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Abstract: 
     

    Q-switching is a technique employed for control a laser system, 

enabling the generation of brief, high-energies laser pulses. The purpose 

of this study is to identify optimal values for certain rate equation 

parameters using an optimization technique. The Runge – Kutta – 

Fehlberg approach was employed to simulate the rate equations to find 

pulse characteristics of a Cr: LiSAF laser with Cr: YSO as a saturable 

absorber under a certain condition. The Rosenbrock optimization 

technique was used to find the optimal values of the decision variables 

(β, γa, γc) for different saturable absorber molecules number. The 

values of γa and γc are found to decrease with the increasing number of 

molecules due to the decrease in the absorption of photons by the 

material as a result of reaching the saturation state. For the β parameter, 

the increase in the saturable absorber molecules number leads to an 

increase in its value. According to the computer code, the calculated 

energy value was 4.19 mJ compared to the published 4.3 mJ, while the 

pulse duration is 35.1 nsec compared with 35 nsec.  
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1. INTRODUCTION 

   A Q-switched laser is a kind of a pulsed 

laser that reduces pulse duration, enhances 

peak output power, and increases output 

consistency between pulses[1-5]. These 

pulses can be generated using several 

approaches, including cavity dumping, and 

both active and passive Q-switching. This 

work used passive Q-switching technology, 

because of the advantages of this technology 

from simple construction, compact size, low 

cost, enhanced durability and dependability, 

and does not need intricate additional cavity 

modulation devices. It generates brief pulses 

and elevated peak powers[6, 7]. This 

technique produces large pulses[8]. the 

pumping process facilitates the establishment 

of a population inversion and gain within the 

active medium, exceeding typical levels 

observed during free-running operation, 

without inducing oscillations, as 

demonstrated in Fig.1[9, 10]. 

 

Fig. 1.: Dynamics of a passively Q-switched laser [9]. 

This technique on contingent upon the 

saturable absorber material, which exhibits 

pronounced nonlinear absorption 

characteristics, influenced by the material's 

lifetime, absorption cross-section, energy 

levels, and the molecular number density 

within these levels, in comparison to other 

materials. It exhibits significant absorption at 

low intensity of light  and can be somewhat 

bleached depending on its absorption capacity 

when the light intensity increases[11]. This 

technology has several practical applications, 

including medical science[12], precise 

measurement[13], spectral analysis[14], and 

distance finders[13, 15]. Over past four 

decades, there has been significant interest in 

a new mathematical discipline called 

"optimization." Optimization strategies focus 

on identifying the optimal solution while 

considering both cost-effectiveness and 

safety[16-18]. In particular, recent years have 

seen significant focus on enhancing the 

efficacy of Q-switched lasers[19]. Generally, 

there are two methodologies for optimizing 

passively Q-switched lasers. The initial 

method examines the rate equations 

governing the Q-switched laser, yielding a 

fundamental analysis relationship for the 

selected input parameters and the maximum 

pulse energy, as well as the minimum pulse 

width. The second technique involves the 

production of a set of graphically charts that 

illustrate the laser output properties. 
 

2. MATERIALS 

   In this work, a Cr: LiSAF laser of 

wavelength 880 nm was used as an active 

medium with Cr: YSO as a saturable absorber. 
This choice was based on the compatibility of 

the laser emission spectrum with the 

absorption spectrum of the saturable absorber, 

as well as the characteristics of the laser and 

the saturable absorber. 
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The Cr:LiSAF solid-state laser was initially 

identified in 1989[20], its extensively 

adjustable from 780 nm to 920 nm and has 

garnered interest during the last decade[21, 

22]. The greatest wavelength of the free-

running laser beam is around 850 nm[23, 24]. 

Numerous robust solid-state saturable 

absorbers are documented to functioning well 

at solid-state lasers across diverse 

wavelengths[7, 25, 26]. Tunable Q-switched 

solid-state lasers are particularly noteworthy 

among passively Q-switched solid-state 

lasers, since they enable the adjustment of the 

laser wavelength to meet specific 

requirements. Experimental evidence 

demonstrates that the Cr: YSO saturable 

absorber can efficiently Q-switch the Cr: 

LiSrAlF6 (Cr: LiSAF) laser at wavelength in 

880 nm. It can also serve as a Q-switch for 

many lasers such as: Cr: LiCAF, alexandrite, 

and ruby lasers[27]. In 1961, Warshaw et al. 

produced Cr: YSO via a chemical technique. 

It a purely tetravalent chromium system[28]. 

Among of its significant material 

characteristics are: Owns a refractive index of 

1.8 , a damage threshold of up to 30 J/cm², a 

melting point of 2070 C
0
 [29, 30]. It exhibits 

four absorption bands with peaks at around 

390 nm, 595 nm, 695 nm, and 750 nm, as 

seen in Fig. 2. 

Fig. 2.: Cr 4+:Y2SiO5 absorption spectrum[29] 

There are several applications for this 

material with Cr: LiSAF lasers, including 

remote sensing, precision cutting, marking 

materials, and in medicine to treat skin 

diseases [27, 31, 32] 

 

3. METHODS 

3.1. NUMERICAL SIMULATION 

   Szabo & Stein in 1965[33] proposed a 

system of rate equations based on a two-

energy-level model. YK Kuo, MF Huang& M 

Birnbaum in 1995[34] expanded this model to 

include three energy levels. The three 

coupled-rate equations in reference[35] have 

been revised to form a model of four coupled-

rate equations. We used the Runge – Kutta – 

Fehlberg approach for numerically solving 

the rate equations, through simulation by a 

computer program we wrote to describe the 

behavior of the system. 
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𝑑𝑛

𝑑𝑡
=[𝐾𝑔𝑁𝑔 −  𝐾𝑎𝑁𝑎 −

𝛽𝐾𝑎𝑁𝑎𝑢 −𝛾𝑐]n      (1) 

𝑑𝑁𝑔

𝑑𝑡
=𝑅𝑝 −  𝛾𝑔𝑁𝑔-𝐾𝑔𝑁𝑔n        (2) 

𝑑𝑁𝑎

𝑑𝑡
=𝛾𝑎 𝑁𝑎𝑢 − 𝐾𝑎𝑁𝑎n            (3)          

𝑑𝑁𝑎𝑢

𝑑𝑡
=𝐾𝑎𝑁𝑎 𝑛 − 𝛾𝑎𝑁𝑎𝑢           (4) 

n  is the photon number inside the laser 

resonator. 

𝐍𝐠 is the population inversion of active 

medium. 

𝐊𝐠 is the coupling coefficient between 

the stimulated photons and the active 

medium element. 

𝐍𝐚 is the ground state population of the 

saturable absorber. 

𝐍𝐚𝐮  is the first excited state population 

of the saturable absorber. 

𝑹𝒑 is the pumping rate (sec
-1

). 

𝐊𝒂 is a coupling coefficient between 

photons and the saturable absorber 

molecules. 

𝛄𝐚 is the saturable absorber decay 

rate(sec
-1

). 

𝛄𝐠= 1/τg is the effective decay rate of the 

upper laser level(sec
-1

)[36]. 

The first equation denotes the rate 

equation for the cavity photon number 

(n). 

The second equation denotes the rate 

equation for the gain medium (𝑁𝑔) 

The third equation denotes the rate 

equation for saturable absorber molecule 

at the ground state (Na). 

The fourth equation represents the rate 

equation for saturable absorber 

molecules at the first excited state 

(Nau)[37].  

We provided the program with the 

following inputs taken from 

experimental references[27, 38]: 

 

 

 
 

3.2. OPTIMIZATION TECHNIQUE 

  The constrained Rosenbrock 

optimization technique was used to find 

the optimum values of the decision 

variables (β, γa, γc). The reason behind 

choosing this technique is that it meets 

all the requirements of our problem, 

which has the following characteristics: 

Non-linear, multivariable, and 

constrained. The constrained Rosenbrock 

approach is categorized as a numerical 

multivariable search methodology that 

addresses confined variables in a 

nonlinear context[39, 40]. The algorithm 

proceeds per unconstrained Rosenbrock 

procedure until convergence is reached 

or a boundary zone near the constrained 

is entered. It depends on rotating the axes 

and repetition to find the optimal 

values[41], as the number of repetitions 

in our study ranged between 1000- 3000 

times. The stopping condition for the 

program was set so that the difference 

between the penalty function (Equation 

4) and the number of input molecules 

was less than 10
-3

.  
 

 We linked the optimization program 

with the simulation program, so they 

became one code. The optimal values of 

the decision variables (β,γa, γc) were 

found using this technique. The ground 

state population of the saturable absorber 

(Na) must exceed the population of the 

first excited state (Nau) during the rising 

time Nau <Na, ( β )value between 0.2 to 

0.9 Because the absorption cross section 

of the first excited state is less than the 

absorption cross section of the ground 

state, its value is always less than 1, 

(γa)value between 1E+6 to 7E+6 this 

parameter indicates the speed of the 

transfer of molecules from higher levels 

to lower levels. It is a non-radiative 

transfer and depends on the speed of the 

material’s response in absorbing the light 

falling on it. Its value is low because the 

energy levels are close to each other. It is 

the reciprocal of the relaxation time of 

the saturable absorber material [42, 43], 

γg = 1.49×10
4 

s
−1

, Kg = 4.03×10
−9 

s
−1

, Ka 

= 1.52×10
−8 

s
−1

, and Na0 = 2.30×10
16
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(γc)value between 1E+08 to 7E+08 this 

parameter refers to the total photons 

losses within the resonator, which 

include diffraction, absorption, 

refraction, and reflection, which have a 

direct effect on the laser intensity. The 

higher the loss, the lower the laser 

intensity. The photon losses must be less 

than the gain in order for the laser to be 

achieved [42]. In this study, the range 

(γa, γc)was extended so that the 

algorithm search is within a wide range, 

which makes the solution more flexible. 

On (β,γa,γc) were dealt with by step size 

of (0.001,0.1,1) respectively. The pulse 

energy and duration under this optimal 

condition were found to be 4.19 mJ and 

35.1 nsec, respectively. Relative error 

between the calculated and published in 

reference[38] of the pulse energy and 

duration were 0.02, 0.002 respectively, 

which confirms the validity of the 

obtained results. 

 
4. RESULTS & DISCUSSION 

4.1. FINDING THE OPTIMUM 

VALUES FOR SOME RATE 

EQUATIONS PARAMETERS 

   The maximization option for the 

objective functions (the rate equations in 

our case) was used to get the values of β, 

γa,γc as shown in table (1). 
 

  

 

Table 1. Optimum values of β, γa, γc at different molecules numbers. 

Molecule 

Numbers 

x 10
16 

Optimum 

β values 
Optimum 

γa values 

Sec 
-1 

Optimum 

γc values Sec
 

-1
 

 

Pulse 

Duration 

nsec 

Pulse 

Energy 

mJ 

Pulse 

power Watt 

2.3 0.3001 1430009 129000320 35.1 4.19 119429.35 

3.3 0.3002 1349229 129000321 19.39 8.36 431236.91 

4.3 0.3005 1429994 129000456 16.41 14.74 898024.86 

5.3 0.3382 1200081 129559971 15.77 25.34 1637520.66 

6.3 0.3580 1200083 127782046 12.46 25.11 2014763.57 

7.3 0.4084 1200020 124607628 9.76 48.76 4993090.63 

 

Fig. 3 shows the pulse of a Cr: LiSAF 

laser with Cr: YSO as a saturable 

absorber, which depends mainly on the 

number of saturable absorber molecules, 

the number of levels participating in 

absorption, and the absorption cross-

sectional area. We noticed by performing 

the optimization for (β) that increasing 

the absorption cross-section results in an 

augmentation of the pulse energy. The 

reason for this could be explained by 

increasing the absorption cross-section, 

the absorption activity of the saturable 

absorbent material increases, which in 

turn leads to a high energy storage in the 

laser medium. As demonstrated in the 

following fig. 4. 
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Fig.3. Stimulated photon cavity profile while using 2.3 ×10
16 

molecules for the 

saturable absorber molecules number. 
 

 
Fig.4.: The β parameter as a function of pulse energy. The amount of energy increases 

with increasing value of β due to the increase in the absorption capacity of the saturable 

absorber material. 

 

4.2. OPTIMUM VALUES OF 

RELAXATION RATE SATURABLE 

ABSORBER AT DIFFERENT 

VALURE OF MOLECULES 

NUMBER OF SATURABLE 

ABSORBER( 𝜸𝒂) 
 

   We noticed from the results obtained 

during our study that increasing the 

number of saturable absorber molecules 

material from 2.3× 10
16 

to 7.3× 10
16

,
 

leads to a decrease in the relaxation rate 

of the saturable absorbent until reaching 

a certain limit where the change is not 
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clear and it can be considered constant 

due to the material reaching the 

saturation state. The transfer of saturable 

absorber molecules from the 

fundamental state to the upper state is 

negligible. This is due the quantity of 

molecules in each energy level is 

determined by the Boltzmann 

distribution (The Boltzmann distribution 

governs the population of energy states 

in a solid. It predicts that particles favor 

low-energy states, and the occupation 

probability of higher-energy states 

decreases exponentially with energy, 

according to the following relationship: 

𝑁𝑖 =
𝑁

𝑍
 𝑔𝑖𝑒−𝐸𝑖/𝐾𝐵𝑇, 𝑁𝑖  is the average  

number of particles in the set of states 

with energy Ei, N is the total number of 

molecules, N is the degeneracy of energy 

level i, Z is the partition function, Ei is the 

energy of the i-th energy level, KB is 

the Boltzmann constant, T is 

absolute temperature [44]).The increase of 

Cr: YSO molecules in the ground state 

will lead to a little increase in the number 

of molecules in the first excited state. 

Therefore, this will not improve the 

intersystem crossing rate. Finally, this 

parameter leads to an augmentation of 

the material's relaxation time and the 

pulse energy. As shown in the following 

fig. 5,6,7.   

 

                      

 

 

Fig. 5. The profile of relaxation rate as a function of Cr: YSO molecule numbers. The 

relaxation rate values decrease as the number of saturable absorber molecules increases 

until reach a certain value is reached, where the variation becomes insignificant.

https://en.wikipedia.org/wiki/Degenerate_energy_level
https://en.wikipedia.org/wiki/Partition_function_(statistical_mechanics)
https://en.wikipedia.org/wiki/Energy
https://en.wikipedia.org/wiki/Boltzmann_constant
https://en.wikipedia.org/wiki/Temperature
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Fig. 6. Relaxation rate as a function of pulse energy. Increase in pulse energy with 

decrease in Relaxation rate of saturable absorbent material due to the material reaching 

saturation state. 
 

 
Fig. 7. Relaxation rate as a function of pulse duration. The increase in pulse 

energy due to the decrease in Relaxation rate resulted in a decrease in pulse duration. 
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4.3. OPTIMUM VALUES OF AVERAGE CAVITY PHOTON 

DECAY RATE AT DIFFERENT 

VALUES OF MOLECULES 

NUMBER OF SATURABLE 

ABSORBER ( 𝛄𝐜) 
 

   When photons leave the active 

medium, they fall on the saturable 

absorber material then it is absorbed by 

the fundamental state molecules. These 

molecules are elevated to the initial 

excited state. This causes high photon 

losses inside the resonator and provides 

high inverse population in the active 

medium (high energy storage) as a result 

of preventing stimulated emission from 

happening. This absorption continues 

until the material reaches the saturation 

state; the vast majority of molecules 

move to the upper levels. At this 

moment, photon losses begin to decrease, 

the material becomes transparent, and a 

pulse of high energy and short duration is 

emitted, as shown in the fig. 8,9,10. 

 

 

 

 

Fig. 8. The profile of total photonic losses as a function of Cr: YSO molecules number. The 

value of total photonic losses decreases with increasing number of molecules because the 

maximum absorption of the saturable absorber is at the initial value of molecules. 
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Fig. 9. Total photonic as a function of pulse energy. Increasing the value of the inverse 

population of the active medium leads to an increase in the pulse energy. 
 

 

Fig. 10. Total photonic as a function of pulse duration. 
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5. CONCLUSIONS 

    A Cr: LiSAF laser pulse simulated with 

Cr: YSO as a saturable absorber by 

solving the rate equations using a 

computer program. Then, the constrained 

Rosenbrock optimization method was 

used to find the optimal values of 

(𝛽, 𝛾𝑎, 𝛾𝑐). This technique proved effective 

in finding the optimum values of the  

decision variables. We concluded that the 

value of 𝛾𝑎, 𝛾𝑐 decreases with the increase 

in the number of molecules, but 𝛽 

increases, the growth will continue until a 

specific value is reached, after which the 

increment in the saturable absorber 

molecules number will by a non-

influential amount.  
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