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RESEARCH ARTICLE

Solving Hierarchical Variational Inequality for
Almost Mean Nonexpansive Mappings

Noor Saddam Taresh® *, Salwa Salman Abed

Department of Mathematics, College of Education, Ibn Al-Haitham, University of Baghdad, Baghdad, Iraq

ABSTRACT

A clear common method in solving some types of nonlinear problems is to exchange the original problem with a
collection of regularized problems and all these regularized problems have exactly one solution. A particular solution of
the original problem will be obtained as a limit of these unique solutions of the regularized problems. This idea is used
to provide a method for the hierarchical fixed point approach to solving variational inequality problems (VIPs). In this
work, we intend to study two new iterative schemes by examining their strong convergence to a common fixed point
for mappings defined for a nonempty closed and convex © subset of a real Hilbert space E. These iterative schemes
are constructed for sequences of almost mean nonexpansive mappings and nonexpansive mappings under some control
conditions. Firstly, strong convergence results are established for two iterative schemes for three mappings: the first
I': ©® — E is a contraction mapping, the second P,: ® — E is a sequence of nonexpansive mappings, and the third
Kn: © — D is a sequence of almost mean nonexpansive mappings. Secondly, when the constraints on parameters of
two iterative schemes are relaxed, this yields other strong convergence results which also are solutions of hierarchical
fixed point problem (HFPP). Finally, a solution of the quadratic minimization problem is found as a special case and this
convergence is unique. Our results contain the former studies as particular statuses, and can be seen as a rededication
and amelioration of many corresponding familiar results of hierarchical variational inequality problems (HVIP).

Keywords: Contraction mapping, Hierarchical variational inequality, Real hilbert space, Sequence of nonexpansive map-
pings, Strong convergence

Introduction

The well-known variational inequality problem (VIP) is produced from the manner of nonlinear programming
and mathematical physics. It has huge applications in several domains, such as, engineering, mechanics,
physics, control theory, economic decision, and others. It is a system of partial differential equations. It was
first introduced by Stampacchia'® in 1964 for modeling in the mechanics problem and it is defined in below in
Eq. (1).

There are many sorts of VIPs >~ have been generalized, developed, and extended in many different techniques
over time. %

Consider a real Hilbert space &, with inner product and norm denoted by (., .) and || - |, respectively.

—~

Assume that © closed and convex and ¢ # © C E. A mapping KX : © — E is said to be

10,11

i. Strongly monotone if there exists a constant 7 > 0 which in

(k" —xt, 7 —t) > Ig7 — £, V4§, t €D,
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ii. Monotone'? if
(x#* —xct, ¥ — )= 0, V7, teD,

iii. Contraction'? if there exists a constant A € (0, 1) such that
I15c$* — K¢l < A lIF* — 2], V4.t €D,

iv. Nonexpansive '? if
l5c#” — 3l < 147 — ¢l V $*. £ €D,

v. Mean nonexpansive'® if V§, £ € D

154" — Kt < yIF* — ¢l +8lIlF — K2, .8 >0, y+8 <1,V4* teD.

The Authors studied, developed and proved many results about above mappings. '+~'°

Let B(®) denotes of the collection of all bounded subsets of ©. Let X1, K3 : ® — E be two mappings. The
deviation between K1, K> on B € B(D)'” denoted by || K1 — K2|lw.p, it is defined by

31 — Kalloos = sup {1 (#7) — K2 (%) Il = $#* € B}

It is famous that the mapping (I — K) is monotone, if X is a nonexpansive mapping.

If there exists a point ## € © such that ## = X #*, then #” is called be fixed point of K. It is well famous
that F(X) is closed and convex if K is nonexpansive. There are many Authors studied a fixed point as, '®'° also
many applications and related papers for this field such as.?%2!

A VIP in a real Hilbert space E is finding a point #” € © such that

(x$" 4" —$") =0V €D, €))
where X is a nonlinear mapping. The set of solution of Eq. (1) denote by VI(®, ¥), that is
VI(®D, X)={(K$", t—4") =0, V£ €D})
It is well-known that the VIP in Eq. (1) is equivalent to the fixed point equation
$"=PD (U - nK)f") (2)

where 1 > 0 and P9 is the metric projection of E onto ® which assigns, to each #* € E, the unique point in
9, denoted PD (#*), such that

I#* — PD (#) || = inf {II#* — £| : V£ € D}

So, fixed point algorithms can be utilized to disband VIPs. It is noticed that PO : ©® — E is a nonexpansive
and monotone mapping from E onto © (see?? for another properties of projection operators).
The next problem is denominate a hierarchical fixed point problem: Find #* < F(X) which in

(#°— P $" — $7) =0, V§" e F(K). (3)

where P : ©® — E be a mapping. The hierarchical fixed point approach was however introduced recently
(see??). It’s generalized and developed by several Authors as. ?%2°

In the literature there are several papers in which iterative methods for solving Eq. (1):

In?® Moudafi proved a weak convergence’s result for nonexpansive mappings.

On the other side, Yao et al.?” show that converges strongly to unique solution of VIP for contraction
mapping to dilate the range by using the metric projection, nonexpansive mapping, and a countable family
of nonexpansive mappings.
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Also, Sahu and Kang?® proved strongly convergence’s results for unique solution of VIP for contraction
mapping, sequence of nonexpansive mappings, and a sequence of nearly nonexpansive mappings.

Dadashi and Amjadi?’ introduced strongly convergence’s result for contraction mapping, and two sequence
of nonexpansive mappings to find solution of VIP.

Throughout this paper, we studied the hierarchical VIP via the set of fixed points of a mapping and proved
it is convergence and uniqueness of the following two schemes of sequences with general condition:

n:PQ[(l_Yn)## +Ynfpn’f#]v 4

n
Fri1 = PD [gnl" () + ) (g1 — 51)7&45"} ,neN
i=1

where ¢o = 1, {Y,}, {sn} are sequences in (0, 1).
Our results generalize and motivated the results of*°° and many other related works.
Now using the following symbols:
& := real Hilbert space.
® := non-empty convex closed subset of E.
(—) for a strong convergence.
(—) for a weak convergence.
ww($2) = {#" 1 #1. — #"} denotes the weak w-limit set of {#7 }.
I the identity mapping of E.
#"is the unique solution of the VIP defined by Eq. (13).
F(XK) := the set of all fixed points of K.
In the following, recall the needed lemmas:

Lemma 1:%° If §# € E and t € D, then t = PD(#") if and only if the next inequality satisfies:

(#" —t, J—#)<0, V1 €D.

Lemma 2:%! LetT': ® — E be a A-contraction mapping and X : ® — © be a nonexpansive mapping. Then,
(i) The mapping I — I is (1 — A)—strongly monoton, i.e.

(I-TYyg* —a-D)t, 4" —2)> Q- A $" -t V4" teD.
(ii) The mapping I — X is monotone, i.e.

(-20)¢" —Ua—-30¢t, §* —t)>0, V§' teD.

Lemma 3:? Let {7T,} and {c¢,} be the sequences of nonnegative real numbers such that

T <A —Ap) T+ en+on,VneN,

where {A,} is a real number sequence in (0, 1) and {s,} is a real number sequence. Suppose that the next
conditions satisfy:

® Zzil On < O0;

(i) Yoy Ap = oc; and lim sups* < 0.

n—o0o
Then, lim 7, = 0.

n—oo
Lemma 4:% If " — ¢ ¢ E, then for any 4/,” € g, t# 4/,” the following inequality holds

liminf||#" — 4:“ | > liminf||#" — £
n n
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Results and discussion

Assume that E be real Hilbert space and ¢ £ © C E where D is closed and convex. Also, let I: © — E be a
A-contraction, J = {K,} ;: ® — D be a sequence of almost mean nonexpansive mappings which in F(J) # 9,
and X : ® — D be a mapping defined by K#* = lim K.$*, V§* € ©. Assume that F(¥) = N, F(XK,). Sup-

n—oo

pose that P, : ® — E be a sequence of nonexpansive mappings, and P : ® — E be a nonexpansive mapping
such that lim P,#* = P#*, V§ € D. For arbitrary # € D, consider the sequence {#7} defined by Eq. (4) and
n—oo

let recount some hypotheses which needs in:
(E1) lim ¢n =0, 3.2, 6o = 00;
(E2) lim X2 = ¢ € (0, 00), Yn < 0cpn

n—oo Sn

(E3)Y 0 1 (6n—1—6n) <00, > p2q|Yno1— Yl < o00;
(E4) lim (¥n1=Yal+(en-1—6)) _ 0:

n—oo YnSn
(E5) there exists a constant Y > 0 such that il Yln - Y}H (I
(E6) either Y7 | | Pni1 — Palloss < oo or lim FPeazlales — 0, VB € B(D),
n—oo n

Important new definitions and proposition are presented below:
Definition 1: A mapping X : © — 9 is called almost mean nonexpansive if

7" * — K| <yl — 21 + Sull 8™ — K, Vs 60 = 0, Yn+ 82 <1, neN.

Example 1: Let X" : R — R, define X"(#*) by: () X"($#*) = g + %

116 1 6 1 1|6 6
:}Cn#_:}cnt:__ # _ ——t _ :——#——t
15" | 6”7(#5") 7(+2H>H 6”7# 7
# 1 t 1 + 1

+ — 4
7 n 7 n 7 n

A

1 2 1
gll## -1+ EII## — Kt + gllfKn## — Kt

" $* — 3|

A

1 # 2 #
ZIF =t + S8 — Kat
5|I15‘ ||+5||1$‘ ntll

an x"($*) =1

K" — K| =1 -1 =0
t 7H

7 .
SHSJFS# 8 8

IA

1 # 7 #
A |
8|I15‘ ||+8||15‘ l

1 7
K" $* — x| < glhﬁ‘# —tl+3 I$* — x|

Definition 2: Let {¥X,}: © — D be a sequence of mappings. Then the sequence {X,} is denominated a
sequence of almost mean nonexpansive mappings if

13Cat™ — HKntll < vall#” — £ + 8allF* — Kntll, Y, 60 > 0,y + 80 <1, neN.
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Definition 3: Let J = {X,}:2;: ® — © be a sequence of almost mean nonexpansive mappings such that
N>, F(Kn) # ¢. Let K: © — D be a mapping such that K§* = lim K%, V" € D with F(K) = N2, F(Kp).

Then {K,} is called hold condition (DS) if for each sequence {#7} in ® with # — wand ## — K;f# — 0,Vie N,
yield to w € F(¥X).

It is plain to see that the sequence of nonexpansive mappings is a sequence of almost mean nonexpansive,
but the converse is not hold.

Example 2: Let® = [0, 1], X, : D — D, defined by

#
1
Kn:%-’__n’ lf##EI:O,]'/Z), 5<n<o
and
#
1
K"=%+ﬁ’ lf##el:l/z,l], 1<n<S5.

Then X, is discontinuous at §* = 1/2, so, ¥, is not sequence of nonexpansive mapping. Now, let’s prove that ¥, is
sequence of almost mean nonexpansive.

Case 1: %, € [0, 1/2)

# L o PV S B LAY S e Y

enf™ = entl = "5(#+«/ﬁ> 5<t+«/ﬁ)H_4H5# 5t‘

s F1 t 1 ¢+ 1 ¢ 1 4 o
Vs A ttst A s mtst e Pt

1 1 1
Z”f# —tl+3 1% — Kntl| + Znﬂcnﬁ# — Kt

4
1
4

IA

1 2
[Hnt™ — Kot < §||## —tl+3 1% — Kt

Case 2: If # € [0, 1@) and £ € [1/2, 1],

f#+1t1_‘
5 Jn 6 Jn|

2 1
187 = Fout |l + S 13nt = Fnf ™Il + 11 — £71

1™ — HKntll =

5 5 5 5 5 6

7 Kt Kt Kat Kt tH

=

[S1 S}

1 2
1K™ — Kt < 3 I — Il + 3 1% — Kt

Case 3: If + € [0, 1@) and #* € [1/2, 1], then the proof by the same way of case 2

2 2 1
[13Cn? — Hntll < gllﬁ‘# — Kt Il + S| Hnt = Kt |l + sl - il
1 2
< §||## —tl+3 I$% — Kt
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Case 4: if ##, ¢t € [1,2, 1], then the proof by the same way of case 1

1 1 1
13Cnt? — Hntll < 7 I — Il + 5 1% — Hatll + 7 [3Cnt” — Hntll

2
I — Il + 3 1% — Kat|l

=

W=

wIinN

So, yn = %,(Sn: Yn

Proposition 1: Assume that E be real Hilbert space and ¢ # © C E where © is closed and convex. Suppose
that {K,}5°; : ® — D be a sequence of almost mean nonexpansive mappings such that N ; F(X,) # ¢. Then

=KD —U—-KDt, 47 —1)>0,V$*, teDandneN.

Proof: Let #*,¢* € D and »* € N3, F(Kn)

(T-KD) " — A -K)t. §" — 1) = 1§ —£1* — (Kuf” — Kt §" — 1)
> 1" — £1* — 1Kaf” — Kt 18" — 2 (5)

[1Fnf™ — Kt || < wall§” — 21l + SnllF* — Kt
< val#” — 2l + 8 [1" — 771l = (vallt — 7| + 8allt — #7|)]
< vl — ¢l + 8. [ — ¥l = It — 7]
<" -l (6)
Putting Eq. (6) into Eq. (5),

(-5)$" — A —K) £, $7 — %)
> |17 — 1> = 1" — tllg" — £l > 0.

—

Proposition 2: Let J = {K,};°;: E — E be a sequence almost mean nonexpansive mappings such that
F(J) # ¥, and t € E be a cluster point of a sequence {7}2°,. If [|Knf¥ — #7|| — 0, Vn e N, then £ € F(J).

Proof: Let {#7 )2, be a subsequence of {##}>° s.t ## — tand K47 — ##|| — 0.
Assume that K,t # . By definition of a sequences of almost mean nonexpansive

Vol — £l + Snll B — Kot | = 1 Hnf,. — Knt |
WnllBp, — £ + 8nll B, — Hont|
> yall#h,. — £l + 8n [I1£7. — K™ | — 13nt — Knr " |]
> yallfp. — £l + SulllFp. — 771l = (vallt — 77| + 8nllt — Hnr™[])]
> yallf,. — 1+ 8a[I1f7, — 71 — Il — 7]
> yallfp. — ¢l + 8a[| 0. — 7F I = 1t —#7 11 |]
> Vall#age_. — £l + Sull#h,, — £

> |\fh, — ¢l =



BAGHDAD SCIENCE JOURNAL 2025;22(7):2321-2339 2327

Thus
5. — £l = 1Kafr,. — Kt
But by Lemma 4 and triangle inequality, implies that
lim infl|f,, — | = iminf|Xuf],, — Kat].
= lim inf|Knf7. — $1c + $c — Hnt |
> liminf (167, — Kntll — | Knfr.. — Fi..Il)
=liminf||#}, — Knt|
> liminf| 7, — ¢|
A contradiction proves, so # € F(J).
Proposition 3: Assume that (E1)— (E2) holding, then {#ff } defined by Eq. (4) is bounded.
Proof: From Eq. (4)
ltn =771l = IPD [A — Yu) 7 + YuPufy | = PO (+7) |
< 1 [ =Y 7 + YuPufy] — 77|
<A =Yy =77+ Yn (1Paf) — Par™ || + 1Par — 7))
< 187 =771+ YallPur — #7|

It follows that

# #
Ifpa — 771 =

PD [5;11“ )+ ) (51 — §i)~7<itn:| — P9 (+7)

i=1

=

i=1

[gnr )+ Y (si1 — gi)ﬂatn} e

< (I0@E) =T (#) I+ 1T (%) =7 1) + D (i1 — ) 1 Kitn — Kir |
i=1

< n(Alltn — 77 + 1T (#%) =77 1) + A = ) I1#n — 7|
< G (AlIgE = 7Pl + YA Par” — 7 | + 1T (7)) — #7|))
+ =) (17 — 77l + Yl Par™ = #7))
<1 =@ = MTIEE =771+ GallD () =771+ Yu (L + Gul) [Pur™ — 77|

Since lim % = ¢ € (0, 00), and there is a constant W > 0, s.t.
n—oo Sn

Sl (%) =771 4+ Y (1 4 6nA) [ Pur? — 17|
Sn

<W,Vn e N.

Thus,

1 = <11 — (1= Mg — "I + W

# # w
<maxilf, — 7 ||,m vneN
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Hence {#7} is bounded. So {I'($7)}, {ta}, (X7}, and {¥it,} are bounded.

Proposition 4: Suppose that the hypothesis (E1) and (E6) holding. Then

I#%,1 — il > 0, as n — ooc.

n
Proof: Set A\ij= cal'(#4) + Y (6i-1 — 6i)Kifn, VN € N.
i=1
and R := supn-1{|T Fn-1Il + |Kntn-rll + 1Paorfi o | + 157111}
From Eq. (4), yields

171 = Fll = 1PD (An) = PD (Ana) | < A7 = Al

el () + ) (511 — ) Kitn — |:§an (tn1)+ Y (51— §1)Kifn1]

i=1 i=1

n
<Gl () =T Ene1) | + (6n1 — sn) UIT 1) 1| + 1K ntn1ll) + Z (si—1 — ¢i) 1FKitn — Kitnall

+onl" (fn—1) — gal” (£n-1)

i=1
<l () =T En—1) | + (sa—1 — sn) UIT Ene1) 1| + 1K ntn1ll)
n
+ Y (6ic1 = 61 (nlltn — £n1ll + ulltn — Kitn 1)
i=1
< nAlltn — 1l + (61 — ) R+ (1 — 6a) 10 — £nall
=[1-¢(A—-M]ltn—tnall + (sn-1 — ) R 7
Set B := {#,}
From Eq. (4)

I1tn — tnall = |(A = Yo $h + YaPuf) — (A — Yao)Fhy + YnaPaafii ]|

<= Y — ol + 1 Yn1 = Yo lI1Fh s+ Prafp il + Yallfh —F5 1l + YallPn— Poilloos

= 8% = #El + 1 Yn1 = Y R+ YalPr — Protlloos (8)
Putting Eq. (8) into Eq. (7), and then use (E1), (E3), (E6), and by Lemma 3 to get the following:

1870 — #E1 < 1A — Ancal

<[l —6n@—MI[IF: —#ll+ Y01 — Y IR+ YallPr — Proillocs] + (Sno1 — sn) R

<[l—ca(—MIIFE =7+ U Vn1 = Ya |+ (o1 — S))TR+ YulPn — Pr_illcos 9)
Thus,
lim 7, — £711 =0, (10)

Proposition 5: Assume that (E1), (E2), (E4) and (E6) holding. Then:
i lim 1§} — K21 =0,
ii. [tn —Kitn| > 0,asn— oo, Vie N,
871~ 21 A=Awl — A=Al _
n Yn Sn ’

iii. lim =0 and lim
n—oo n—oo

iv. 1t — T < 1§ — T($)]l. when n — oo,
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Proof for (i):
I#7 — i1 < 187 — #0 1 + 185 — KT

n
<17 = #a I1+ GallD (En) = K I+ D (5ic1 — 6 1Kitn — i |
i=1

< 7 — #7011+ sullD (£) — Kifi Il + (L — ) [valltn — $2 1 + Sulltn — K2 1]

Thus

1
I <
(1 - (1 - §n) On (1 - Yn))
+ (1 = ) [V Yl Publ — 1+ 8n Yl Publ — 52 1]]

(187 — #2101 + callT (£0) — K|

I#7 — %t

By (E1), (E2), and Eq. (10) it follows that Y, — 0, asn — oo, lim |#7 — Ki#7| =0, Vie N.
n—oo

Proof for (ii): Y, —> 0 asn — oo, by lim % =¢ € (0, 00), and condition (E1).
n—oo Sn

I£n — $i1l = YnllPofi — #7411 - 0asn — oo. a1
From Egs. (10) and (11)

I — Kitall < |0 — FE0 + 187 — #2011+ 1851 — Kitall
< n —FE0+ 187 — #5011+ GallT (£2) — Kitall + (1 — o) 1K itn — Kital — O,

asn— oo, Vie N.
Proof for (iii): From Eq. (9)

If72 = $2l _ IPDAW) =P A1)l _ 1A = Anca

Yn Yn Yn
g7 —#7 4 Yno1—Y -
<@ - ay Pl TV =Yal | (61 =6 T g o5 s
Yn Yn Yn
I#7 — #7% ,1 1% — #2110 185 — 7,1
=[1- 1—-A))] 22— 1-— 1-A 1 n -t n
[ Sn ( )] Yo + [ Sn ( )] Y, Yoi
Y1 — Y 1 —
+ |:| n—1 nl + (sn—1 §n)]R+ ”?n_:Pn—l”oo,B (12)
Yn Yn
Hence
a a A))(1 1>< 111 LI P
—sn(1— - S6n— | - <
" Yn Ynfl n§n Yn Ynfl "

Let w4, = cn(1 — A)

[Yn-1— Yn| + (¢n-1— §n)] R,

vn =Y I — :2*1||+[ - -
n n

€n = ”:Pn - :Pn—lnoo,B
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By Eq. (12)

“#f;] _#ﬁ” < ”/\n_/\n—l”

Yn Yn
% — #7110 Yn-1—Ynl  (Sn-1— Gn)
< Q-6 (1—A) 1 oIt — g7 1+ | =t AR+ 1Pn — Prtlloos
Ynfl Yn Yn
1An-1 — An_all [Yno1—Ynl (Sn—1—6n)
<(A-c(Q—A)) " LY — g+ | LB AR+ 1Py — Prtllos
Ynfl Yrz Yrz
Apq — Ny
5(1—un)|| n—1 n2”+4fn+en
Yn—l

- . e A A=Al
By conditions (E1), (E4), (E6) and by applying Lemma 3 nll)rglo *;—H_O, and nll)ngo Y—nl_

”/\n*/\nfl Il — O

Sn
Proof for (iv): Y, — 0 asn — oo, by lim Z— =¢ € (0, o0), and condition (E1).
n—oo °n

|87 — #all = Ynll#: — Pufill - 0asn — oo.
Itn — CEDN < 10 — TED + ITED) — T
= #7 — @I — Yalldh — TEDN + YallPugl — TEDI+ AYalFE — Pupi |

= |## —T(#)|, whenn — .

Theorem 1: Let (E1) — (E6) are holding. Then ﬁ* — #%, as n — oo where {#f } is defined by Eq. (4) and #" ¢
N2, F(Fn) is the unique solution of the VIP defined by

<%(1—r) #A+(I—?)#iﬁ—#“>20, VE e 2y F ). 13

Proof: It’s evidenced in?’ the VIP has unique solution.
Now, to prove the convergence
For any »%e N2, F(¥,), computing (on, $i —

#_ oh
where o, 1= % and dy = ca'(F7) + Y11 (6io1 — 6i)Kitn, Vn e N.

Then, By Eq. (4)

)

fni1 = PO (/\n) — MM+ A =) tn— Z(S‘ifl — Gi)tn

i=1

=PD (/\n) — An+ al” (£0) + Z (Gi-1 — 6i) (Kitn — tn) + (1 — gn) %

i=1
This yields that
’ﬁf - ’ﬁ;i-l = #fr - S'n#f + S‘n#f - (PD (/\n) —Nn+ sal” (£n) + Z (Gi-1 — i) (Kitn — ) + (1 — ) tn)
i=1

=1 -¢n) (’ﬁ’f - tn) + (/\n - PD (/\n)) + Z (6i-1 — 6i) (Fn — Kitn) + 6n (’ﬁf -r (’tn))

i=1
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#ﬁ'_ #+1 # # 1 1 .
=T = —Pn —— (A —PD (s P E—— i-1 — Gi n— Kitq
Ao, Fn = P) + a5, (M) + Gy, 2 (5o = 0 (= Fiti)
# # Sn # #
Ay BT ) = g =D = =D+ o (67 -

Hence fn+1 = PD(A,). For any »* e N, F(FKn),

1

A=) Yn (An = PD (An) . PD (A1) — 77)

(on, #7 —7*) = (B5 — Puth. #7 — ") +
—1 3 o _ 9. #_ L # Sn B # o #
F T g, &y (S T O =it B =) g S A= D A =)

-~ ﬁ(a—r)#ﬂ (I —TD)tn, §7 — %)

Sn

m (fn tn, ﬁ_”’"#)

Using Lemma 2, and Proposition 1

($r —Pubp #1 — ") = (U P #, — U =PI r* $} — ")+ (T - P+, $) — +7)
> (- P)r" 8] — 7

(tn = Hitn, $5 — %) = (T =K ta — U= K)r*, $f — )+ (T = KD tn — A= K) 7, £ — 77
> (I =K )t — A= KD 77, § — 1)

(T =K tn, §; — ta)

Y (U =K tn, $5 — Pufh)

(@=T)gE, #f — ") =(A-T)fF — A=), g — )+ (A=), §F — )
> (L= M) IfE —*12+ (U -T)r*, §f — )
—(@-T)$} — A=) tn, 7 —77)
> A -T) g — - D) talll # — 7))

(#% — tn. $5 — %) = Yali — Putullll $7 — +*
Applying Lemma 1, to get
(An —PD (An) . PD (An1) — #7)
= (An = PD (An) . PD (A1) — PD (An)) + (An — PD (An) . PD (An) — +7)
> (An = PD (An) . PD (An-1) — D (An))
> (An = PD (An) . PD (An-1) — PD (An))

2331

)

14

(15)

(16)

17)

(18)

(19)

(20)
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Substituting Egs. (15) to (20) into Eq. (14)

(on, #F — %)= (U - P+, $7 — +¥)

1
+m(/\n—P© (An) . PD (An-1) — PD (An))
1 n
i1 — s =K tn, £ — Pufy
+(1_gn);l(gl §)(( = K tn, £7 = Puf?)
__sn #_ (- #_
+(_ n)YnII(I D — T =D 4l #r — 7
sl —A #_ 2 4 Sn _ #_#
(1—gn)vn”# T Ay, D =
SnVn B oty ot
+(1—gn)Yn I#7 — Prfnlll $7 — 77| 2D
From Eq. (21)
L I S P ]
n —= n(]_—A) n» n n »Vn

_ # _ #_ #
(1—A)”(I D)y — A=)l #, — 7|

Y n
— "N (ic — ) (T — K tn, $1 — Pub?))
cn(1—A) ;

1

— o=y P2 (M) IIPD (Anr) =P (Au) |

y
AT Pl - -

a (@=ryr, 7 -7

1-2A)
Hence, from proposition Proposition 5 (iii)

#
% 0, ”/\"_/\H” —OandVieN, £, — K4, — 0, asn — oo.

15‘ is the weak cluster p01nt of the sequence {#7}

ie g — 15‘ to show that # is also strong cluster point, i.e. 7 — 15‘

From, Proposition 3 since the sequence {#7} is bounded, thus there is a subsequence {7 _} of {##} such that
converges to "€ D.

Also, have Vi e N, 7 — K 7 — 0, asn — oo.

Thus #" € F(X), by condition (DS)

Therefore, Vr# € N> F(K,)

On =

((I - F)#n%’ 4’#>
< M< s B — ¢#> _ m <(1 — P, ﬁ; _ ,,~#>
Snse Snae
~ Vns 1
Z (i1 — s (T = KD tnse, B — Procki)) — oM —PD (Anse) 11 A1 = Ansel

— 1A -T)fF, — A -t llll #1, — )
— Yo l8E, = Pudi NN 2, — 7 |

< Qoo Ve gy Q) Yy gk g

Snse Snse
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Y nse
Snae

— A=), —a-m)F g, -7

# # # #
- Yn ”#n% - ‘{Pfl%ﬁn%”” #n% -7 ”

nic 1
Z (gifl - §1)((I - Ki)tn%v fu - :Pn%#z;)) - g_”/\n% - PD (/\n;«r) ””/\nzfl - /\n%”

i=1 n

when » — oo,
(-84 —+") < —o(U-P)r"* "= ), Vr € N, F(Kn),

But the VIP in Eq. (13) has the unique solution, then w, (#7) = {1~§}.
Hence every weaAlf cluster point of the sequence {#7} is also strong cluster point.
Then, lim §7 = #, i.e. § — #.

n—oo

In Theorem 1, if P, is a self mapping of © into itself. Then the next result is obtained.

Corollary 1: Assume that E be real Hilbert space and ¢ # © C E where D is closed and convex. Also, let T : © —

E be be a A-contraction, J = {Kn}>2, : D — D be a sequence of almost mean nonexpansive mappings such that

F(J) # 9, and X : © — D be a mapping defined by K$* = lim K%, V§* € D. Assume that F(K) = N2, F (K ).
n—oo

Assume that P, : © — D be a sequence of nonexpansive mappings, and P : © — © be a nonexpansive mapping such
that lim Puf* = P§*, V§* € D. For arbitrary % € D, define a sequence {#7} by
— 00

th = (1 - Yn)#f + Ynfpn#f,

- (22)
fri1 = PD [gnl“ (t)+ Y (si1— 9)%%} ,neN
i=1

where ¢o = 1, {Yy}, {ca} are sequences in (0, 1) holding the same conditions of the sequence {7} defined by
Eq. (4). Then {ﬁ } converges strongly to #° e N2 F(HKp).
The next corollary is obtained from the result of (?>°, Theorem 3.4).

Corollary 2: Let © be a nonempty closed convex subset of a real Hilbert space E. Assume that ' : © — E be

be a A-contraction, and J = {Kn}\_; : © — D be a nonexpansive mappings such that F(J) # #, and X : © — D

be a mapping defined by K#* = lim Kn$", V§* € . Assume that F(K) = N2, F(K,), and P : D — D be a
n—oo

nonexpansive mapping. For arbitrary #§ € D, define a sequence {#%} by

th = (1 - Yn)’fﬁ‘i‘yn?#ﬁ,

(23)
$E L =PD [l (£n) + (1 — Gn) Kntnl , n €N

where {Y,}, {cn} are asequence in (0, 1) holding the conditions of the Theorem 1. Then {#7} converges strongly
to £ e NX; F(Kn).
Once more, the next corollary is obtained from the result of (*®, Theorem 3.1).

Corollary 3: Assume that E be real Hilbert space and ) # © C E where D is closed and convex. Also, let T :

© — E be be a A-contraction. Suppose that J = {Kn}o2, : © — D be a sequence of uniformly continuous nearly

nonexpansive mappings which in F(J) # ?. Let K : ® — © be a mapping defined by K#* = lim K.4*,V§ € D.
n—oo

Assume that F(X) = N2, F(Ky). Let P, : D — D be a sequence of nonexpansive mappings, P : 0 — D be a
nonexpansive mapping such that lim P, = P#*, v§* € D.
n—oo
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For arbitrary #7 € ©, define a sequence {7} by

tn= (1~ Yo)F: + YnPufl,

. (24)
#rf—kl =PD |:§nF (ﬁ:) + Z(S‘ifl - §i)7citn:| ,neN

i=1

where {Y,} isasequencein (0, 1), ¢o = 1, and {¢,} is a strictly decreasing sequence in (0, 1) hold the conditions
of the Theorem 1. Then {7} converges strongly to #" € N, F(Ky).
We relax the result of Theorem 1 as following:

Theorem 2: Let © be a nonempty closed convex subset of a real Hilbert space E. Let I': © — E be be a A

-contraction, and J = {K,}32; : © — D be a sequence of almost mean nonexpansive mappings such that F(J) #

@. Let K : © — D be a mapping defined by K#* = lim K,$”, V§ € D. Assume that F(K) =N, F(HK,). Let
n—oo

Pn:® — E be a sequence of nonexpansive mappings. Suppose that P : © — & be a nonexpansive mapping such
thatlim P.$* = P#*, V§* € D, for arbitrary #} € D, define a sequence {#7} by

n—oo
tn =PD[(1 = Yu) Fy + YuPubr ],

# ¢ (25)
Fi1 =PD | cal )+ Y (i1 — ) Kitn |, neN
i=1
where ¢o =1, {Y}, { ¢n} are sequences in (0, 1) holding the next conditions:

(E1) nlingo sn=0, Z?zil Sn = OC;
(E2) lim Yn —Q;
n—oo Sn

(E3) Y ni (sn1—Sn) <00, Yp2i[Yno1— Yal < o0
Then {7} converges strongly to #" ¢ N, F(¥,) is the unique solution of the VIP

({-D)#" #°—r*) =0, Vr* e N2 F (). (26)

Proof: It’s evidenced in®’ the VIP has unique solution.

By a similar controversy of Theorem 1, we can inference that {7 } bounded, ||#7 , — #/ || — 0, and lim ||#} —
n—oo

Kifi| — 0,asn — oc.
Now, to prove that lim sup(T' () —#% 4% — #) <0,
n—oo

Hence {#7} bounded, we can choose a subsequence {7 _} of {§*} s.t #*_ — # and

lim sup(" (§) — 747, — $) = lim (" (§) — 747 — $)

§e F(Kn), ¥Yn=1, ie. that § € N, F(K,), from Proposition 3 and im || — Kiffall — O,

Then, lim (I (§) ~ 24, — $) = GI—§"F~ $) <0.
By Lemma 1

(PD (An) — dn, PD (An) —#7) <0
Also,

n n
> (i1 — s (Kitn — 7 pE L — ) < (6o — ) 1Kt — P 1B — 77
i=1 i=1

n
< Y (51 = ) yalltn = 7711 + Salltn — K * 11185, — 7
i=1
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n
<Y (i1 — )t — 7l Iy — 7l
i=1

= — ) ltn— 7" 1851 — 7

<A - IFE =77 IFE, — 771+ (U = ) YalPabl — | 145, — +7 27)
Therefore,

I#7.0 — %12 = (PD (An) — dn, PD (An) — %) + (An — 7 $1, — r7)
< {An— 7 1 — ”ﬂ#>
=l () =T (") g — )+ a0 (7)) =" g1 —77)

n
+ Z (Gic1 — ) (Kitn — 7 1 — ")
i=1

< a0 — I — 71+ (U (7)) =% $E 0 — %)+ = ) 18E — P11 — 7
+ (= o) YalPufy — ¥ 5y — 7|

=[1— @ —MIFE = IE — 71+ [ = ) A+ A Y] 1PuBf — 7 117 — 77l
+on(l (") =7 $1q —77)

1-c(1—A)
<= — "I+ IF — I + [ = 6) Yn + Aca Yl 1Pnfh — +7 ||

- 2
< 7 =7 N+ (U () = 7%, f70 =77 (28)
1—c,(1-A)
[1 - %] 1870 =712
1-a(1-4)
= ——5——liga =" 1P]+ 1A = ) Yo+ AcaYal 1Py — 77 g0 =77

+on(l (#7) =7 $10 — 1)
2(1—-AMN)cn :| ||’ﬁf —4"'#”2 n 21 —cp) Yn+ AcnYnl

_[ C1+Q0-AMg

B A et #
1Pnfn — 7" lfni — 77|l

1+(1-Aén
+ ﬁgn@ () —4’”#’#::1 _¢#>
= g s R e et )
+ (11\_5—';3)"91”?,1#,? — 7 fp — 71+ a-n (C () —r" $11 - 4”#>}
Suppose that A,= fﬁf—fl\)f;,
oo = 12+(1(1__AX)§; { ((11 __gA; Z 1Puf? — Iy — 71+ aj‘f—[j)g 1Puf? — 111 — 77
b T ) = =) o=



2336 BAGHDAD SCIENCE JOURNAL 2025;22(7):2321-2339

. (1—236n)Yn # # # # YnénA # # # #
1 o) Tnyp p# L — _non wp p# e —r
lim sup{ TS P = s =7+ R P — I —
1
(1 _ A) (F (4”#) - ’I’“#, #zll - /rV#)} = 0’

. o) _ . 2(1—A)sn
Since, ) "~ ; ¢n = 00; and ﬁ > (1 - A,
Yorlion=0; lim .o sup - =0, and

Thus, by Lemma 3, lim .o, [|#7 — ##| = 0.
Remark 1: In Eq. (4), if ' = 0, then f—ff — 7 = Pr0. Thus, it follows from Eq. (26)

(# 4" —r") <0,V $ e FKy)

ie 1% < (#° ”r*#) <1F N0, ¥ r e F(XKn)
There’refore, #"is the unique solution of the quadratic minimization problem

~ . 2
= argmin ||77||~.
#"=argmin 7|

Conclusion

The effect of this work betokens that the two iterative schemes satisfying some appropriate conditions have
a hierarchically common fixed point. Also the sequence {##} is asymptotic regularity and demiclosedness
principle which gives us strong convergence results for two iterative schemes of sequences of almost mean
nonexpansive mappings, and it has been indicated that the sequence of nonexpansive mappings is a sequence of
almost mean nonexpansive. Through this work when the parameter conditions are relaxed in Theorem 1, other
strong convergence results are found which also solutions of (HFPP). The solution of an iterative scheme by the
hierarchically a common fixed point by showing the conditions referred to above warranting the convergence
of the manner.
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