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 المستخلص
او باريته من الظهع الثاني من التهزيعات الطهطة التي تدتخجم بكثخة في اختبارات  Lomaxيعتبخ تهزيع لهماكذ     

ولها  تظبيقات واسعة في مجالات عجة مظها العمهم الاقتصادية  (Reliability)والطعهلية   (Life testing )الحياة 
والعمهم  (Queuing problems)ومدائل صفهف الانتغار  (Modelling )وبظاء الظطاذج  (Actuarial)والتامين 

تطاد البايهلهجية . هظاك العجيج من الجراسات  والبحهث التي استخجمت هحا التهزيع وتقجيخ بعض دواله ومعالطه بالاع
 (S.Asadi)و (H.Panahi)قام كل من الباحثين  3122عمى طخق تقجيخ اعتيادية او طخق بيدية . ففي عام 

مدتقلان وذو تهزيع لهماكذ لطعمطة  قياس واحجة ولكن بطعالم شكل  yو  xعظجما  R=P(y<x) بتقجيخ الطعمطة 
 (Alharby.A.H)و (Aloboud.F,M) و (Abd.Elfattah)ايضا قام كل من الباحثين  3122مختمفة . وفي عام 

بالاعتطاد عمى تهزيع لهماكذ وباستخجام طخائق بيدية واعتيادية بتقجيخ حجم العيظة لبيانات تحت الطخقبة من الظهع 
الاول مع تظبيق عجدي . وفي هحا البحث تم استخجام اربع طخائق لتقجيخ دالة الطعهلية ودالة الطخاطخة هي طخيقة 

طخيقة الطخبعات الصغخى , طخيقة العدوم وطخيقة بيد وتطت الطقارنة بيظهطا من خلال مؤشخي الامكان الاعغم , 
MSE وMAPE  باستخجام الطحاكاة , وقجاعهخت الظتائج تفهق طخيقة بيد لمقيم الصغيخة لمطعمطةα  وطخيقة

. كطا اعظت طخيقتي  ولجطيع حجهم العيظات وقيم الطعمطات الاخخى  αالطخبعات الصغخى لمقيم الكبيخة لمطعمطة 
 ولجطيع حجهم العيظات وقيم الطعالم . MAPE و MSEالعدوم نفذ نتائج  الامكان الاعغم وطخيقة

 
Introduction: 

    Lomax distribution also called the pareto type II distribution is a heavy-tail 

probability often used in business and life testing, Reliability, with extended application 

in economic science and actuarial modeling , queuing problems , and biological science. 

Panahi and Asadi (2011) studied estimation of the stress-strength parameter R=P(Y<X) 

when X,Y are independent and both are Lomax distribution with common scale 

parameters but different shape , and derived a maximum likelihood estimation. Bindu 

(2011) studied estimation of R=P(X>Y) when X,Y are independent random variables , 

and introduce a new family of distribution referred to as the double Lomax distribution 

and derive the p.d.f and the expression for the reliability  R for the double Lomax 

distribution truncated below zero. David ,Hui ,and Ryan (2011) analyzed the second-

order bias of the maximum likelihood estimators for Lomax (Pareto II) distribution for 

finite sample size and show that this bias is positive . Asghar zadeh and Valiollahi 

(2011) derived explicit estimator for Lomax distribution by approximating the 

likelihood function . Morteza , Farhad and Manoochehr (2012) they use the Bayesian 

estimators for Lomax distribution obtained thought conjugate prior for the shape and 

scale parameters under generalized order statistics. 

 In this study we explore and compare the performance of the maximum likelihood 

and least square and moment estimates with the Bayesian of Reliability and Hazard 

function for the two parameter Lomax distribution.         

    The probability density function of two parameter Lomax distribution becomes :                                                                                                                 

)1..(....................0,,0.......)1()( )1(   


  x
x

xf 
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Where  α  is shape parameter , λ is the scatter parameter of the             distribution. 

The reliability function is given by : 

 
………..(2) 

And the Hazard function become : 

     ……                    (3) 

The rest of the paper is arranged as follows . The methods , Maximum likelihood 

estimator, least square estimator , Bayes estimator , estimator of moment method . In 

results , Simulation study is discussed and the results are presented and followed by 

conclusion. 

 

Materials and Methods: 

Maximum likelihood Estimation(MLE): we introduce the concept of maximum 

likelihood estimation with two parameters Lomax distribution. We have set of random 

failure times (x1,x2,…..,xn) and vector of unknown parameters  =(  1,  2,……,  k) 

then the likelihood function is : 

 
  is The ith element of the score vector with respect to  θ 

    

Now we can find the maximum likelihood estimator by using two parameter Lomax 

distribution with parameters  α ,λ, .The probability density function is given by : 

)6..(....................0,,0.......)1()( )1(   


  x
x

xf  

The likelihood function is : 

 

 

The score vector is : 

 
Let  
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The Scale parameter λ is taken to be constant. Since the maximum likelihood estimator 

is invariant and one to one mapping . The maximum likelihood estimator of Reliability 

function is Eq. 11 : 

 

And the maximum likelihood estimator of Hazard function is Eq. 12 : 

  

Least Square Method(LSM): We can found quantiles of parametric distribution by 

least square method as follows: 

The Mean square error is given by : 

 
   
  

 And    Let   

And when V1=0 , V2=0  we find that  : 

 

 

Now we can find the Least square estimator ,The cumulative function for Lomax 

distribution is : 

 

 

 

We can put Eq.16 in the form  

 
Where    and    and   and 

  

 

The Least square estimator of Reliability function is Eq.19 
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And the Least square estimator of Hazard function is Eq.20 

 
Bayes Method(BYS) :  Let  x1,x2,…..,xn  be a random  sample of size n with  p.d.f   f(x; 

α ,λ)  In the two parameters Lomax distribution is given by : 

 

The prior distribution for α is 

 

We can found Bayes estimator with prior by using posterior distribution which equal to 

conditional distribution ,depend on joint probability density function and marginal 

probability density function , so the posterior distribution is given by : 

 
After we evaluate the integral : 

 

 

 
Let            ,      Then: 

 

 
And 
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The above posterior distribution is gamma distribution with parameters                              

[  .Then the Bayes estimator of  α is Eq. 29: 

 
The Bayes estimator of Reliability function is Eq. 30: 

 

And the Bayes estimator of Hazard function is Eq. 31: 

 
 

Method of Moment (MOM):We can found quantiles of parametric distribution by 

using the hypothesis of this method that is ( moment of population equal moment of 

sample) for that estimator . 

We have 

 

 
Where  is Beta function , and for Lomax distribution  

 
And after we evaluate Eq. 32  we find : 

 

 

Then the Moment estimator of α is Eq. 34: 

 
And the Moment estimator of Reliability function and Hazard function is Eq. 35  and  

36 respectively . 
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We can reach to the same estimator  by using Integral 3.241(4) in (Ryhik 1965) 

as follows : 

37) 

Then  

 
 

Results 

    In this simulation study we have chosen n=10,20,50 and 100 to represent small , 

moderate and large sample size , Several values of parameter α=0.5 , 1 , 1.5 and λ=0.5 , 

1, 1.5 . The number of replication used was (L=1000) . The simulation program was 

written by using Matlab-R2011b program. After the Reliability and Hazard function are 

estimated ,Integrated Mean Square Error (IMSE) and Integrated  Mean Absolute 

Percentage Error (IMAPE) was calculated to compare the methods of estimation, where: 

 

 

 

 
And so 
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Table 1 : IMSE for different estimators of  Reliability and Hazard function for lomax 

distribution 
Hazard function Reliability function λ α N 

MOM BYS LSM MLE MOM BYS LSM MLE 

5250.0 

525555 

5255.0 

525000 

525500 

 52500.  

52.0.. 

525555 

52...0 

52500. 

525550 

52555. 

525.5. 

52550. 

525.00 

 525000 

 525.0. 

 525.55  

525050 

525550 

5250.5 

 525505  

525.0. 

 52500. 

 5255.0 

 525500  

52.0.0 

5250.0 

525555 

5255.0 

525000 

525500 

52500. 

52.0.. 

525555 

52...0 

5250.0 

525555 

525.05 

525.00 

525550 

525.00 

 525500 

 52555.  

525.00 

52500. 

5255.. 

525550 

525.00 

525500 

525... 

525500 

52550. 

 525500  

525050 

5250.. 

525.00 

525550 

5255.0 

525.00 

525550 

525550 

 525...  

5250.0 

525555 

525.05 

525.00 

525550 

 525.00 

 525500 

 52555. 

 525.00  

520 

. 

.20 

520 

. 

.20 

520 

. 

.20 

520 

 

 

. 

 

 

.20 

.5 

525.0. 

525550 

 525500  

525000 

 525500  

5250.5 

52.000 

525.5. 

5205.5 

525.00 

525555 

 5255.. 

 525.00 

 525...  

525.55 

 52.00.  

52555. 

 52..00  

52..50 

5250.5 

525.00 

52550. 

5255.. 

 525000 

 525005 

 525000 

520... 

525.0. 

525550 

525500 

525000 

525500 

5250.5 

52.000 

525.5. 

5205.5 

525... 

5255.. 

525.00 

525.0. 

525500 

525..0 

525... 

5255.. 

525.0. 

525000 

52555. 

 525500 

 52550.  

525..0 

 525500 

 52555. 

525.0. 

5255.. 

52505. 

525005 

525.0. 

 525550 

 5255.5 

 525..5  

5255.. 

5255.0 

 525...  

525... 

 5255..  

525.00 

 525.0. 

 525500 

 525..0 

 525... 

 5255.. 

 525.0.  

520 

. 

.20 

520 

. 

.20 

520 

. 

.20 

520 

 

 

. 

 

 

.20 

.5 

525.00 

52555 

5255.0  

5250.. 

525555 

5250.. 

 52.00.  

525555 

52.050 

5255.0  

525550  

52555. 

525.00 

5255.. 

525550 

52.505  

525.0. 

525005  

52...5 

5250.5 

525... 

 5255.0 

525505 

525.0. 

525050  

52555. 

52..00  

525.00 

525555 

5255.0 

5250.. 

525555 

5250.. 

52.00. 

525555 

52.050 

525.00 

525555 

525500 

525... 

525555 

525.05 

525..0  

525555 

525.0.  

52550. 

 5255.0  

525550 

 525500  

 525550 

52555. 

 52550.  

52550. 

52550.  

52505. 

 525000  

525000 

 525550  

5255.0 

525500 

5255.0 

52555. 

525.00 

525.00 

 525555 

 525500 

 525...  

525555 

525.05 

525..0  

525555 

525.0 

520 

. 

.20 

520 

. 

.20 

520 

. 

.20 

520 

 

 

. 

 

 

.20 

05 

525..0 

525555 

5255.0 

525000 

525550 

525.0. 

525..0 

5255.5 

5250.0 

5255.0 

525555 

52555. 

5250.0 

5255.. 

5255.0 

525500 

525500 

525.0. 

52...0 

5250.0 

525.50 

5255.. 

525500 

525.00 

52500. 

525555 

5250.0 

525..0 

525555 

5255.0 

525000 

525550 

525.0. 

52.000 

5255.5 

5250.0 

525.0. 

52555. 

52550. 

5250.0 

525550 

525.05 

525..0 

52..0. 

525.50 

525500 

525555 

52555. 

5255.0 

5255.0 

5255.0 

52500 

520.0. 

525500 

525050 

52500. 

5250.0 

52555. 

5255.0 

525.50 

5255.. 

5255.. 

525500 

525.00 

52555. 

52550. 

5250.0 

525550 

525.05 

525..0 

52..0. 

525.50 

520 

. 

.20 

520 

. 

.20 

520 

. 

.2  

520 

 

 

. 

 

 

.20 

.55 
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Table 2 : IMAPE for different estimator of reliability and Hazard function for Lomax 

distribution . 
Hazard function Reliability function λ α N 

MOM BYS LSM MLE MOM BYS LSM MLE 

5250.0 

525.00 

52000. 

5200.0 

52.000 

52005. 

520.00 

525500 

.2..00 

52500. 

52..55 

525000 

520.00 

52.000 

5200.. 

52.00. 

52..00 

52000. 

   

525050 

.25... 

.2.0.5 

52.000 

520..0 

.250.. 

5250.. 

52..00 

.2.5.0 

  

5250.0 

525.00 

 52000. 

 5200.0 

 52.000 

 52005. 

 520.00 

 525500 

 .2..00  

5200.0  

  525..  

52.00. 

 .2..0.  

52.05. 

520..0 

025..0 

52.005 

520000 

52.0.. 

52.500 

525050  

.20.05 

5200.0  

520.00 

02.000 

 .2.050  

5200.0 

  

 52..0.  

52000. 

520.00 

52.00. 

520.50 

 52.000 

 5200..  

52.0.. 

520000 

  

5200.0 

525..0 

52.00. 

.2..0. 

52.05. 

520..0 

025..0 

52.005 

520000 

520 

. 

.20 

520 

. 

.20 

520 

. 

.20 

520 

 

 

. 

 

 

.20 

.5 

520000 

52.000 

52..00 

520..5 

52.5.0 

52000. 

520000 

52.0.0 

52000. 

520.00    

525.0.    

520..0    

52.00.   

52.000    

520500    

520550    

52500. 

52000.     

.255.0    

.250.0 

.2..00   

52...0   

52..0.   

.25050 

52.500    

520000 

52000.     

520000    

52.000       

52..00    

520..5    

52.5.0     

52000.           

520000  

52.0.0                  

52000.     

52000. 

52.500 

520.00  

.2.0.. 

520.5. 

520..0 

02..00 

520500 

52000. 

52.5.0 

525.00 

52.000   

5200.0 

52..05    

520.05    

02000.    

525000    

52000.     

52...0     

520005    

520..0    

52.000         

52.000       

52....  

 .250.. 

5205.5    

52000.       

52000.    

52.500   

520.00        

.2.0..  

520.5.    

520..0        

02..00          

520500        

52000.          

520 

. 

.20 

520 

. 

.20 

520 

. 

.20 

520 

 

 

. 

 

 

.20 

.5 

520.00 

525500 

52.000 

520500 

5250..  

52.00. 

520550 

525.5. 

.2.0.. 

52.000   

52.0.0 

52500.  

52.0.0 

5250.0 

52500.    

520..0 

525.00 

52.000   

.25500  

.25500       

.25000  

52500. 

52...5 

520000 

52.5.0  

525..0 

.2.000        

520.00     

525500      

52.000      

520500 

525500        

52.00.          

520550  

525.5. 

.2.0..    

520000 

525.0.      

52.000 

.20000 

525.0. 

520.00 

020.0. 

525050 

520505 

520.0. 

52..00    

525000    

5200.0 

52...0 

525055  

52500.  

520.00 

52000.   

52..00 

520.00  

 520.00   

 52.00.  

 52.0..  

 5200.5  

52005. 

52..0. 

520..0 

520000     

525.0.    

52.000     

.20000   

525.0. 

520.00 

020..0 

525050   

525005 

520 

. 

.20 

520 

. 

.20 

520 

. 

.20 

520 

 

 

. 

 

 

.20 

05 

520.00 

525.00 

52000. 

520..0 

525005 

5200.0 

520.00 

525000 

520000 

52...0 

525500 

525000 

52..0. 

52.5.. 

52.0.. 

52000. 

52..0. 

520005 

.255.0 

.25.0. 

.25005 

52505. 

52..5. 

520000 

52.0.5 

525500 

52.0.. 

520.00 

525.00 

52000. 

520..0 

525005 

5200.0 

520.00 

525000 

520000 

520.00 

525.05 

52.0.. 

.20000 

52.5.0 

5200.. 

020.5. 

52..5. 

52.000 

52.550 

5255.0 

525005 

520.00 

52...0 

52.000 

.200.0 

5200.0 

520.00 

52..00 

520.50 

520.0. 

52.000 

52.000 

520.0. 

.2.000 

525500 

52.50. 

520.00 

525.05 

52.0.. 

.20000 

52.5.0 

5200.. 

020.5. 

52..5. 

52.000 

520 

. 

.20 

520 

. 

.20 

520 

. 

.20 

520 

 

 

. 

 

 

.20 

.55 

 

 

     The results of the simulation study are summarized and tabulated in table 1 and 2 of 

the four estimators for all sample size and (α ,λ) values respectively . 

          In each row of Table 1 and 2 we have four values of estimator that is the 

maximum likelihood, Least square method , Bayes method and Moment method . The 

best method that gives smallest value of (IMSE) and (IMAPE). 
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Discussion: 

    In table 1 and 2 ,When we compared reliability and hazard estimation for Lomax 

distribution by using mentioned method we find the best estimator is bayes (BYS) for 

small values of  α and Least square method for large values and this result is true for all 

values of parameters and sample sizes used in the study. 

 

Conclusion: 

     The estimated Reliability and Hazard function of Lomax distribution from Bayes 

estimation is the best compared for small values of  α  and Least square method for 

large values of  α ,The maximum likelihood and moment methods gives the same values 

of IMSE and IMAPE for all values of α, λ and sample size .  

     When the number of sample size increases the Integrated Mean Square Error (IMSE) 

for Reliability and Hazard function decreases in all cases, But Integrated absolute mean 

square Error decreases in all cases except for hazard function it is increases. 
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