’s evident that the category of GP-
extending consists of both classes of G-extending and p-extending modules.

Now, we position the GP-extending condition w.r.t. many well-known
generalizations of the extending property.

Proposition 2.3: For any module M. Consider the following circumstances.

(i) M is CS.

(i) M is G -extending.

(ii)M is GP -extending.

(iv)M is p -extending.

Then (i) =(ii) =(iii) and (i)= (iv)=(iii). In general, the converse
implications do not hold.

Proof: (i) = (ii) = (iii) and (i) =(iv)=(iii) are clear.

(i)#(i) Let M be the z-module z,®Q, where p is any prime integer. Then My
iIs G-extending by [1, corollary (3.3)]. However M, is not extending [7 ,
Example 10].

(iif)# (i) Let M, (R)be the ring as in [8, Example 13.8]. Then M,(R) is a von
Neumann regular ring which is not a Baer ring. Hence it is neither right nor left
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CS, by [9, example 2.7] , but it is well known that every von Neumann regular
ring is nonsingular, therefore M,(R) is not is G-extending, see [1, Proposition
1.8]. Also, this is an example to show that (iv)#(i).
(iif)#(iv) Let M be the z-module z,@zg. Then My is GP-extending but not P-
extending, see [1, Corollary 3.3].

The following statement identifies a circumstance in which GP-extending and p-
extending modules are equivalent.

Proposition 2.4: Let M be a module.

(i) If M is a UC- module. Then M is GP-extending if and only if M is P-
extending.

(i1) If M is a nonsingular module. Then M is GP-extending if and only if M is P-
extending.

(iii) If M is an indecomposable module. Then M is GP-extending if and only if M
is P-extending.

Proof:

(i) Assume that M is GP-extending and let A be a cyclic submodule of M, then
there is a direct D of M such that ABD. One can easily show that (A N D)aA
and (AN D)aD. But M is UC module, therefore a is transitive, hence AaD.
Thus M is P-extending. The converse is clear.

(if) Let M be a GP-extending and let A be a cyclic submodule of M, then there is

a direct D of M such that ABD. It is sufficient to show that A < D. Since

A+D A . - A+D M . . .
— =-—1s singular and — S o= D' is nonsingular, hence A+D = D which

implies that A < D. The converse is obvious.

(ili)  Let M be a GP-extending and let A be a cyclic submodule of M, then
there is a direct D of M such that ABD. But M is indecomposable, therefore
D=M. Thus M is P-extending module. The converse is clear.

Corollary 2.5: For any indecomposable M, the following statements are
equivalent:

(i) M is uniform.

(i)Mis CS.

(i)  Mis G -extending.

(iv) Mis P -extending.
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(V)M is GP -extending.

Example 2.6:

Let F be a field and V be a vector space over F with dim (F,,)=2. Let R be the
trivial extension of F with V, i.e,
F V]_ {[f v
0 F 0 f
not CS, then Ry is not GP-extending.

R = [ fE€EF,vE V}. Since Ry is indecomposable which is

3. Characterizations of GP-extending.

In this part, We offer equivalent conditions to G?-extending property.
We begin by proving the next theorem.
Theorem 3.1: An R- module M is GP-extending iff for every cyclic
submodule A of M, there is a direct summand D of M s.t. ABD and D' is a
complement of A, where M = D@D’.
Proof: Suppose that M is GP-extending and take A to be a cyclic submodule of
M, there is a direct summand D of M such that ABD. Take M = D@D’, for
some submodule D' of M. Since AnD <. A, then AnD'"=0. Now, let B a
submodule of Mst. D'<Band ANB=0.ForAnD <.D, then BNnD = 0.
But D' is a complement of D, therefore B=D". So, D' is a complement of A. The
converse is clear.

The next result gives another characterization to G?-extending modules.
Proposition 3.2: Let M be an R- module, the following conditions are
equivalent:

(i) M is GP-extending.

(if)For each cyclic submodule A of M , there exists a submodule X of M and a
direct summand D of M such that X <. Aand X <. D.

(iii)  For every cyclic submodule A of M there exists a complement B of A and
a complement C of B such that A8C and every homomorphism f:C@®B - M
extends to a homomorphism g: M - M.

Proof: (i) =(ii) Assume that M is GP-extending and let A be a cyclic
submodule of M, there is a direct summand D of M such that ASD, hence
AND <,AandAnD <,D. Take X=A4 n D, we get the result.
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(i)=(iii) Let A be a cyclic submodule of M. By (ii), there exists a submodule X
of M and a direct summand D of M such that M = D@®D’, X <. Aand X <. D.
Take D=Cand D'=B.

(ii)=(1) Let A be a cyclic submodule of M. From (iii), there exists a
complement B of A and a complement C of B such that 46C and every
homomorphism f:C@®B — M extends to a homomorphism g: M - Mand by
[10, Lemma 3.97], D is a direct summand of M, hence M is GP-extending.

Theorem 3.3 : An R- module M is GP -extending iff for all direct
summand A of the injective hull E(M) of M with A n M is cyclic submodule of
M, there is a direct summand D of M s.t. (A n M)SD.

Proof: take A a cyclic submodule of M and take B a complement of A, then
A®B <. M. because M <, E(M), hence A®B <. E(M) implies to E(M) =
E(A)®E(B). It can be seen that E(A) N M is cyclic submodule in M. By our
assumption, there is a direct summand D of M such that (E(A) n M)SD. But we
have(A N M)B(E(A) N M), hence ABD. The converse implication is clear.

We finish this part by the following proposition.

Proposition 3.4: For a module M . M is G?-extending module iff for each
cyclic submodule A of M, there exists an idempotent f cEnd (M) so that A B f

(M).

4. Decompositions.

There are nonsingular modules M = M;®M, in which M; and M, are P-
extending, but M is not P-extending (e.g, Let R = z[x] be a polynomial ring of
integers and let M = z[x]®z[x]). Note that z[x] is G —extending, by [1] and
hence GP-extending but M is not P-extending which is nonsingular, thus by
proposition 2.4 M is not GP-extending. Next, we give various conditions under
which the direct sum of GP-extending is GP-extending.

Proposition 4.1: Let M = M; @ M, be a distributive module if M; and M, are GP-
extending modules, then M is GP-extending.

Proof: Let A be a cyclic submodule of M. Since M is distributive, then A = AnM
= An(M;@M,) = (AnM;)® (ANM,). Since A is cyclic in M, then AnM; and
ANM, are cyclic in M; and M, respectively. But M; and M, are GP-extending
modules, therefore there are direct summand D, of M; and D, of M, such that
(AND,)BD, and (AND,)BD, hence A B(D,®D,), by [11 , Proposition 1.4].
Thus, M is GP-extending module.
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The following statements are also easily proved by using a similar argument.

Proposition 4.2 : Let M = M;®M, be a duo module if M; and M, are GP-
extending modules, then M is GP-extending.

Proposition 4.3: Let M; and M, be GP-extending modules such that
annM;+annM, = R, then M; @ M, is GP-extending module.

Proposition 4.4: Assume that for all cyclic submodule A of M, AnM, is a
direct summand of A, then M is GP-extending, where M = M;@® M, be an R-
module with M; being G?-extending and M, is semisimple.

Proof: Take A be a cyclic submodule of M, so its simple to see that A+M; = M,
®[(A+M;)NM,]. Because M, is semisimple, then (A+My)NM, is a
direct summand of M, and therefore A+M; is a direct summand of M. We
assumption, ANM; is a direct summand of A, then A = (AnMy) @A, for some
submodule A" of A. One can easily show that AnM; is cyclic in M;. But My is
GP-extending, then there is a direct summand D of M, such that (AnM,) B D
hence A = ((AnM;) @ A")p(M1+A). Thus, M is GP-extending.

Proposition 4.5: Let M = M;® M, such that M, is GP-extending and M, be
injective module. Then for all cyclic submodule A of M s.t. M, N A #0 there
exist a direct summand D of M s.t. ABD iff M is GP-extending.

Proof: Assume that for all cyclic submodule A of M s.t. M, N A #0 there exist a
direct summand D of M s.t. ABD. Let A be a cyclic submodule of M such that
ANM, = 0. By [2], there is a submodule M' of M containing A such that M = M’

@ M,. Because M'= % =M, be GP-extending and A is cyclic submodule of M’,

so there exist a direct summand K of M' s.t. ApBK. Therefore, M be GP-
extending. The opposite is clear.

We now list some circumstances in which a direct summand of a GP-extending
module be GP-extending.

Proposition 4.6: The intersection of A with each direct summand of M is a
direct summand of A, then A be GP-extending module. Where M is G? -
extending R-module and A is a direct summand of M.

Proof: Take X be a cyclic in A, then X is cyclic in M. But M is GP-extending,
therefore there exists a direct summand D of M such that XpD. It can be seen
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that Xp (A~ D). We suppose A~ D be a direct summand of A. Thus, A is GP-
extending.

Proposition 4.7: Take M is a GP-extending module and take A is a cyclic
submodule of M.

(i) If for each e? = e € End(My), there exists f2 = f € End(Ag) such that
AneM <, fA,then Ais GP-extending.

(i) If for each e? = e € End(Mpy), there exists f2 = f € End(Ag) such that
eMfBfM and fA € A, then A is GP-extending.

Proof:

(i) Let Y be a cyclic submodule of A. Hence Y be a cyclic submodule of M. By
proposition 3.2, there exist X<, Y and e? = e € End(My) s.t. X<, eM. Then
X<.eMn A <.f A, for some f2 = f € End(Mg).Thus, A is GP-extending.
(if)Let Y is a cyclic submodule of A, then Y is cyclic in M. Then there exists
e? = e € End(Mpg) such that YBeM. Hence YBfM , where f2 = f € End(4R),
A is GP-extending.

Proposition 4.8: If M is GP-extending then there is K is GP-extending and M,
is smaller than M s.t. M = M;@®K. Where K be a projection invariant cyclic
submodule of M.

Proof: 3e? =e € End(Mg) s.t. KBeM. But K = eK®(1—e)K, eK =K n
eM, and (1—-e)K=Kn(1—e)M where K is projection invariant, so
eK <, eM and eK <, K. Therefore, KN (1 —e)M = 0. then K = eK <, eM.
Because K is cyclic in M, then K=eM. Let M; = (1 — e)M. Therefore M =
M, ®K. Observe that, by Proposition 4.7 (ii), K is GP-extending.

Theorem 4.9: If M hold the C; condition or has SIP, then every cyclic direct
summand of M is GP-extending where M be a GP-extending module.

Proof: Take M = N@®N' for some submodules N', N of M where N is cyclic in
M. Employing proposition 4.8(i) , where N is regarded as cyclic in M utilizing
the SIP offers that N is a GP-extending.

Consider that M hold the C; condition. take m: M — N be the canonical
projection. take K be any cyclic submodule of N, then K is cyclic in M. By
assumption, 3 L (direct summand) of M suchthat KNL<,KandNL <, L.
Because M holds C5 condition, N'@®L is a direct summand of M. It may be seen
that N'@L = N'@n(L) (see [10]). Hence m(L) be a direct summand of N.
VO+yemn(L), y=mn(x) for some 0+ x belong to L. 3r €R s.t. 0 # xr
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belong to KN L. SO xr =k = x,, where k € K and x; € L. Now 0 # xr =

n(x)r =k = n(x;) € Knmn(L). that follows K n (L) <, m(L). It’s easy to

see that w(L) =Nn(N'®n(L)) =Nn(N'@®L). HenceKnnr(L)=KnN

(N'®L) <, K. Thus N is GP-extending.
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