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RESEARCH ARTICLE

Solving Hierarchical Variational Inequality for
Almost Mean Nonexpansive Mappings

Noor Saddam Taresh *, Salwa Salman Abed

Department of Mathematics, College of Education, Ibn Al-Haitham, University of Baghdad, Baghdad, Iraq

ABSTRACT

A clear common method in solving some types of nonlinear problems is to exchange the original problem with a
collection of regularized problems and all these regularized problems have exactly one solution. A particular solution of
the original problem will be obtained as a limit of these unique solutions of the regularized problems. This idea is used
to provide a method for the hierarchical fixed point approach to solving variational inequality problems (VIPs). In this
work, we intend to study two new iterative schemes by examining their strong convergence to a common fixed point
for mappings defined for a nonempty closed and convex D subset of a real Hilbert space 4. These iterative schemes
are constructed for sequences of almost mean nonexpansive mappings and nonexpansive mappings under some control
conditions. Firstly, strong convergence results are established for two iterative schemes for three mappings: the first
0: D→ 4 is a contraction mapping, the second Pn: D → 4 is a sequence of nonexpansive mappings, and the third
Kn: D → D is a sequence of almost mean nonexpansive mappings. Secondly, when the constraints on parameters of
two iterative schemes are relaxed, this yields other strong convergence results which also are solutions of hierarchical
fixed point problem (HFPP). Finally, a solution of the quadratic minimization problem is found as a special case and this
convergence is unique. Our results contain the former studies as particular statuses, and can be seen as a rededication
and amelioration of many corresponding familiar results of hierarchical variational inequality problems (HVIP).

Keywords: Contraction mapping, Hierarchical variational inequality, Real hilbert space, Sequence of nonexpansive map-
pings, Strong convergence

Introduction

The well-known variational inequality problem (VIP) is produced from the manner of nonlinear programming
and mathematical physics. It has huge applications in several domains, such as, engineering, mechanics,
physics, control theory, economic decision, and others. It is a system of partial differential equations. It was
first introduced by Stampacchia1 in 1964 for modeling in the mechanics problem and it is defined in below in
Eq. (1).

There are many sorts of VIPs2–5 have been generalized, developed, and extended in many different techniques
over time.6–9

Consider a real Hilbert space 4, with inner product and norm denoted by 〈., .〉 and ‖ · ‖, respectively.
Assume that D closed and convex and ∅ 6= D ⊆ 4. A mapping K : D→ 4 is said to be

i. Strongly monotone10,11 if there exists a constant τ > 0 which in

〈
Kf#

−Kt, f#
− t

〉
≥ τ ‖f#

− t‖2, ∀ f#, t ∈ D,

Received 13 December 2023; revised 14 July 2024; accepted 16 July 2024.
Available online 18 July 2025

* Corresponding author.
E-mail addresses: nour.saddam1103a@ihcoedu.uobaghdad.edu.iq (N. S. Taresh), Salwa.s.a@ihcoedu.uobaghdad.edu.iq (S. S. Abed).

https://doi.org/10.21123/2411-7986.4999
2411-7986/© 2025 The Author(s). Published by College of Science for Women, University of Baghdad. This is an open-access article distributed under the terms of
the Creative Commons Attribution 4.0 International License, which permits unrestricted use, distribution, and reproduction in any medium, provided the original work
is properly cited.

https://orcid.org/0009-0000-9024-2975
https://orcid.org/0000-0002-0581-253X
mailto:nour.saddam1103a@ihcoedu.uobaghdad.edu.iq
mailto:Salwa.s.a@ihcoedu.uobaghdad.edu.iq
https://doi.org/10.21123/2411-7986.4999
https://creativecommons.org/licenses/by/4.0/


2322 BAGHDAD SCIENCE JOURNAL 2025;22(7):2321–2339

ii. Monotone10 if〈
Kf#

−Kt, f#
− t

〉
≥ 0, ∀ f#, t ∈ D,

iii. Contraction12 if there exists a constant 3 ∈ (0, 1) such that

‖Kf#
−Kt‖ ≤ 3 ‖f#

− t‖, ∀ f#, t ∈ D,

iv. Nonexpansive12 if

‖Kf#
−Kt‖ ≤ ‖f#

− t‖, ∀ f#, t ∈ D,

v. Mean nonexpansive13 if ∀f, t ∈ D

‖Kf#
−Kt‖ ≤ γ ‖f#

− t‖ + δ‖f−Kt‖, γ , δ ≥ 0, γ + δ ≤ 1,∀ f#, t ∈ D.

The Authors studied, developed and proved many results about above mappings.14–16

Let B(D) denotes of the collection of all bounded subsets of D. Let K1, K2 : D→ 4 be two mappings. The
deviation between K1, K2 on B ∈ B(D)17 denoted by ‖K1 −K2‖∞,B, it is defined by

‖K1 −K2‖∞,B = sup
{
‖K1

(
f#)
−K2

(
f#)
‖ : f#

∈ B
}

It is famous that the mapping (I −K) is monotone, if K is a nonexpansive mapping.
If there exists a point f#

∈ D such that f#
= K f#, then f# is called be fixed point of K. It is well famous

that ℱ(K) is closed and convex if K is nonexpansive. There are many Authors studied a fixed point as,18,19 also
many applications and related papers for this field such as.20,21

A VIP in a real Hilbert space 4 is finding a point fˆ∈ D such that〈
Kf ,̂ f#

− fˆ
〉
≥ 0,∀ f#

∈ D, (1)

where K is a nonlinear mapping. The set of solution of Eq. (1) denote by VI(D, K), that is

VI (D, K) = {〈Kf ,̂ t− fˆ 〉 ≥ 0, ∀ t ∈ D})

It is well-known that the VIP in Eq. (1) is equivalent to the fixed point equation

fˆ= PD ((I − µK)f )̂ (2)

where µ > 0 and PD is the metric projection of 4 onto D which assigns, to each f#
∈ 4, the unique point in

D, denoted PD (f#), such that

‖f#
− PD (f) ‖ = inf

{
‖f#
− t‖ : ∀t ∈ D

}
So, fixed point algorithms can be utilized to disband VIPs. It is noticed that PD : D→ 4 is a nonexpansive

and monotone mapping from 4 onto D (see22 for another properties of projection operators).
The next problem is denominate a hierarchical fixed point problem: Find f#

∈ ℱ(K) which in〈
fˆ− Pf ,̂ f#

− fˆ
〉
≥ 0, ∀f#

∈ ℱ (K) . (3)

where P : D→ 4 be a mapping. The hierarchical fixed point approach was however introduced recently
(see23). It’s generalized and developed by several Authors as.24,25

In the literature there are several papers in which iterative methods for solving Eq. (1):
In26 Moudafi proved a weak convergence’s result for nonexpansive mappings.
On the other side, Yao et al.27 show that converges strongly to unique solution of VIP for contraction

mapping to dilate the range by using the metric projection, nonexpansive mapping, and a countable family
of nonexpansive mappings.
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Also, Sahu and Kang28 proved strongly convergence’s results for unique solution of VIP for contraction
mapping, sequence of nonexpansive mappings, and a sequence of nearly nonexpansive mappings.

Dadashi and Amjadi29 introduced strongly convergence’s result for contraction mapping, and two sequence
of nonexpansive mappings to find solution of VIP.

Throughout this paper, we studied the hierarchical VIP via the set of fixed points of a mapping and proved
it is convergence and uniqueness of the following two schemes of sequences with general condition:

tn = PD
[
(1−gn)f#

+gnPnf#] , (4)

f#
n+1 = PD

[
ςn0 (tn)+

n∑
i=1

(ςi−1 − ςi)Kitn

]
, n ∈ ℕ

where ς0 = 1, {gn}, {ςn} are sequences in (0,1).
Our results generalize and motivated the results of26–29 and many other related works.

Now using the following symbols:
4 := real Hilbert space.
D := non-empty convex closed subset of 4.
(→) for a strong convergence.
(⇀) for a weak convergence.
ωw(f#

n ) = {f# : f#
ni ⇀ f#

} denotes the weak ω-limit set of {f#
n }.

I the identity mapping of 4.
fˆ is the unique solution of the VIP defined by Eq. (13).
ℱ(K) := the set of all fixed points of K.

In the following, recall the needed lemmas:

Lemma 1:30 If f#
∈ 4 and t ∈ D, then t = PD(f#) if and only if the next inequality satisfies:〈

f#
− t, i− t

〉
≤ 0, ∀ i ∈ D.

Lemma 2:31 Let 0 : D→ 4 be a 3-contraction mapping and K : D→ D be a nonexpansive mapping. Then,

(i) The mapping I − 0 is (1−3)−strongly monoton, i.e.〈
( I − 0)f#

− (I − 0) t,f#
− t

〉
≥ (1− 3) ‖ f#

− t‖2, ∀ f#, t ∈ D.

(ii) The mapping I −K is monotone, i.e.〈
(I −K)f#

− (I −K) t, f#
− t

〉
≥ 0, ∀ f#, t ∈ D.

Lemma 3:32 Let {kn} and {ℴn} be the sequences of nonnegative real numbers such that

kn+1 ≤ (1−1n)kn + εn + ℴn,∀ n ∈ ℕ,

where {1n} is a real number sequence in (0, 1) and {εn} is a real number sequence. Suppose that the next
conditions satisfy:

(i)
∑
∞

n=1 ℴn <∞;

(ii)
∑
∞

n=11n = ∞; and lim
n→∞

sup εn
1n
≤ 0.

Then, lim
n→∞

kn = 0.

Lemma 4:33 If fn ⇀ t ∈ 4, then for any
′

t ∈ 4, t 6=
′

t the following inequality holds

lim
n

in f‖fn
−
′

t ‖ > lim
n

in f‖fn
− t‖.
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Results and discussion

Assume that 4 be real Hilbert space and ∅ 6= D ⊆ 4 where D is closed and convex. Also, let 0: D→ 4 be a
3-contraction, J = {Kn}

∞

n=1: D→ D be a sequence of almost mean nonexpansive mappings which in ℱ(J) 6= ∅,
and K : D→ D be a mapping defined by Kf#

= lim
n→∞

Knf#, ∀f#
∈ D. Assume that ℱ(K) = ∩∞n=1ℱ(Kn). Sup-

pose that Pn : D→ 4 be a sequence of nonexpansive mappings, and P : D→ 4 be a nonexpansive mapping
such that lim

n→∞
Pnf#

= Pf#, ∀f ∈ D. For arbitrary f#
1 ∈ D, consider the sequence {f#

n } defined by Eq. (4) and
let recount some hypotheses which needs in:

(E1) lim
n→∞

ςn = 0,
∑
∞

n=1 ςn = ∞;

(E2) lim
n→∞

gn
ςn
= ϕ ε (0, ∞) ,gn ≤ σςn

(E3)
∑
∞

n=1 (ςn−1 − ςn) <∞,
∑
∞

n=1 |gn−1 −gn| <∞;

(E4) lim
n→∞

(|gn−1−gn|+(ςn−1−ςn))
gnςn

= 0;

(E5) there exists a constant ϒ > 0 such that 1
ςn
|

1
gn
−

1
gn−1
| ≤ ϒ;

(E6) either
∑
∞

n=1 ‖Pn+1 − Pn‖∞,B <∞ or lim
n→∞

‖Pn+1−Pn‖∞,B
ςn

= 0,∀B ∈ B(D),

Important new definitions and proposition are presented below:

Definition 1: A mapping K : D→ D is called almost mean nonexpansive if

‖Knf#
−Knt‖ ≤ γn‖f#

− t‖ + δn‖f#
−Knt‖, γn, δn ≥ 0, γn + δn ≤ 1, n ∈ ℕ.

Example 1: Let Kn : ℝ→ ℝ, define Kn(f#) by: (I) Kn(f#) = f#

7 +
1
2n

‖Knf#
−Knt‖ =

1
6

∥∥∥∥6
7

(
f#
+

1
2n

)
−

6
7

(
t+

1
2n

)∥∥∥∥ = 1
6

∥∥∥∥6
7
f#
−

6
7
t
∥∥∥∥

=
1
6

∥∥∥∥f#
−
f#

7
−

1
2n − t+

t
7
+

1
2n −

t
7
−

1
2n +

t
7
+

1
2n − f

#
+ f#

∥∥∥∥
≤

1
6
‖f#
− t‖ +

2
6
‖f#
−Knt‖ +

1
6
‖Knf#

−Knt‖

‖Knf#
−Knt‖ ≤

1
5
‖f#
− t‖ +

2
5
‖f#
−Knt‖

(II) Kn(f#) = 1

‖Knf#
−Knt‖ = ‖1− 1‖ = 0

≤

∥∥∥∥f#

8
+

7
8
f#
−
t
8
−

7
8

∥∥∥∥
≤

1
8
‖f#
− t‖ +

7
8
‖f#
− 1‖

‖Knf#
−Knt‖ ≤

1
8
‖f#
− t‖ +

7
8
‖f#
−Knt‖

Definition 2: Let {Kn}: D→ D be a sequence of mappings. Then the sequence {Kn} is denominated a
sequence of almost mean nonexpansive mappings if

‖Knf#
−Knt‖ ≤ γn‖f#

− t‖ + δn‖f#
−Knt‖, γn, δn ≥ 0, γn + δn ≤ 1, n ∈ ℕ.
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Definition 3: Let J = {Kn}
∞

n=1: D→ D be a sequence of almost mean nonexpansive mappings such that
∩
∞

n=1 ℱ(Kn) 6= φ. Let K: D→ D be a mapping such that Kf#
= lim

n→∞
Knf#,∀f#

∈ D with ℱ(K) = ∩∞n=1ℱ(Kn).

Then {Kn} is called hold condition (DS) if for each sequence {f#
n } in D with f#

n ⇀ w and f#
n −Kif#

n → 0,∀i ∈ ℕ,
yield to w ∈ ℱ(K).

It is plain to see that the sequence of nonexpansive mappings is a sequence of almost mean nonexpansive,
but the converse is not hold.

Example 2: Let D = [0, 1], Kn : D→ D, defined by

Kn =
f#

5
+

1
√

n
, i f f#

∈

[
0,1/2

)
, 5 ≤ n <∞

and

Kn =
f#

6
+

1
√

n
, i f f#

∈

[
1/2,1

]
, 1 < n < 5.

Then Kn is discontinuous at f#
= 1/2, so, Kn is not sequence of nonexpansive mapping. Now, let’s prove that Kn is

sequence of almost mean nonexpansive.

Case 1: f#, t ∈ [0,1/2)

‖Knf#
−Knt‖ =

1
4

∥∥∥∥4
5

(
f#
+

1
√

n

)
−

4
5

(
t+

1
√

n

)∥∥∥∥ = 1
4

∥∥∥∥4
5
f#
−

4
5
t
∥∥∥∥

=
1
4

∥∥∥∥f#
−
f#

5
−

1
√

n
− t+

t
5
+

1
√

n
−
t
5
−

1
√

n
+
t
5
+

1
√

n
− f#

+ f#
∥∥∥∥

≤
1
4
‖f#
− t‖ +

1
2
‖f#
−Knt‖ +

1
4
‖Knf#

−Knt‖

‖Knf#
−Knt‖ ≤

1
3
‖f#
− t‖ +

2
3
‖f#
−Knt‖

Case 2: If f ∈ [0,1/2) and t ∈ [1/2,1],

‖Knf#
−Knt‖ =

∥∥∥∥f#

5
+

1
√

n
−
t
6
−

1
√

n

∥∥∥∥ = ∥∥∥∥f#

5
−
Knf#

5
+
Knf#

5
−
Knt

5
+
Knt

5
−
t
6

∥∥∥∥
≤

2
5
‖f#
−Knt‖ +

2
5
‖Knt−Knf#

‖ +
1
5
‖t− f#

‖

‖Knf#
−Knt‖ ≤

1
3
‖f#
− t‖ +

2
3
‖f#
−Knt‖

Case 3: If t ∈ [0,1/2) and f#
∈ [1/2,1], then the proof by the same way of case 2

‖Knf#
−Knt‖ ≤

2
5
‖f#
−Knt‖ +

2
5
‖Knt−Knf#

‖ +
1
5
‖t− f#

‖

≤
1
3
‖f#
− t‖ +

2
3
‖f#
−Knt‖
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Case 4: if f#, t ∈ [1/2,1], then the proof by the same way of case 1

‖Knf#
−Knt‖ ≤

1
4
‖f#
− t‖ +

1
2
‖f#
−Knt‖ +

1
4
‖Knf#

−Knt‖

≤
1
3
‖f#
− t‖ +

2
3
‖f#
−Knt‖

So, γn =
1
3 , δn =

2
3γn

Proposition 1: Assume that 4 be real Hilbert space and ∅ 6= D ⊆ 4 where D is closed and convex. Suppose
that {Kn}

∞

n=1 : D→ D be a sequence of almost mean nonexpansive mappings such that ∩∞n=1 ℱ(Kn) 6= φ. Then

〈(I −Kn)f#
− (I −Kn)t, f#

− t〉 ≥ 0, ∀ f#, t ∈ D and n ∈ ℕ.

Proof: Let f#, t#
∈ D and r#

∈ ∩
∞

n=1 ℱ(Kn)

〈
(I −Kn)f#

− (I −Kn) t,f#
− t

〉
= ‖f#

− t‖2 −
〈
Knf#

−Knt,f#
− t

〉
≥ ‖f#

− t‖2 − ‖Knf#
−Knt‖‖f#

− t‖ (5)

‖Knf#
−Knt‖ ≤ γn‖f#

− t‖ + δn‖f#
−Knt‖

≤ γn‖f#
− t‖ + δn

[
‖f#
− r#

‖ −
(
γn‖t− r#

‖ + δn‖t− r#
‖
)]

≤ γn‖f#
− t‖ + δn

[
‖f#
− r#

‖ − ‖t− r#
‖
]

≤ ‖f#
− t‖ (6)

Putting Eq. (6) into Eq. (5),〈
(I −Kn)f#

− (I −Kn) t, f#
− t

〉
≥ ‖f#

− t‖2 − ‖f#
− t‖‖f#

− t‖ ≥ 0.

Proposition 2: Let J = {Kn}
∞

n=1 : 4→ 4 be a sequence almost mean nonexpansive mappings such that
ℱ(J) 6= ∅, and t ∈ 4 be a cluster point of a sequence {f#

n }
∞

n=0. If ‖Knf#
n − f#

n ‖ → 0, ∀n ∈ ℕ, then t ∈ ℱ(J).

Proof: Let {f#
nκ}
∞

n=0 be a subsequence of {f#
n }
∞

n=0 s.t f#
nκ ⇀ t and ‖Knf#

n − f#
n ‖ → 0.

Assume that Knt 6= t. By definition of a sequences of almost mean nonexpansive

γn‖f#
nκ − t‖ + δn‖f

#
nκ −Knt‖ ≥ ‖Knf#

nκ −Knt‖

γn‖f#
nκ − t‖ + δn‖f

#
nκ −Knt‖

≥ γn‖f#
nκ − t‖ + δn

[
‖f#

nκ −Knr#
‖ − ‖Knt−Knr#

‖
]

≥ γn‖f#
nκ − t‖ + δn[‖f#

nκ − r
#
‖ −

(
γn‖t− r#

‖ + δn‖t−Knr#
‖
)
]

≥ γn‖f#
nκ − t‖ + δn

[
‖f#

nκ − r
#
‖ − ‖t− r#

‖
]

≥ γn‖f#
nκ − t‖ + δn

[∣∣ ‖f#
nκ − r

#
‖ − ‖t− r#

‖
∣∣]

≥ γn‖fnf#
nκκ − t‖ + δn‖f#

nκ − t‖

≥ ‖f#
nκ − t‖ ≥
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Thus

‖f#
nκ − t‖ ≥ ‖Knf#

nκ −Knt‖

But by Lemma 4 and triangle inequality, implies that

lim
n

in f‖f#
nκ − t‖ ≥ lim

n
in f‖Knf#

nκ −Knt‖.

= lim
n

in f‖Knf#
nκ − f

#
nκ + f

#
nκ −Knt‖

≥ lim
n

in f
(
‖f#

nκ −Knt‖ − ‖Knf#
nκ − f

#
nκ‖

)
= lim

n
in f‖f#

nκ −Knt‖

> lim
n

in f‖f#
nκ − t‖

A contradiction proves, so t ∈ ℱ(J).

Proposition 3: Assume that (E1)− (E2) holding, then {f#
n } defined by Eq. (4) is bounded.

Proof: From Eq. (4)

‖tn − r#
‖ = ‖PD

[
(1−gn)f#

n +gnPnf#
n
]
− PD

(
r#)
‖

≤ ‖
[
(1−gn)f#

n +gnPnf#
n
]
− r#

‖

≤ (1−gn) ‖f#
n − r

#
‖ +gn

(
‖Pnf#

n − Pnr#
‖ + ‖Pnr− r#

‖
)

≤ ‖f#
n − r

#
‖ +gn‖Pnr− r#

‖

It follows that

‖f#
n+1 − r

#
‖ =

∥∥∥∥∥PD
[
ςn0 (tn)+

n∑
i=1

(ςi−1 − ςi)Kitn

]
− PD

(
r#)∥∥∥∥∥

≤

∥∥∥∥∥
[
ςn0 (tn)+

n∑
i=1

(ςi−1 − ςi)Kitn

]
− r#

∥∥∥∥∥
≤ ςn

(
‖0 (tn)− 0

(
r#)
‖ + ‖0

(
r#)
− r#

‖
)
+

n∑
i=1

(ςi−1 − ςi) ‖Kitn −Kir#
‖

≤ ςn
(
3‖tn − r#

‖ + ‖0
(
r#)
− r#

‖
)
+ (1− ςn) ‖tn − r#

‖

≤ ςn
(
3‖f#

n − r
#
‖ +gn3‖Pnr#

− r#
‖ + ‖0

(
r#)
− r#

‖
)

+ (1− ςn)
(
‖f#

n − r
#
‖ +gn‖Pnr#

− r#
‖
)

≤ [1− ςn (1−3)] ‖f#
n − r

#
‖ + ςn‖0

(
r#)
− r#

‖ +gn (1+ ςn3) ‖Pnr#
− r#

‖

Since lim
n→∞

gn
ςn
= ϕ ∈ (0, ∞), and there is a constant W > 0, s.t.

ςn‖0
(
r#)
− r#

‖ +gn (1+ ςn3) ‖Pnr#
− r#

‖

ςn
≤W,∀n ∈ ℕ.

Thus,

‖f#
n+1 − r

#
‖ ≤ [1− ςn (1−3)] ‖f#

n − r
#
‖ + ςnW

≤ max
{
‖f#

n − r
#
‖,

W
1−3

}
∀n ∈ ℕ
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Hence {f#
n } is bounded. So {0(f#

n )}, {tn}, {Kif#
n }, and {Kitn} are bounded.

Proposition 4: Suppose that the hypothesis (E1) and (E6) holding. Then

‖f#
n+1 − f#

n ‖ → 0, as n→∞.

Proof: Set zn:= ςn0(tn)+
n∑

i=1
(ςi−1 − ςi)Kitn, ∀n ∈ ℕ.

and ℛ := supn>1{‖0(tn−1)‖ + ‖Kntn−1‖ + ‖Pn−1f#
n−1‖ + ‖f#

n−1‖}

From Eq. (4), yields

‖f#
n+1 − f

#
n ‖ = ‖PD

(
zn
)
− PD

(
zn−1

)
‖ ≤ ‖zn − zn−1‖

=

∥∥∥∥∥ςn0 (tn)+
n∑

i=1

(ςi−1 − ςi)Kitn −

[
ςn−10 (tn−1)+

n∑
i=1

(ςi−1 − ςi)Kitn−1

]

+ ςn0 (tn−1)− ςn0 (tn−1)

∥∥∥∥∥
≤ ςn‖0 (tn)− 0 (tn−1) ‖ + (ςn−1 − ςn) (‖0 (tn−1) ‖ + ‖Kntn−1‖)+

n∑
i=1

(ςi−1 − ςi) ‖Kitn −Kitn−1‖

≤ ςn‖0 (tn)− 0 (tn−1) ‖ + (ςn−1 − ςn) (‖0 (tn−1) ‖ + ‖Kntn−1‖)

+

n∑
i=1

(ςi−1 − ςi) (γn‖tn − tn−1‖ + δn‖tn −Kitn−1‖)

≤ ςn3‖tn − tn−1‖ + (ςn−1 − ςn)ℛ+ (1− ςn) ‖tn − tn−1‖

= [1− ςn (1−3)] ‖tn − tn−1‖ + (ςn−1 − ςn)ℛ (7)

Set B := {fn}

From Eq. (4)

‖tn − tn−1‖ =
∥∥(1− gn)f#

n + gnPnf#
n −

[
(1− gn−1)f#

n−1 +gn−1Pn−1f#
n−1
]∥∥

≤ (1− gn) ‖f#
n − f

#
n−1‖ + |gn−1 −gn | ‖f#

n−1 + Pn−1f#
n−1‖ + gn‖f#

n − f
#
n−1‖ + gn‖Pn − Pn−1‖∞,B

= ‖f#
n − f

#
n−1‖ + |gn−1 −gn |ℛ+gn‖Pn − Pn−1‖∞,B (8)

Putting Eq. (8) into Eq. (7), and then use (E1), (E3), (E6), and by Lemma 3 to get the following:

‖f#
n+1 − f

#
n ‖ ≤ ‖zn − zn−1‖

≤ [1− ςn (1−3)]
[
‖f#

n − f
#
n−1‖ + |gn−1 −gn |ℛ+gn‖Pn − Pn−1‖∞,B

]
+ (ςn−1 − ςn)ℛ

≤ [1− ςn (1−3)] ‖f#
n − f

#
n−1‖ + [|gn−1 −gn | + (ςn−1 − ςn)]ℛ+gn‖Pn − Pn−1‖∞,B (9)

Thus,

lim
n→∞
‖f#

n+1 − f
#
n ‖ = 0, (10)

Proposition 5: Assume that (E1), (E2), (E4) and (E6) holding. Then:

i. lim
n→∞
‖f#

n −Kif#
n ‖ = 0,

ii. ‖tn −Kitn‖ → 0, as n→∞, ∀i ∈ ℕ,
iii. lim

n→∞

‖f#
n+1−f

#
n ‖

gn
= 0 and lim

n→∞
‖zn−zn−1‖

gn
=
‖zn−zn−1‖

ςn
= 0,

iv. ‖tn − 0(tn)‖ ≤ ‖f#
n − 0(f#

n )‖. when n→∞.
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Proof for (i):

‖f#
n −Kif#

n ‖ ≤ ‖f
#
n − f

#
n+1 ‖ + ‖f

#
n+1 −Kif#

n ‖

≤ ‖f#
n − f

#
n+1 ‖ + ςn‖0 (tn)−Kif#

n ‖ +

n∑
i=1

(ςi−1 − ςi) ‖Kitn −Kif#
n ‖

≤ ‖f#
n − f

#
n+1 ‖ + ςn‖0 (tn)−Kif#

n ‖ + (1− ςn)
[
γn‖tn − f#

n ‖ + δn‖tn −Kif#
n ‖
]

Thus

‖f#
n −Kif#

n ‖ ≤
1

(1− (1− ςn) δn (1−gn))
[
‖f#

n − f
#
n+1 ‖ + ςn‖0 (tn)−Kif#

n ‖

+ (1− ςn)
[
γngn‖Pnf#

n − f
#
n ‖ + δngn‖Pnf#

n −Kif#
n ‖
]]

By (E1), (E2), and Eq. (10) it follows that gn → 0, as n→∞, lim
n→∞
‖f#

n −Kif#
n ‖ = 0, ∀i ∈ ℕ.

Proof for (ii): gn → 0 as n→∞, by lim
n→∞

gn
ςn
= ϕ ∈ (0, ∞), and condition (E1).

‖tn − f#
n ‖ = gn‖Pnf#

n − f
#
n ‖ → 0 as n→∞. (11)

From Eqs. (10) and (11)

‖tn −Kitn‖ ≤ ‖tn − f#
n ‖ + ‖f

#
n − f

#
n+1 ‖ + ‖f

#
n+1 −Kitn‖

≤ ‖tn − f#
n ‖ + ‖f

#
n − f

#
n+1 ‖ + ςn‖0 (tn)−Kitn‖ + (1− ςn) ‖Kitn −Kitn‖ → 0,

as n→∞, ∀i ∈ ℕ.
Proof for (iii): From Eq. (9)

‖f#
n+1 − f#

n ‖

gn
=
‖PD(zn)− PD(zn−1)‖

gn
≤
‖zn − zn−1‖

gn

≤ [1− ςn (1−3)]
‖f#

n − f#
n−1‖

gn
+

[
|gn−1 −gn |

gn
+

(ςn−1 − ςn)
gn

+

]
ℛ+ ‖Pn − Pn−1‖∞,B

= [1− ςn (1−3)]
‖f#

n − f#
n−1‖

gn−1
+ [1− ςn (1−3)]

(
‖f#

n − f#
n−1‖

gn
−
‖f#

n − f#
n−1‖

gn−1

)

+

[
|gn−1 −gn |

gn
+

(ςn−1 − ςn)
gn

]
ℛ+ ‖Pn − Pn−1‖∞,B (12)

Hence

(1− ςn (1−3))
(

1
gn
−

1
gn−1

)
≤ ςn

1
ςn

∣∣∣∣ 1
gn
−

1
gn−1

∣∣∣∣ ≤ ςnϒ

Let un = ςn(1−3)

vn = ςnϒ ‖f#
n − f

#
n−1‖ +

[
|gn−1 −gn |

gn
+

(ςn−1 − ςn)
gn

]
ℛ,

ℯn = ‖Pn − Pn−1‖∞,B
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By Eq. (12)

‖f#
n+1 − f#

n ‖

gn
≤
‖zn − zn−1‖

gn

≤ (1− ςn (1−3))
‖f#

n − f#
n−1‖

gn−1
+ ςnϒ‖f#

n − f
#
n−1‖ +

[
|gn−1 −gn |

gn
+

(ςn−1 − ςn)
gn

]
ℛ+ ‖Pn − Pn−1‖∞,B

≤ (1− ςn (1−3))
‖zn−1 − zn−2‖

gn−1
+ ςnϒ‖f#

n − f
#
n−1‖ +

[
|gn−1 −gn |

gn
+

(ςn−1 − ςn)
gn

]
ℛ+ ‖Pn − Pn−1‖∞,B

≤ (1− un)
‖zn−1 − zn−2‖

gn−1
+ vn + ℯn

By conditions (E1), (E4), (E6) and by applying Lemma 3 lim
n→∞

‖f#
n+1−f

#
n ‖

gn
= 0, and lim

n→∞
‖zn−zn−1‖

gn
=

‖zn−zn−1‖
ςn

= 0.
Proof for (iv): gn → 0 as n→∞, by lim

n→∞
gn
ςn
= ϕ ∈ (0, ∞), and condition (E1).

‖f#
n − tn‖ = gn‖f#

n − Pnf#
n ‖ → 0 as n→∞.

‖tn − 0(tn)‖ ≤ ‖tn − 0(f#
n )‖ + ‖0(f#

n )− 0(tn)‖

= ‖f#
n − 0(f#

n )‖ −gn‖f#
n − 0(f#

n )‖ +gn‖Pnf#
n − 0(f#

n )‖ +3gn‖f#
n − Pnf#

n ‖

= ‖f#
n − 0(f#

n )‖, when n→∞.

Theorem 1: Let (E1)− (E6) are holding. Then f#
n → f ,̂ as n→∞ where {f#

n } is defined by Eq. (4) and fˆ∈
∩
∞

n=1ℱ(Kn) is the unique solution of the VIP defined by〈
1
ϕ

(I − 0) fˆ+ (I − P)f ,̂f− fˆ
〉
≥ 0, ∀ f ∈ ∩∞n=1 ℱ (Kn) . (13)

Proof: It’s evidenced in27 the VIP has unique solution.
Now, to prove the convergence
For any r#ε ∩∞n=1 ℱ(Kn), computing 〈ℴn, f#

n − r#
〉

where ℴn := ‖f
#
n−f#

n+1‖

(1−ςn)gn
and dn = ςn0(f#

n )+
∑n

i=1(ςi−1 − ςi)Kitn, ∀n ∈ ℕ.
Then, By Eq. (4)

fn+1 = PD
(
zn
)
− zn + zn + (1− ςn) tn −

n∑
i=1

(ςi−1 − ςi) tn

= PD
(
zn
)
− zn + ςn0 (tn)+

n∑
i=1

(ςi−1 − ςi) (Kitn − tn)+ (1− ςn) tn

This yields that

f#
n − f

#
n+1 = f

#
n − ςnf#

n + ςnf#
n −

(
PD

(
zn
)
− zn + ςn0 (tn)+

n∑
i=1

(ςi−1 − ςi) (Kitn − tn)+ (1− ςn) tn

)

= (1− ςn)
(
f#

n − tn
)
+
(
zn − PD

(
zn
))
+

n∑
i=1

(ςi−1 − ςi) (tn −Kitn)+ ςn
(
f#

n − 0 (tn)
)
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f#
n − f#

n+1

(1− ςn)gn
=
(
f#

n − Pnf#
n
)
+

1
(1− ςn)gn

(
zn − PD

(
zn
))
+

1
(1− ςn)gn

n∑
i=1

(ςi−1 − ςi) (tn −Kitn)

+
ςn

(1− ςn)gn

(
f#

n − 0
(
f#

n
))
−

ςn

(1− ςn)gn

[(
I − 0)f#

n
)
− (I − 0) tn

]
+

ςn

(1− ςn)gn

(
f#

n − tn
)

Hence f#
n+1 = PD(zn). For any r#

∈ ∩
∞

n=1 ℱ(Kn),

〈
ℴn, f#

n − r
#〉
=
〈
f#

n − Pnf#
n ,f

#
n − r

#〉
+

1
(1− ςn)gn

〈
zn − PD

(
zn
)
,PD

(
zn−1

)
− r#〉

+
1

(1− ςn)gn

n∑
i=1

(ςi−1 − ςi)
〈
tn −Kitn, f#

n − r
#〉
+

ςn

(1− ςn)gn

〈
(I − 0)f#

n , f
#
n − r

#〉
−

ςn

(1− ςn)gn

〈
(I − 0)f#

n − (I − 0) tn, f#
n − r

#〉
+

ςn

(1− ςn)gn

〈
f#

n − tn, f#
n − r

#〉 (14)

Using Lemma 2, and Proposition 1〈
f#

n − Pnf#
n ,f

#
n − r

#〉
=
〈
(I − Pn)f#

n − (I − Pn)r#,f#
n − r

#〉
+
〈
(I − Pn)r#,f#

n − r
#〉

≥
〈
(I − Pn)r#,f#

n − r
#〉 (15)

〈
tn −Kitn, f#

n − r
#〉
=
〈
(I −Ki) tn − (I −Ki)r#, f#

n − tn
〉
+
〈
(I −Ki) tn − (I −Ki)r#, tn − r#〉

≥
〈
(I −Ki) tn − (I −Ki)r#, f#

n − tn
〉

=
〈
(I −Ki) tn, f#

n − tn
〉

= gn
〈
(I −Ki) tn, f#

n − Pnf#
n )
〉

(16)

〈
(I − 0)f#

n , f
#
n − r

#〉
=
〈
(I − 0)f#

n − (I − 0)r#, f#
n − r

#〉
+
〈
(I − 0)r#, f#

n − r
#〉

≥ (1−3) ‖f#
n − r

#
‖

2
+
〈
(I − 0)r#, f#

n − r
#〉 (17)

−
〈
(I − 0)f#

n − (I − 0) tn, f#
n − r

#〉
≥ ‖ (I − 0)f#

n − (I − 0) tn‖‖ f#
n − r

#
‖ (18)

〈
f#

n − tn, f#
n − r

#〉
≥ gn‖f#

n − Pnfn‖‖ f#
n − r

#
‖ (19)

Applying Lemma 1, to get〈
zn − PD

(
zn
)
,PD

(
zn−1

)
− r#〉

=
〈
zn − PD

(
zn
)
,PD

(
zn−1

)
− PD

(
zn
)〉
+
〈
zn − PD

(
zn
)
,PD

(
zn
)
− r#〉

≥
〈
zn − PD

(
zn
)
,PD

(
zn−1

)
−D

(
zn
)〉

≥
〈
zn − PD

(
zn
)
,PD

(
zn−1

)
− PD

(
zn
)〉

(20)
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Substituting Eqs. (15) to (20) into Eq. (14)〈
ℴn, f#

n − r
#〉
≥
〈
(I − Pn)r#,f#

n − r
#〉

+
1

(1− ςn) ln

〈
zn − PD

(
zn
)
,PD

(
zn−1

)
− PD

(
zn
)〉

+
1

(1− ςn)

n∑
i=1

(ςi−1 − ςi)
〈
(I −Ki) tn, f#

n − Pnf#
n )
〉

+
ςn

(1− ςn)gn
‖ (I − 0)f#

n − (I − 0) tn‖‖ f#
n − r‖

+
ςn (1−3)
(1− ςn)gn

‖f#
n − r

#
‖

2
+

ςn

(1− ςn)gn

〈
(I − 0)r, f#

n − r
#〉

+
ςngn

(1− ςn)gn
‖f#

n − Pnf#
n ‖‖ f

#
n − r

#
‖ (21)

From Eq. (21)

‖f#
n − r

#
‖

2
≤

(1− ςn)gn

ςn (1−3)
[〈
ℴn, f#

n − r
#〉
−
〈
(I − Pn)r,f#

n − r
#〉]

−
1

(1−3)
‖ (I − 0)f#

n − (I − 0) tn‖‖ f#
n − r

#
‖

−
gn

ςn (1−3)

n∑
i=1

(ςi−1 − ςi)
〈
(I −Ki) tn, f#

n − Pnf#
n )
〉

−
1

ςn (1−3)
‖zn − PD

(
zn
)
‖‖PD

(
zn−1

)
− PD

(
zn
)
‖

−
gn

(1−3)
‖f#

n − Pnf#
n ‖‖ f

#
n − r

#
‖ −

1
(1−3)

〈
(I − 0)r, f#

n − r
#〉

Hence, from proposition Proposition 5 (iii)
ℴn =

‖f#
n−f#

n+1‖

(1−ςn)gn
→ 0, ‖zn−zn−1‖

ςn
→ 0 and ∀i ∈ ℕ, tn −Kitn → 0, as n→∞.

f̃ is the weak cluster point of the sequence {f#
n }

i.e. f#
n ⇀ f̃, to show that f̃ is also strong cluster point, i.e. f#

n → f̃
From, Proposition 3 since the sequence {f#

n } is bounded, thus there is a subsequence {f#
nκ} of {f#

n } such that
converges to fˆ∈ D.

Also, have ∀i ∈ ℕ, f#
n −Ki f#

n → 0, as n→∞.
Thus fˆ∈ ℱ(K), by condition (DS)
Therefore, ∀r#

∈ ∩
∞

n=1ℱ(Kn)〈
(I − 0)f#

nκ, f
#
nκ − r

#〉
≤

(1− ςnκ )gnκ

ςnκ

〈
ℴnκ, f#

nκ − r
#〉
−

(1− ςnκ )gnκ

ςnκ

〈
(I − Pnκ )r#,f#

nκ − r
#〉

−
gnκ

ςnκ

nκ∑
i=1

(ςi−1 − ςi)
〈
(I −Ki) tnκ, f#

nκ − Pnκf#
nκ )

〉
−

1
ςnκ
‖znκ − PD

(
znκ

)
‖‖znκ−1 − znκ‖

− ‖ (I − 0)f#
nκ − (I − 0) tnκ‖‖ f#

nκ − r
#
‖

−gn ‖f#
nκ − Pnκf#

nκ‖‖ f
#
nκ − r

#
‖

≤
(1− ςnκ )gnκ

ςnκ

〈
ℴnκ, f#

nκ − r
#〉
−

(1− ςnκ )gnκ

ςnκ

〈
(I − Pnκ )r#,f#

nκ − r
#〉
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−
gnκ

ςnκ

nκ∑
i=1

(ςi−1 − ςi)
〈
(I −Ki) tnκ, f#

nκ − Pnκf#
nκ )

〉
−

1
ςnκ
‖znκ − PD

(
znκ

)
‖‖znκ−1 − znκ‖

− ‖ (I − 0)f#
nκ − (I − 0)f#

nκ‖‖ f
#
nκ − r

#
‖

−gn ‖f#
nκ − Pnκf#

nκ‖‖ f
#
nκ − r

#
‖

when κ→∞,

〈
(I − 0)f ,̂fˆ− r#〉

≤ − ϕ
〈
(I − P)r#,fˆ− r#〉 , ∀r#

∈ ∩
∞

n=1 ℱ (Kn) ,

But the VIP in Eq. (13) has the unique solution, then ωw(f#
n ) = {̃f}.

Hence every weak cluster point of the sequence {f#
n } is also strong cluster point.

Then, lim
n→∞

f#
n = f̃, i.e. f#

n → f̃.
In Theorem 1, if Pn is a self mapping of D into itself. Then the next result is obtained.

Corollary 1: Assume that 4 be real Hilbert space and ∅ 6=D⊆ 4 where D is closed and convex. Also, let 0 : D→
4 be be a 3-contraction, J = {Kn}

∞

n=1 : D→ D be a sequence of almost mean nonexpansive mappings such that
ℱ(J) 6= ∅, andK : D→ D be a mapping defined byKf#

= lim
n→∞

Knf#, ∀f#
∈ D. Assume that ℱ(K) = ∩∞n=1ℱ(Kn).

Assume that Pn : D→ D be a sequence of nonexpansive mappings, and P : D→ D be a nonexpansive mapping such
that lim

n→∞
Pnf#

= Pf#, ∀f#
∈ D. For arbitrary f#

1 ∈ D, define a sequence {f#
n } by

tn = (1−gn)f#
n +gnPnf#

n ,

f#
n+1 = PD

[
ςn0 (tn)+

n∑
i=1

(ςi−1 − ςi)Kitn

]
, n ∈ ℕ

(22)

where ς0 = 1, {gn}, {ςn} are sequences in (0,1) holding the same conditions of the sequence {f#
n } defined by

Eq. (4). Then {f#
n } converges strongly to fˆ∈ ∩∞n=1ℱ(Kn).

The next corollary is obtained from the result of (29, Theorem 3.4).

Corollary 2: Let D be a nonempty closed convex subset of a real Hilbert space 4. Assume that 0 : D→ 4 be
be a 3-contraction, and J = {Kn}

N
n=1 : D→ D be a nonexpansive mappings such that ℱ(J) 6= ∅, and K : D→ D

be a mapping defined by Kf#
= lim

n→∞
Knf#, ∀f#

∈ D. Assume that ℱ(K) = ∩∞n=1 ℱ(Kn), and P : D→ D be a

nonexpansive mapping. For arbitrary f#
1 ∈ D, define a sequence {f#

n } by

tn = (1−gn)f#
n +gnPf#

n ,

f#
n+1 = PD [ςn0 (tn)+ (1− ςn)Kntn] , n ∈ ℕ

(23)

where {gn}, {ςn} are asequence in (0,1) holding the conditions of the Theorem 1. Then {f#
n } converges strongly

to fˆ∈ ∩∞n=1 ℱ(Kn).
Once more, the next corollary is obtained from the result of (28, Theorem 3.1).

Corollary 3: Assume that 4 be real Hilbert space and ∅ 6= D ⊆ 4 where D is closed and convex. Also, let 0 :
D→ 4 be be a 3-contraction. Suppose that J = {Kn}

∞

n=1 : D→ D be a sequence of uniformly continuous nearly
nonexpansive mappings which in ℱ(J) 6= ∅. Let K : D→ D be a mapping defined by Kf#

= lim
n→∞

Knf#,∀f ∈ D.
Assume that ℱ(K) = ∩∞n=1 ℱ(Kn). Let Pn : D→ D be a sequence of nonexpansive mappings, P : D→ D be a
nonexpansive mapping such that lim

n→∞
Pnf#

= Pf#, ∀f#
∈ D.
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For arbitrary f#
1 ∈ D, define a sequence {f#

n } by

tn = (1−gn)f#
n +gnPnf#

n ,

f#
n+1 = PD

[
ςn0

(
f#

n
)
+

n∑
i=1

(ςi−1 − ςi)Kitn

]
, n ∈ ℕ

(24)

where {gn} is a sequence in (0,1), ς0 = 1, and {ςn} is a strictly decreasing sequence in (0,1) hold the conditions
of the Theorem 1. Then {f#

n } converges strongly to fˆ∈ ∩∞n=1 ℱ(Kn).
We relax the result of Theorem 1 as following:

Theorem 2: Let D be a nonempty closed convex subset of a real Hilbert space 4. Let 0 : D→ 4 be be a 3
-contraction, and J = {Kn}

∞

n=1 : D→ D be a sequence of almost mean nonexpansive mappings such that ℱ(J) 6=
∅. Let K : D→ D be a mapping defined by Kf#

= lim
n→∞

Knf#, ∀f ∈ D. Assume that ℱ(K) = ∩∞n=1 ℱ(Kn). Let
Pn : D→ 4 be a sequence of nonexpansive mappings. Suppose that P : D→ 4 be a nonexpansive mapping such
that lim

n→∞
Pnf#

= Pf#, ∀f#
∈ D, for arbitrary f#

1 ∈ D, define a sequence {f#
n } by

tn = PD
[
(1−gn)f#

n +gnPnf#
n
]
,

f#
n+1 = PD

[
ςn0 (tn)+

n∑
i=1

(ςi−1 − ςi)Kitn

]
, n ∈ ℕ

(25)

where ς0 = 1, {gn}, { ςn} are sequences in (0,1) holding the next conditions:

(E1) lim
n→∞

ςn = 0,
∑
∞

n=1 ςn = ∞;

(E2) lim
n→∞

gn
ςn
= 0;

(E3)
∑
∞

n=1 (ςn−1 − ςn) <∞,
∑
∞

n=1 |gn−1 −gn| <∞.

Then {f#
n } converges strongly to fˆ∈ ∩∞n=1ℱ(Kn) is the unique solution of the VIP〈

(I − 0)f ,̂ fˆ− r#〉
≥ 0, ∀ r#

∈ ∩
∞

n=1ℱ (Kn) . (26)

Proof: It’s evidenced in27 the VIP has unique solution.
By a similar controversy of Theorem 1, we can inference that {f#

n } bounded, ‖f#
n+1 − f#

n ‖ → 0, and lim
n→∞
‖f#

n −

Kif#
n ‖ → 0, as n→∞.

Now, to prove that lim
n→∞

sup〈0 (f )̂− f ,̂f#
n − f 〉̂ ≤ 0,

Hence {f#
n } bounded, we can choose a subsequence {f#

nκ} of {f#
n } s.t f#

nκ ⇀ f̃ and

lim
n→∞

sup〈0 (f )̂− f ,̂f#
nκ − f 〉̂ = lim

κ→∞
〈0 (f )̂− f ,̂f#

nκ − f 〉̂

f̃ ∈ ℱ(Kn), ∀ n ≥ 1, i.e. that f̃ ∈ ∩∞n=1 ℱ(Kn), from Proposition 3 and lim
n→∞
‖fn −Kifn‖ → 0,

Then, lim
κ→∞
〈0 (f )̂− f ,̂f#

nκ − f 〉̂ = 〈0 (f )̂− f ,̂ f̃− f 〉̂ ≤ 0.
By Lemma 1〈

PD
(
zn
)
− dn,PD

(
zn
)
− r#〉

≤ 0

Also,

n∑
i=1

(ςi−1 − ςi)
〈
Kitn − r#,f#

n+1 − r
#〉
≤

n∑
i=1

(ςi−1 − ςi) ‖Kitn − r#
‖‖f#

n+1 − r
#
‖

≤

n∑
i=1

(ςi−1 − ςi) [γn‖tn − r#
‖ + δn‖tn −Kir#

‖]‖f#
n+1 − r

#
‖
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≤

n∑
i=1

(ςi−1 − ςi) ‖tn − r‖ ‖f#
n+1 − r

#
‖

= (1− ςn) ‖tn − r#
‖ ‖f#

n+1 − r
#
‖

≤ (1− ςn) ‖f#
n − r

#
‖‖f#

n+1 − r
#
‖ + (1− ςn)gn‖Pnf#

n − r
#
‖ ‖f#

n+1 − r
#
‖ (27)

Therefore,

‖f#
n+1 − r

#
‖

2
=
〈
PD

(
zn
)
− dn,PD

(
zn
)
− r#〉

+
〈
zn − r#,f#

n+1 − r
#〉

≤
〈
zn − r#,f#

n+1 − r
#〉

= ςn
〈
0 (tn)− 0

(
r#) ,f#

n+1 − r
#〉
+ ςn

〈
0
(
r#)
− r#,f#

n+1 − r
#〉

+

n∑
i=1

(ςi−1 − ςi)
〈
Kitn − r#,f#

n+1 − r
#〉

≤ ςn3‖tn − r#
‖‖f#

n+1 − r
#
‖ + ςn

〈
0
(
r#)
− r#,f#

n+1 − r
#〉
+ (1− ςn) ‖f#

n − r
#
‖‖f#

n+1 − r
#
‖

+ (1− ςn)gn‖Pnf#
n − r

#
‖‖f#

n+1 − r
#
‖

= [1− ςn (1−3)] ‖f#
n − r

#
‖‖f#

n+1 − r
#
‖ +

[
(1− ςn) zn + ςn3gn

]
‖Pnf#

n − r
#
‖‖f#

n+1 − r
#
‖

+ ςn
〈
0
(
r#)
− r,f#

n+1 − r
#〉

≤
1− ςn (1−3)

2
[
‖f#

n − r
#
‖

2
+ ‖f#

n+1 − r
#
‖

2]
+ [(1− ςn)gn +3ςngn] ‖Pnf#

n − r
#
‖

× ‖f#
n+1 − r

#
‖ + ςn

〈
0
(
r#)
− r#,f#

n+1 − r
#〉 (28)[

1−
1− ςn (1−3)

2

]
‖f#

n+1 − r
#
‖

2

≤
1− ςn (1−3)

2
[
‖f#

n − r
#
‖

2]
+ [(1− ςn)gn +3ςngn] ‖Pnf#

n − r
#
‖‖f#

n+1 − r
#
‖

+ ςn
〈
0
(
r#)
− r#,f#

n+1 − r
#〉

=

[
1−

2 (1−3) ςn

1+ (1−3) ςn

]
‖f#

n − r
#
‖

2
+

2 [(1− ςn)gn +3ςngn]
1+ (1−3) ςn

‖Pnf#
n − r

#
‖‖f#

n+1 − r
#
‖

+
2ςn

1+ (1−3) ςn
ςn
〈
0 (r)− r#,f#

n+1 − r
#〉

=

[
1−

2 (1−3) ςn

1+ (1−3) ςn

]
‖f#

n − r‖
2
+

2 (1−3) ςn

1+ (1−3) ςn

{
(1− ςn)gn

(1−3) ςn
‖Pnf#

n − r
#
‖‖f#

n+1 − r
#
‖

+
3ςngn

(1−3) ςn
‖Pnf#

n − r
#
‖‖f#

n+1 − r
#
‖ +

1
(1−3)

〈
0
(
r#)
− r#,f#

n+1 − r
#〉}

Suppose that 1n=
2(1−3)ςn

1+(1−3)ςn
,

εn =
2 (1−3) ςn

1+ (1−3) ςn

{
(1− ςn)gn

(1−3) ςn
‖Pnf#

n − r
#
‖‖f#

n+1 − r
#
‖ +

3ςngn

(1−3) ςn
‖Pnf#

n − r
#
‖‖f#

n+1 − r
#
‖

+
1

(1−3)
〈
0
(
r#)
− r#,f#

n+1 − r
#〉} , ℴn = 0
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lim
n→∞

sup
{

(1− ςn)gn

(1−3) ςn
‖Pnf#

n − r
#
‖‖f#

n+1 − r
#
‖ +

gnςn3

(1−3) ςn
‖Pnf#

n − r
#
‖‖f#

n+1 − r
#
‖

+
1

(1−3)
〈
0
(
r#)
− r#,f#

n+1 − r
#〉}
≤ 0,

Since,
∑
∞

n=1 ςn = ∞; and 2(1−3)ςn
1+(1−3)ςn

≥ (1−3)ςn,∑
∞

n=1 ℴn = 0; lim n→∞ sup εn
1n
= 0, and

Thus, by Lemma 3, lim n→∞ ‖f#
n − r#

‖ = 0.

Remark 1: In Eq. (4), if 0 = 0, then f#
n → r = Pℱ0. Thus, it follows from Eq. (26)〈

f ,̂fˆ− r#〉
≤ 0,∀ fˆ∈ ℱ (Kn)

i.e.‖f ‖̂2 ≤
〈
f ,̂ r#〉

≤ ‖f ‖̂‖r‖,∀ r ∈ ℱ (Kn)

There’refore, fˆ is the unique solution of the quadratic minimization problem

fˆ= arg min
f∈F
‖r‖2.

Conclusion

The effect of this work betokens that the two iterative schemes satisfying some appropriate conditions have
a hierarchically common fixed point. Also the sequence {f#

n } is asymptotic regularity and demiclosedness
principle which gives us strong convergence results for two iterative schemes of sequences of almost mean
nonexpansive mappings, and it has been indicated that the sequence of nonexpansive mappings is a sequence of
almost mean nonexpansive. Through this work when the parameter conditions are relaxed in Theorem 1, other
strong convergence results are found which also solutions of (HFPP). The solution of an iterative scheme by the
hierarchically a common fixed point by showing the conditions referred to above warranting the convergence
of the manner.
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 تقريبا اللاتوسيعيةحل مسألة متراجحة التغاير الهرمية للتطبيقات الوسطية 

 

 سلوى سلمان عبد، نور صدام طارش

 . العراق ،بغداد ،بغداد جامعة، الهيثم ابن /الصرفة للعلوم التربية كليةقسم الرياضيات، 

 

تطبيق انكماشي، مسألة متراجحة التغاير الهرمية، فضاء هلبرت الحقيقي، متتابعة من التطبيقات اللاتوسيعية،  تقارب  الكلمات المفتاحية :

 قوي.

 ةالخلاص

احدى الطرق الشائعة الواضحة في حل بعض انواع المسائل غير الخطية هي استبدال المسألة الاصلية بمجموعة من من المسائل المنتظمةة  

وكل هذه المسائل المنتظمة لها حةل واحةد مضةبوس. سةيتم الحصةول علةع حةل معةين للمسةألة الاصةلية كغايةة لهةذه الحلةول الوحيةد  للمسةائل 

فةي هةذا العمةل، نعتة م (.VIPs)متراجحةة التغةاير  مسةائل لحةل الهرميةة الصةامد  النقطةة لةنه  سريقةة لتوفير الفكر  هذه المنتظمة. تسُتخدم

 𝔇 دراسة مخططيين تكراريين جديدين من خلال دراسة تقاربهما القوي مع نقطة صامد  مشتركة لتطبيقات معرفةة علةع مجموعةة ج ئيةة 

التطبيقةات الوسةطية اللاتوسةيعية  مةن لمتتابعات التكرارية المخططات هذه انشاء يتم. Ξرت الحقيقي فضاء هلب من ومحدبة مغلقة خالية غير

 Γ الأول: تطبيقات لثلاثة تكراريين لمخططين قوية تقارب نتائ  إنشاء تم بعض الشروس المُحكمة.أولاً، ظل تقريبا  وتطبيقات لاتوسيعية في

: 𝔇 ⟶ Ξ   تطبيق انكماشي، الثاني هو𝒫𝑛 : 𝔇  ⟶ Ξ     هو عبار  عن متتابعات مةن التطبيقةات اللاتوسةيعية، والثالة𝒦𝑛 : 𝔇 ⟶ 𝔇  هةو

فإننةةا  تكةةراريين، مخططةين معلمةةات علةةع المفروضةة القيةةود تخفية  يةةتم عنةةدما ثانيًةا،تطبيقةات مةةن المتتابعةات الوسةةطية اللاتوسةةيعية تقريبا.

 لمسةألة حةل إيجةاد تةم وأخيةراً (. HFPP) الهرميةة الصةامد  النقطةة لمسةألة حلةولاً  أيضًةا تعةد والتةي أخةرى قويةة تقةارب نتائ  نحصل علع 

تحتةوي نتائجنةا علةع الدراسةات السةابقة كحالةة خاصةة ويمكةن اعتبارهةا تنقةيح واعةاد  تحسةين .وحيةد التقةارب وهةذا خاصةة كحالة التربيعية التصغير

 . (HVIP) ر الهرميةللعديد من النتائ  المألوفة المقابلة لمسأل متراجحة التغاي
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