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RESEARCH PAPER

Positive and Negative Parity States of 226-236Th
Isotopes

Ali A. Mezban, Falih H. Al-Khudair*

Department of Physics, College of Education for Pure Sciences, University of Basrah, Basrah, Iraq

Abstract

The level scheme of the 226-236Th nuclei is analyzed using the Interacting Boson Model (IBM-1). The ground state band
(g. s.-band), beta band (b-band), gamma band (g-band) have been described in the sd model space. To calculate the
negative parity energy levels, the model space is extended to sdf by adding the f-boson (L ¼ 3). A sequence of states in
energy bands up to 3.5 MeV has been obtained. The decay of negative states below 1 MeV built on an octupole vibration
modes is investigated. The transition probabilities in-band and inter-band are calculated using the wave function of the
levels. The potential energy surfaces (PES) values have been plotted to describe the nuclear shape. The model calcu-
lations are consistent with the available observed results.

Keywords: Energy levels, Nuclear structure, Interacting boson model, Heavy nuclei, Thorium isotopes

1. Introduction

T he investigation of shape transitions of
deformed heavy nuclei exhibits reflection-

symmetric equilibrium shapes [1e4]. In these
nuclei, the transition to low-lying octupole one-
phonon states can also exhibit enhanced B(E1) rates.
The appearance of the negative-parity bands
contributed to the position of the shape transitions
[5e7]. Experimentally, at low energy levels, the
J ¼ 3- state has been observed in both eveneeven
spherical and weakly deformed nuclei, while
J ¼ 1�, 3�, … with K ¼ 0� are found in strongly
deformed nuclei [8]. For the nuclei around A ¼ 230,
the closely lying single particle g9/2 and j15/2 neutron
orbitals, along with the f7/2 and i13/2 proton orbitals,
in proximity to the Fermi level, form the basis for
the existence of octupole deformation [9,10]. Using
the inelastic scattering of charged particles, their
collective octupole vibrational nature has been
identified with B(E3) [y 10e30 W.u. It is found in
some isotopes that the energy of the 3� state lies
higher than the 2þ2 state, and B (E1; 3� / 2þ2 ) has
been measured [11]. Nomura et al. studied the E1

transition by projecting the deformation axially
symmetric onto the IBM Hamiltonian [12]. Experi-
mental works in the rare-earth region suggest that
stable octupole deformations exist at high angular
momenta (J > 10) [13e18]. Several theoretical in-
vestigations of the nuclear structure of Th-isotopes
have been carried out [19e27]. Recently, the stability
and the hexadecapolar deformation effects as well
as the dynamical deformation parameters (b2, b4)-
coupling on the structure of the Th- isotopes have
been investigated [28]. In the present study, special
attention is paid to the position of negative parity
states up to 3.5 MeV, some of which are generated
by the f-boson, and to identifying their decay to low-
lying positive parity states.
The aims of the present work are the following:

1. To calculate the energy spectrum of Thorium
isotopes (A ¼ 226e236) using IBM (sdf-boson
space)

2. To study the transition probability between the
energy levels, including the B(E1), B(E2), and
B(E3) values.

3. To investigate the PES of the studied nuclei.
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2. The model

In calculating the positive energy spectrum, the
model Hamiltonian, which is written in the lan-
guage of second quantization ðssy, ddyÞ where ssy

and ddy are the annihilation and creation operators
of s and d-bosons, respectively. The general form
within one body and two body terms is written
[29e32]:

Another form often used can be written in the
following multiple formal [33]:

~H¼ 3d~nd þ a0~P$~Pþ a1~L$~Lþ a2 ~Q$~Qþ a3 ~T3$~T3

þ a4~T4$~T4 ð2Þ

where the coefficients aiði¼ 0�4Þ are a linear
component for the coefficients in Eq. (1), and;

~nd¼ð~dy $~dÞ : the number of d� boson operator:

~P¼1
2
½ð~d$~dÞ�ð~s$~sÞ� : the paring operator:

~L¼
ffiffiffiffiffi
10

p
½dy � ~d�ð1Þ : the angular momentum operator:

~Q¼½dy �~sþ sy � ~d�ð2Þ

þ c½~d� ~d
y�ð2Þ the quadrupole operator

~Tl¼½~dy~d�ðlÞ ðl¼3:4Þ : the octupole and hexadecapolar

operators:

To calculate negative-parity energy levels, the
space can be extended to include the f-boson ðl ¼ 3Þ,
thus the Hamiltonian of the system becomes as
follows [34e39]:

H¼Hsd þHf þVsdf : ð3Þ

Hsd the Hamiltonian in sd-space interaction as in Eq.
(2). Hf ¼ Ef nf ; where nf and Ef are the number
operator and energy for f-boson. Vsdf describes bo-
son's interaction in sdf-space. The multipole
expansion has been used in the form

VMult
sdf ¼A1Ld$Lf þA2Qd$Qf �A3Q3$Q3: ð4Þ

Ld$Lf ¼ � 2
ffiffiffiffiffiffiffiffi
210

p h
ðdy~dÞð1Þ � �

f y~f
�ð1Þið0Þ

0
ð5Þ

Qd$Qf ¼ � 2
ffiffiffiffiffi
35

p hn
ðdy~sþ sy~dÞð2Þ � cðdy~dÞð2Þ � �

f y~f
�ð2Þið0Þ

0

ð6Þ

Q3¼ �
sy~f þ f y~s

�ð3Þ � c3

�
dy~f þ f y~d

�ð3Þ ð7Þ
The electric transition operator TðELÞ ðL¼ 1; 2; 3Þ in

the IBM has the following form:

TE1¼ e1Q
h
TE2 � �

sy~f þ f y~s
�ð3Þið1Þ þ e1df

�
dy~f þ f y~d

�ð1Þ
ð8Þ

TE2¼ e2sd ðdy~sþ sy~dÞð2Þ þ e2ddðdy~dÞð2Þ ð9Þ

TE3¼ e3Q
h
TE2 � �

sy~f þ f y~s
�ð3Þið3Þ

þ e3sf
�
syef þ f y~s

�ð3Þþe3df
�
dy~f þ f y~d

�ð3Þ ð10Þ
The basic concepts of nuclear structure can be

clarified by carefully describing the PES. Using
deformation parameters b and g, the PES formal as
follows [40,41]:

Vðb:gÞ¼ NB

1þ b2

�
R1þR2b

2�
þNBðNB � 1Þ�

1þ b2�2 �
R3b

4þR4b
3 cos 3 gþR5b

2þR6
� ð11Þ

where Ri is related to the model Hamiltonian in sd-
space parameters [33]. NB is boson number.

3. Results and discussion

The energy levels were investigated by deter-
mining the model Hamiltonian parameters defined
in Eq. (3). The value of the ratio R4=2 ¼ Eð4þ1 Þ=Eð2þ1 Þ
shows that the 226-236Th isotopes belong to the SU(3)
limit as shown in Table 1. Therefore, the energy
spectrum depends on the L.L and Q.Q terms in the
Hamiltonian, and the boson energy vanishes,

H¼E0þ3sðsy $~sÞþ 3d
X
m

dym;~dmþ
X

L¼0:2:4

1
2

ffiffiffiffiffiffiffiffiffiffiffiffiffi
2Lþ1

p
CL

�
ðdy �dyÞðLÞ � ð~d�~d ÞðLÞ

ið0Þ
0
þ 1ffiffiffi

2
p ~n2

h
ðdy �dyÞð2Þ � ð~d�~s Þð2Þ

þ ðdy � syÞð2Þ � ð~d�~d Þð2Þ
ið0Þ
0
þ1
2
~n0

h
ðdy �dyÞð0Þ � ð~d�~s Þð0Þ þ ðsy � syÞð2Þ � ð~d�~dÞð0Þ

ið0Þ
0

þu2
h
ðdy � syÞð2Þ � ð~d�~s Þð2Þ

ið0Þ
0
þ1
2
u0

h
ðsy � syÞð0Þ � ð~s�~s Þð0Þ

ið0Þ
0

ð1Þ
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meaning that Vij >>3d [ 33]. As pointed out in model
theory, one can calculate the value of the parameters
using the energy value of the 2þ1 state. After exam-
ining the effect of each parameter value on the en-
ergy spectrum, the used values are tabulated in
Table 2. The energy states are plotted up to the
energy range of 3.5 MeV in Figs. 1e6.

3.1. Energy spectrum of the 226Th isotope

This isotope has 136 neutrons, which means there
are 4 proton bosons and 5 neutron bosons based on
the closed shells of Z ¼ 82 and N ¼ 126, giving a
total boson number of 9. Fig. 1 shows a comparison
between the available experimental and theoretical
results for the energy levels with three positive-
parity bands, which are the ground band (g-band),

Table 2. The parameter values of the Hamiltonian used in Eq. (3).
c ¼ �1.322 for all isotopes.

A NB a1 a2 A1 A2 A3

226 9 0.005 �0.017 0.030 �0.010 �0.010
228 10 0.005 �0.012 0.010 �0.010 �0.012
230 11 0.004 �0.013 0.018 �0.010 �0.020
232 12 0.004 �0.011 0.010 �0.010 �0.029
234 13 0.004 �0.011 0.010 �0.010 �0.024
236 14 0.004 �0.010 0.010 �0.010 �0.020

Fig. 1. Theoretical and available experimental energy levels for the
226Th isotope.

Fig. 2. Theoretical and available experimental energy levels for the
228Th isotope.

Fig. 3. Theoretical and available experimental energy levels for the
230Th isotope.

Table 1. The value of the energy ratio R4=2 ¼ Eð4þ1 Þ=Eð2þ1 Þ of 226-236Th
isotopes.

A EXP IBM

226 3.13 3.33
228 3.26 3.31
230 3.28 3.33
232 3.34 3.37
234 3.32 3.37
236 3.33 3.37

Fig. 4. Theoretical and available experimental energy levels for the
232Th isotope.
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the gamma band (g-band), the beta band (b-band),
and two negative-parity bands. Experimental data
were obtained from Ref. [42]. From the comparison
between the calculated values and the experimental
results of the ground state band levels (J ¼ 2þ- 8þ), it
was found that the difference in energy is equal to
(0.004e0.097 MeV). For example, for the 8þ state, the
theoretical energy value is 0.818 MeV, while the
experimental value is 0.721 MeV. The energy dif-
ference of the ground band levels increases with
increasing value of angular momentum. As for the
b-band levels, the energy of its head 0þ2 state is equal
to 0.805 MeV and 0.866 MeV in the experimental

and model results. According to model results, the
g-band head of the 2þ3 state appears at 0.935 MeV,
followed by the 3þ1 state with an energy of
1.003 MeV. The figure includes negative-parity
bands, including the first band (J ¼ 1�, 3�,… …,
15�). The experimental and theoretical values agree
well up to the 9� state. For example, the 5� state has
an experimental energy of 0.450 MeV, while its
theoretical energy is 0.446 MeV. The levels of the
second band, whose head shows a 2� state with an
energy level of 0.318 MeV in IBM results, are not
observed.

3.2. Energy spectrum of the 228Th isotope

As the number of neutrons increases, the total
number of bosons becomes 10. This number gives a
wide range, calculating a large number of excited
levels, reaching J ¼ 20þ. Fig. 2 shows a comparison
between the available experimental [41] and the
model results. A slight difference was found be-
tween the predicted and observed energy values for
the ground band levels (J ¼ 2þ-10þ). For example,
the observed energy for the 6þ level is 0.378 MeV,
and theoretical energy is 0.398 MeV, i.e., a difference
of 0.02 MeV.
The energy of the 10þ level is equal to 0.911 MeV

and 1.044MeV in the experimental andmodel results,
respectively. For the b-band, its head, the 0þ state, is
located significantly above the first excited state with
an energy of 0.831 MeV and 0.684 MeV experimental
and model results. The difference in energy of the
other levels increases, as shown in the figure. Like-
wise, in the g-band, the energy values of the theo-
retical levels are higher than the experimental ones. A
good agreement in the energy of the 10þ1 level has
been found where its energy is equal to 1.729 MeV
and 1.761 MeV in IBM and observed data, respec-
tively. The energy values of negative-parity states
(J ¼ 1�, 3�,… … 19�) are shown in the figure. Exper-
imentally, the energy values of the levels J ¼ 1�, 3�,
5�, 7� 9� are 0.328, 0.396, 0.519, 0.695, and 0.920 MeV,
while the predicted one is equal to 0.355, 0.403, 0.523,
0.716, and 0.981MeV. Thefirst two levels, J¼ 2- and 4-,
in the second band, are measured with energies of
0.968 MeV and 1.059 MeV, far from their theoretical
appearance with energies of 0.417 MeV and
0.533MeV. Therefore, they can be considered outside
the used sdf space and may be generated from the p-
boson (L ¼ 1) in coupling with sd-space excitations.

3.3. Energy spectrum of the 230Th isotope

The model results and the observed data for the
five bands are compared in Fig. 3. For the b-band,

Fig. 5. Theoretical and available experimental energy levels for the
234Th isotope.

Fig. 6. Theoretical and available experimental energy levels for the
236Th isotope.
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we find that the energy values for the J ¼ 0þ2 level
are equal to 0.819 MeV and 0.634 MeV, and for the
2þ2 level they are equal to 0.872 MeV and 0.677 MeV,
theoretically and experimentally, respectively. The
energy difference between the two levels is close, as
is the case for the other levels. For the g-band, we
find that the theoretical energy value of its levels is
less than the experimental ones [39]. Negative parity
states were calculated for two bands within the en-
ergy range. A great convergence in the values of the
first band, where the energy of the J ¼ 1�, 3�, 5�, 7�,
9�, 11� levels was practically equal to 0.508, 0.571,
0.686, 0.852, 1.065, 1.322 MeV, and theoretically
equal to 0.506, 0.575, 0.709, 0.909, 1.173, 1.502 MeV.
The energy deviation increases with spin (J) in-

creases. As for the second band, it is characterized
by the same behavior as in the previous isotope,
where the energy values of the 2� and 4� levels are
equal to 0.971, 1.196 MeV, and 0.540, 0.653 MeV
experimentally and theoretically, respectively.

3.4. Energy spectrum of the 232Th isotope

This isotope has 142 neutrons, so the number of
neutron bosons is 8, and NB ¼ 12. The energy
spectrum is plotted in Fig. 4. The levels of the
ground band were drawn up to the J ¼ 20þ level.
The energy of the 6þ state is equal to 0.333 MeV and
0.341 MeV in the experimental and model results,
respectively. From the figure, it can be seen that for
the 8þ state, the difference in energy is equal to
0.028 MeV. While the energy of 12þ states is equal to
1.267 MeV and 1.137 MeV theoretically and experi-
mentally, respectively. The negative parity energy
levels were calculated up to the J ¼ 19� level, and a
great convergence appeared in the energy values of
the first band up to the J ¼ 11� level. The energy
values of the J ¼ 1�, 3�, 5�, 7�, 9�, 11� levels were
equal to 0.714, 0.774, 0.883, 1.042, 1.249, 1.498 MeV in
practice and equal to 0.713, 0.783, 0.813, 1.006, 1.250,
1.546 MeV. The energy of the levels of theory begins
to move away from the experimental values.
Experimentally, there is a level at 1.143 MeV. In the
model calculation, it was found that the energy of
the first appearance of the level is 0.739 MeV.
Therefore, this level is not among the members of
the calculated band.

3.5. Energy spectrum of the 234Th isotope

The comparison between theoretical and available
experimental results has been shown in Fig. 5. The
Eð6þ1 Þ level equals 0.336 and 0.341 MeV for the
model and experimental results, respectively. There
is a difference in the energy levels with high angular

momentum J > 12þ. Theoretically, the head of the b-
band (02

þ) level appears at 0.825 MeV is close to
observed one at 0.810 MeV. Regarding the g-band, it
was found that the Eð2þ3 Þ level is close to the energy
value of the 3þ1 level, with calculated energies of
0.874 MeV and 0.922 MeV, respectively. The
remaining levels appear in sequence extending up
to the J¼ 17þ level with an energy equal to
3.311 MeV. For the first negative parity band, the
energy of the J ¼ 1� state is equal to 0.727 MeV and
0.688 MeV, theoretically and practically, respec-
tively. While the 7� state appeared with a theoretical
energy of 1.033 MeV compared to experimental
value of 0.995 MeV.

3.6. Energy spectrum of the 236Th isotope

Fig. 6 shows a comparison between theoretical
and available experimental energy levels. Experi-
mentally, only J � 10þ1 levels of the ground state
band have been measured. Good agreement is
observed between theoretical and experimental
values for these levels, as their energy values were
0.049, 0.162, 0.341, 0.585, 0.894 MeV according to
theoretical results and 0.048, 0.160, 0.329, 0.553,
0.826 MeV according to experimental results. The
energy difference equals 0.002 MeV for the 4þ1 level
and 0.012 MeV for the 6þ1 level. Theoretically, the b-
and g-band head show 0þ2 and 2þ3 levels with en-
ergies equal to 0.891 MeV and 0.941 MeV, respec-
tively. Moreover, the head of the two negative parity
bands 1� and 2� levels, appeared with energies
equal to 0.661 MeV and 0.691 MeV, respectively.
In addition, a simplified calculation approach has

been attempted using a new empirical equation
(NEE) as introduced in Ref. [43] for g. s. band defend
as:

EðJÞ¼ C1 JðJþ 1Þ
C2ðJþ 1Þ þ JC3

and

EðJÞ¼E0 þ ðC1 þ BÞJðJþ 1Þ
C2ðJþ 1Þ þ JC3

for b and g bands. The C1, C2, C3 and B parameters
are calculated by analyzing the low-lying experi-
mental levels for each band as listed in Table 3. For
234, 236 Th isotopes, the value of the B parameter
values have been calculated by fitting the IBM
calculation of the first two members of the b and g
bands. The NEE results are plotted in Figs. 1e6. It is
found that all energies are close to experimental
ones in g. s. and b bands. On the other hand, there is
a disagreement in energies of g-band members. The
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value of the B parameter values have been calcu-
lated by fitting the IBM calculation of the first two
members b and g bands.

3.7. Electric transition probabilities

The B(E2) transition probabilities have been
calculated using Eq. (9). The parameter values were
determined by fitting the experimental data [42] of
the B(E2; 2þ1 / 0þ1 ), where e2sd ¼ 0.183, 0.186, 0.202,
0.210, 0.198, and 0.200 e b for 226-236Th nuclei,
respectively. The values have been listed in Tables 4
and 5. Regarding the transitions Jþ /Jþ � 2 in the
ground state band, The B(E2) values increase with
increasing angular momentum up to J ¼ 8þ. The
calculated B(E2) values for the ground state band
show reasonable agreement with experimental data.
We note that the weakest transitions occur from g-
band members to the ground-state band. This
feature is well described by the IBM theory [33]. For
the 230Th isotope, the calculated B(E2; 2þg / 2þ1 ) is
equal to 0.0197 e2 b2 compared to the experimental
data 0$047þ84

�61 e2 b2. The B(E2; 4þ2 / 2þ2 ) is greater
than the B(E2; 3þ1 /2þ2 ). This is because the two

states are members of the b-band, i.e., the first
transition is in-band.
The values of the E1 operator parameters were

adjusted to reproduce the B(E1; 3�1 / 2þ1 ) value
observed in the 232Th, where e1Q ¼ 0.0005 e b1/2 and
e1df ¼ 0.0007 e b1/2 for all isotopes. The calculated
values indicated a variation in the mass number,
suggesting a change in the nd value of the 3�1 state
structure, where the 2þ1 state corresponds to sN d1

bosons. In Tables 6 and 7, we listed IBM B(E1) values.
Regarding the electric properties, B(E3) has been
calculated. Tables 6 and 7 have shown IBM B(E3)
values for 226-236Th isotopes. The values of the e3Q and
e3sf in the E3 operator are estimated by fitting the
observed B(E3; 3�1 / 0þ1 ) in the 230,232Th isotopes.
The e3Q ¼ 0.5, 0.43, 0.55, 0.55, 0.32, and 0.3 e b3/2,

while e3sf ¼ 0.3 e b3/2 is taken for all isotopes. From
these tables, it can be seen that the 1�1 and 2þ1 states
are connected by a very strong E3 transition in the
228,232Th nuclei, showing that the initial state is a full
1f-boson component. The B(E2) ratios can be used to
distinguish between the nuclear shapes by their
value of model limit. One can apply the following
B(E2) ratios [44].

R1¼2þ2 /0þ1
2þ2 /2þ1

;R2¼2þ2 /2þ1
2þ1 /0þ1

;

R3¼4þ1 /2þ1
2þ2 /2þ1

;R4¼3þ1 /2þ1
3þ1 /4þ1

Table 4. Theoretical B(E2) values for 226-230Th isotopes in (e2b2) unit.
Available observed data [42] is provided in the second row.

Jþi / Jþf
226Th 228Th 230Th

21 / 01 1.3404 1.4450 1.6332
1.3438(819) 1.6441(503)

41 / 21 1.8929 2.0404 2.3063
2.2228(755)

61 / 41 2.0411 2.2002 2.4869
81 / 61 2.0704 2.2319 2.5227
101 / 81 2.0378 2.1967 2.4829
22 / 02 0.0098 0.0106 0.0120
22 / 21 0.1018 0.1097 0.1240
23 / 21 0.0162 0.0174 0.0197

0$0461þ84
�67

23 / 22 0.0104 0.0112 0.0127
42 / 22 0.6954 0.7499 0.8476
31 / 21 0.1143 0.1232 0.1393
31 / 22 0.0160 0.0172 0.0194
31 / 41 0.0580 0.0626 0.0707
51 / 31 1.0997 1.1854 1.3399
51 / 41 0.0917 0.0989 0.1117

Table 5. Theoretical B(E2) values for 232-236Th isotopes unit.
Available observed data [42] is provided in the second row.

Jþi /Jþf
232Th 234Th 236Th

21 / 01 1.7652 1.5692 1.6011
1.6801(933) 1.5707(1373)

41 / 21 2.4926 2.2159 2.2609
2.4268(2037)

61 / 41 2.6878 2.3894 2.4379
2.7663(1867)

81 / 61 2.7265 2.4238 2.4730
2.9190(1273)

101 / 81 2.6834 2.3855 2.4340
3.0002(1782)

22 / 02 0.0129 0.0116 0.0118
22 / 21 0.1341 0.1192 0.1216

0.0042(14)
23 / 21 0.0213 0.0189 0.0193

0.0611(59)
23 / 22 0.0130 0.0120 0.0123
42 / 22 0.9161 0.8144 0.8310
31 / 21 0.1505 0.1338 0.1365
31 / 22 0.0210 0.0187 0.0190
31 / 41 0.0764 0.0679 0.0693
51 / 31 1.4481 1.2873 1.3135
51 / 41 1.1208 1.1074 1.1095

Table 3. The values of the NEE parameters of the g. s., b and g bands in
MeV unit for the 226, 236 Th isotopes.

C1 C2 C3 Bb Bg

226 0.0133 0.0391 �0.0140 �0.0055 �0.0069
228 0.0099 0.0265 �0.0463 �0.0024 �0.0052
230 0.0091 0.0218 �0.0418 �0.0017 �0.0053
232 0.0084 0.0406 �0.1428 �0.0008 �0.0046
234 0.0083 0.0273 �0.0604 0.0007 �0.0042
236 0.0082 0.0247 �0.0773 0.0002 �0.0041
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The calculated B(E2) ratios and IBM limits are
listed in Table 8. From the table, one can see that the
model value close to the SU(3) limit exhibits strong
collective behavior and deformed shapes.

3.8. Potential energy surface

The potential energy surface (PES) was calculated
using Eq. (11). The coefficients of this equation were
calculated based on the Hamiltonian parameters
shown in Table 2. In Fig. 7, the PES values are
plotted as a function of b and g deformation pa-
rameters. The g deformation parameter determines
the nature of the nuclear shape orientation, where
g ¼ 0� (prolate shape), g ¼ 60� (oblate shape) and
0� < g < 60� (triaxial shapes). For triaxial shapes, the
value of g provides insight into the rigidity or

softness of the nuclear shape [45]. While the b
deformation parameter in this equation is related to
the Bohr Collective Model (BCM) through a distor-
tion factor as bIBMy A

2$36NB
bBCM, where A is the mass

number [46]. To investigate the nuclear shape, PES
was calculated for b ranging from 0 to 3, at fixed g
values of for g ¼ 0�, 30� and 60� as shown in Fig. 8.
Clearly, the Vmin (b,g) value is on the curve of g ¼ 0�

Table 6. IBM B(E1) and B(E3) in e2b and e2 b3 unit, respectively, for 226-230Th. Available observed data [42] is provided in the second row.

Transition 226Th 228Th 230Th

J�i / Jþf B(E1) B(E3) B(E1) B(E3) B(E1) B(E3)

11 / 01 3.6 � 10�7 1.7 � 10�5 7.1 � 10�6

11 / 21 1.3 � 10�5 0.0852 1.9 � 10�6 0.4351 1.1 � 10�5 0.1901
11 / 41 0.4478 0.0680 0.5640
31 / 01 0.0014 0.1138 0.0929

0.0914(85)
31 / 21 1.1 � 10�7 0.0125 1.7 � 10�5 0.2085 1.9 � 10�6 0.0270
31 / 41 1.1 � 10�5 0.1066 4.0 � 10�6 0.1702 1.3 � 10�5 0.1382
21 / 21 1.0 � 10�5 0.1372 1.3 � 10�5 0.0098 1.4 � 10�5 0.4493
21 / 41 0.1129 0.2120 0.2195
51 / 41 4.0 � 10�8 0.0119 1.7 � 10�5 0.2374 7.0 � 10�7 0.0007
51 / 21 0.0005 0.1348 0.0554
41 / 21 0.0507 0.0121 0.1420
41 / 41 8.2 � 10�7 0.1802 1.1 � 10�5 0.0479 1.0 � 10�5 0.4315
71 / 41 0.0429 0.1035 0.0279
71 / 61 2.0 � 10�7 0.0084 1.6 � 10�5 0.2696 3.6 � 10�7 0.0001

Table 7. IBM B(E1) and B(E3) in e2b and e2 b3 unit, respectively for 232-236Th. Available observed data [42] is provided in the second row.

Transition 232Th 234Th 236Th

J�i / Jþf B(E1) B(E3) B(E1) B(E3) B(E1) B(E3)

11 / 01 1.8 � 10�5 2.6 � 10�5 3.6 � 10�5

11 / 21 4.0 � 10�6 0.7634 3.3 � 10�6 0.1864 1.3 � 10�6 0.2792
11 / 41 0.1908 0.0156 0.0027
31 / 01 0.0758 0.0528 0.0308

0.0771(85)
31 / 21 5.6 � 10�8 0.0160 4.5 � 10�6 0.0265 3.3 � 10�5 0.1417

7.5 (2.2) � 10�8

31 / 41 9.0 � 10�8 0.3537 4.0 � 10�7 0.3196 3 � 10�5 0.2184
8.0 (10) � 10�7

21 / 21 2.0 � 10�7 0.2978 1.1 � 10�6 0.2768 1.9 � 10�5 0.0446
21 / 41 0.2157 0.1952 0.2982
51 / 41 2.4 � 10�7 0.1738 1.4 � 10�5 0.1653 3.4 � 10�5 0.2054
51 / 21 0.0109 0.0010 0.0657
41 / 21 0.1517 0.1512 0.0550
41 / 41 7.8 � 10�7 0.0225 3.6 � 10�6 0.0182 1.8 � 10�5 0.0018
71 / 41 0.0088 0.0063 0.0710
71 / 61 6.4 � 10�6 0.3728 1.9 � 10�5 0.2347 3.5 � 10�5 0.2424

Table 8. Calculated and IBM limit [44] values of the B(E2) ratio in Th
isotopes.

Ri
226Th 228Th 230Th 232Th 234Th 236Th U(5) SU(3) O(6)

R1 0.64 0.61 0.64 0.64 0.64 0.64 0.01 0.70 0.07
R2 0.07 0.07 0.07 0.07 0.07 0.07 1.40 0.02 0.79
R3 18.59 18.59 18.59 18.58 18.58 18.59 1.0 6.93 1.84
R4 1.97 1.97 1.97 1.97 1.97 1.97 0.06 2.5 0.12
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and it was as follows: Vmin (b,g) ¼ Vmin (1.2,0�) ¼
�2.7917, Vmin(1.2,0�) ¼ �2.3847, Vmin ¼ (1.4,0�) ¼
�3.1726, Vmin(1.4,0�) ¼ �3.1409, Vmin(1.4,0�) ¼
�3.6853 and Vmin(1.4,0�) ¼ �4.2732 MeV for
226�236Th isotopes, respectively. These results indi-
cate that the nuclei exhibit significant deformation
and therefore fall within IBM's SU (3) limit mainly in
a prolate shape.

4. Conclusion

The present investigation focuses on extending
the model space to include the f-boson (L ¼ 3). Two
negative parity bands have been identified. The first
band, built on the 1- state, is interpreted as a 1f-
boson excitation. After the studying the energy
spectrum, the PES shape agrees with the SU (3)

Fig. 8. The PES values as a function of 0 �b2 � 3 and g ¼ 0�, 30�, and 60� for 226-236Th isotopes.

Fig. 7. The IBM PES for the 226-236Th isotopes, within deformation parameters: 0��g � 60� and 0 �b2 � 3.
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limit. The IBM describes the properties of the low-
lying positive states without any additional param-
eters. For the negative parity states, this is not
applicable to negative-parity states, which require
additional degrees of freedom. As more negative-
parity states are identified, including p-bosons
(L ¼ 1), they must be added to the model space. The
root-mean-square deviations are very small with

s ¼
h
1
N

P ðECal � EExpÞ2
i1=2

, for example it is s (g. s.

band up J ¼ 12þÞ ¼ 0.034, 0.017, 0.061, 0.085, 0. 115,
and 0.181 for 226-236Th isotopes, respectively. Further
refinement of the model may be achieved by incor-
porating triaxiality and cubic interaction and by
adding the Q� Q�Q term to the Hamiltonian will
improve the model results for b and g bands. The
present study of the nuclear structure shows some
interesting properties that need to be investigated,
such as the abnormal behavior of the negative parity
states. Further investigations of shape coexistence
and octupole vibration would be more beneficial of
helpful to complete the results of this work, espe-
cially in models based on dynamical deformation
parameters (b2, b4)-coupling. The calculated results
can serve as a valuable reference for experimental-
ists. Additional experimental studies will be neces-
sary to further validate the current model
calculations. In particular, more measurements of E1
transitions are needed to guide theoretical in-
terpretations identify the structure of levels.
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