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Abstract  

In this work, we lead a study on new popularization for hyponorm𝑎l operati𝑜n, 

that is (ℎ, 𝑀). hyponorm𝑎l operat𝑜r. Too, we've given various characterist𝑖cs 

for this concept. As well as, we solve the  commuting operator equation for 

(ℎ, 𝑀)-hypononmal operation. 

Keywords: Hilbert space, Bound𝑒d line𝑎r 0perat𝑜rs, Hyponorm𝑎l operat𝑜rs, 

𝑀-hyponorm𝑎l operat𝑜r,(𝑀, ℎ)-hyponorm𝑎l operat𝑜rs.  
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 خلاصة

عامل غير طبيعي.  .(h,Mفي هذا العمل، قمنا بإجراء دراسة حول تعميم جديد للعملية الناقصية، وهي )

أيضًا خصائص مختلفة لهذا المفهوم. بالإضافة إلى ذلك، قمنا بحل معادلة مشغل التنقل للعملية لقد قدمنا 

 .(h,Mالناقصية )

المؤثرون الخطيون المحدودون، عوامل النقص الطبيعي، عوامل  : فضاء هيلبرت،الكلمات المفتاحية

 .عوامل النقص الطبيعي - M ، M،h النقص الطبيعي

1. Introduction   

In the fifties of the last country Halmos P.R. [5] presented the concept of 

hyponormal operator, after which many studies and were presented on this 

subject and many studies and many generalizations were made for this concept. 

In (1961) Berberain S.K. [1] was given selected propert𝑖𝑒s of hyponorm𝑎l 

operat𝑜rs. In (1962) Stampfli J.G. [11]proved selected propert𝑖es of 

hyponorm𝑎l operat𝑜rs, one of them is proved that the hyponorm𝑎l operat𝑜rs T 

is normal if 𝑇𝑛is normal, where n is positive integer number. In (1966) Coburn 

L.A. [3] was proved that Weyls theorem holds for any hyponormal operator. 

In (1967) Istratescu V. [6], introduced the class of paranormal operators on 

Banach space. In (1972) Devi S. [4] well-defined the course of qu𝑎si-
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hyponormal operators and generalizing the notion of hyponorm𝑎l in other way. 

In (1974) Patel S.M. [8] introduce the *-paranormal operators, and in the same 

year Stampfli J.G. (unpublished) has initials the study of M-hyponormal 

operators and Wadhwa B.L. [13] investigated some spectral theoretic  aspects of 

𝑀-hyponormal operators in his doctoral dissertation submitted to the Indians 

University. In (1975) Shah N.C. and Sheth  I.H. [9], were studied some 

propert𝑖es of  *-paranorm𝑎l operat𝑜rs. 

Now this pap𝑒r, we lead a new popularization for hyponorm𝑎l operat𝑜rs, that is 

(ℎ, 𝑀)-hyponorm𝑎l operat𝑜r then we discuss certain characteristics that for 

present concept hold, in addition, we give some examples for the properties that 

this concept dose not achieve. Then we will give the condition that must be met 

to hold these properties. 

Definiti𝒐n 1.1. 

Let Τ: ℋ ⟶ ℋ stay a restricted lined factor on a Hilbe𝑟t planetary ℋ, then 𝛵 is 

called hyponorm𝑎l operat𝑜r if  Τ∗Τ ≥ ΤΤ∗, that is (Τ∗  Τ𝑥 , 𝑥) ≥ (ΤΤ∗
𝑥 , 𝑥), for 

every 𝑥𝜖ℋ.  

Definiti𝒐n 1.2. 

Hire agreement Τ: ℋ ⟶ ℋ stay a restricted lined on a Hilbe𝑟t planetary ℋ, 

now 𝛵 is believed to be ℳ-hyponrm𝑎l operat𝑜r if there exists a positive real 

number ℳ ≥ 1, such that 𝑀Τ∗Τ ≥ ΤΤ∗. 

Definiti𝒐n 1.3. 

Let Τ: ℋ ⟶ ℋ stay a restricted lined factor on a Hilbe𝑟t planetary ℋ, then 𝛵 is 

believed to is unionist factor if ΤΤ∗ = Τ∗Τ = Ι. 

Definiti𝒐n 1.4. 

Let 𝑆 , Τ: ℋ ⟶ ℋ stay a restricted lined factor on a Hilbe𝑟t planetary ℋ, at that 

point 𝑆 and Τ  are said to be ℷ- shuttling operat𝑜rs if 𝑆Τ = ℷΤ𝑆 ≠ 0̂, ℷ ∈ ℂ ∖ {0}. 

2. Mean Result  

Definiti𝒐n 2.1. 

Agreement Τ, ℎ ∶ ℋ ⟶ ℋ stay a restricted lined factors on a Hilbe𝑟t planetary 

ℋ, like that ℎ𝑇 = 𝑇ℎ, ℎ𝑇∗ = 𝑇∗ℎ. The factor 𝑇 is believed to be ( ℎ , ℳ )-
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hyponormal operator if there occurs a affirmatory actual figure ℳ ≥ 1, such 

that ℳℎΤ∗Τ ≥ ΤΤ∗ℎ.  

 

To clarify this acquainting, study the next paradigm. 

 

Paradigm 

1. AgreementΤ = [
5 2

−2 5
] , ℎ = [

3 0
0 0

], now  𝛵 is ( ℎ, ℳ)-hyponorm𝑎l 

operat𝑜r as soon as ℳ = 2, since ℳℎΤ∗𝛵-ΤΤ∗ℎ = [
87 0
0 87

] 

2. Let Τ = [
5 3
5 3

] , ℎ = [
3 0
0 3

], now𝛵 is not ( ℎ , ℳ )-hyponorm𝑎l operat𝑜r 

for any positi𝑣e r𝑒al numeral ℳ ≥1. 

Propositi𝒐n 2.2. 

Lease Τ: 𝐻 ⟶ 𝐻 be ( ℎ , ℳ )-hyponorm𝑎l operat𝑜r on a Hilbe𝑟t space 𝐻, now : 

i- Obviously that if ℎ = 1 andℳ = 1, now Τ be  hyponorm𝑎l operat𝑜r. 

ii- Condition 𝐿 is latched subconc𝑒pt of ℋ  and fixed beneath Τ|.𝐿. is ( ℎ , ℳ )-

hyponorm𝑎l operat𝑜r. 

Pro𝒐f 

(ii) 

ℳℎ(Τ|.𝐿 )∗(Τ|.𝐿 ) = ℳ(ℎ|𝐿)(𝑇Τ∗|.𝐿 )(Τ|.𝐿) 

                               = (ℳℎΤ∗Τ)| 𝐿 

                               ≥ (ΤΤ∗ℎ)|𝐿 

                               = (Τ|𝐿)(Τ∗|𝐿)(ℎ|𝐿) 

                               = (Τ|𝐿)(Τ∗|𝐿)∗(ℎ|𝐿) 

=  (Τ|𝐿) (Τ|𝐿)∗  ℎ 

Thus; 𝑇|.𝐿 is (ℎ, ℳ)-hyponorm𝑎l operat𝑜r. 

Propositi𝒐n 2.3. 

If  Τ: ℋ ⟶ ℋ stand an (ℎ , ℳ)-hyponorm𝑎l factor on a Hilbe𝑟t planetary ℋ, 

now: 

i. ℷΤ is (ℎ , ℳ)- hyponorm𝑎l factor, for any ℷ ∈ ℂ. 

ii. (Τ − ℷ𝐼) is (ℎ , 𝑀)-hypononmal factor, aimed at several ℷ ∈ ℂ. 

iii. condition Τ and h are revers𝑖ble factor, now Τ−1 is (ℎ, ℳ)-hyponorm𝑎l 

factor. 

Probative 

𝒊. 

𝑀ℎ(ℷΤ)∗(ℷΤ ) = 𝑀ℎℷ̅ Τ∗ℷ𝛵 

= ℷ̅ℷ(ℳℎΤ∗Τ) 
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 ≥ ℷ̅ℷ(ΤΤ∗ℎ) 

= (ℷΤ)(ℷΤ)∗ℎ 

Hence, (𝜆Τ) be (ℎ, ℳ)-hyponorm𝑎l operat𝑜r. 

𝒊𝒊. 

𝑀ℎ(Τ − 𝜆𝐼)∗(Τ − 𝜆𝐼) = 𝑀ℎ(Τ∗ − 𝜆̅𝐼)(Τ − 𝜆𝐼) 

= 𝑀ℎ(𝑇∗𝑇 − 𝜆𝑇∗ − 𝜆̅𝑇 + 𝜆̅𝜆𝐼) 

= 𝑀ℎ𝑇∗𝑇 − 𝑀𝜆ℎ𝑇∗ − 𝑀𝜆̅ℎ𝑇 + 𝑀𝜆̅𝜆ℎ 

≥ 𝑇𝑇∗ℎ − 𝜆ℎ𝑇∗ − 𝜆̅ℎ𝑇 + 𝜆̅𝜆ℎ 

= 𝑇𝑇∗ℎ − 𝜆𝑇∗ℎ − 𝜆̅𝑇ℎ + 𝜆̅𝜆ℎ 

= (𝑇𝑇∗ − 𝜆𝑇∗ − 𝜆̅𝑇 + 𝜆̅𝜆)ℎ 

= (𝑇(𝑇∗ − 𝜆̅𝐼) − 𝜆(𝑇∗ − 𝜆̅𝐼)ℎ 

= (𝑇 − 𝜆𝐼)(𝑇 − 𝜆𝐼)∗ℎ 

Hence, (𝑇 − 𝜆𝐼) is (ℎ, ℳ)-hyponorm𝑎l operat𝑜r. 

𝑖𝑖𝑖. 

assume   𝑇 is (ℎ, 𝑀)-hyponorm𝑎l operat𝑜r, now 

𝑀ℎ𝑇∗𝑇 ≥ 𝑇𝑇∗h  

(𝑇𝑇∗ℎ)−1 ≥ (ℳℎ𝑇∗𝑇)−1 

(ℎ𝑇𝑇∗)−1 ≥ ℳ−1(𝑇∗𝑇ℎ)−1 

𝑀(𝑇∗)−1𝑇−1ℎ−1 ≥ ℎ−1𝑇−1(𝑇∗)−1 

𝑀(𝑇∗)−1𝑇−1h. ℎ−1 ≥  h. ℎ−1𝑇−1(𝑇∗)−1 

𝑀ℎ(𝑇−1)∗𝑇−1 ≥ 𝑇−1(𝑇−1)∗ℎ 

And so; 𝑇−1 be (h, ℳ)-hyponorm𝑎l operat𝑜r. 

Proposition 2.4. 

Lease, 𝑇: 𝐻 ⟶ 𝐻 is   (ℎ, ℳ)-hyponorm𝑎l operat𝑜r on a Hilbe𝑟t spa𝑐e,  

𝑇∗𝑇𝑛 = 𝑇𝑛𝑇∗, now 𝑇𝑛 be (ℎ, ℳ)-hyponorm𝑎l opera𝑡𝑜r. 

Pro𝒐f 

As Τ is (ℎ, ℳ)-hyponormal operator, then 𝑇𝑛 is (ℎ, ℳ)-hyponorm𝑎l operat𝑜r 

for . 𝑛 = 1. 

Reason,   𝑇𝑛 is (ℎ, ℳ)-hyponorm𝑎l operat𝑜r, 𝑛 = 𝑚;   

𝑀ℎ(𝑇𝑚 )∗𝑇𝑚 ≥ 𝑇𝑚(𝑇𝑚)∗ℎ 

At present, showing this 𝑇𝑛 be (ℎ, ℳ)-hyponorm𝑎l operat𝑜r if 𝑛. = 𝑚. +1 

(𝑇𝑚+1)(𝑇𝑚+1)∗. ℎ = 𝑇𝑇𝑚𝑇∗(𝑇𝑚)∗. ℎ 

    = 𝑇𝑇∗𝑇𝑚(𝑇𝑚)∗. ℎ         (as  𝑇∗𝑇𝑛 = 𝑇𝑛𝑇∗) 

   ≤ 𝑀𝑇𝑇∗ℎ(𝑇𝑚)∗𝑇𝑚 

   =𝑀ℎ𝑇(𝑇𝑚+1)∗𝑇𝑚 

   =𝑀ℎ (𝑇𝑚+1)∗ 𝑇 𝑇𝑚 
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   = 𝑀ℎ (𝑇𝑚+1)∗ (𝑇𝑚+1) 

Hence; 𝑇𝑛 be  (ℎ, ℳ)-hyponorm𝑎l operat𝑜r. 

Reminder 2.5.    

Agreement 𝑇, 𝑆: ℋ ⟶ ℋ is (ℎ, ℳ)-hyponorm𝑎l operat𝑜r on a Hilbe𝑟t sp𝑎𝑐e 

ℋ, now (𝑇 + 𝑆)be not certainly (ℎ, 𝑀)-hyponorm𝑎l operat𝑜r. To clarify this, 

study the resulting case: 

Examp𝒍e  2.6. 

Th𝑒  operat𝑜r Τ = [
5 2
2 5

] be (ℎ, ℳ)-hyponorm𝑎l operat𝑜r, when  ℎ = [
3 0
0 3

] 

and M=1. And S= [
0 1
7 −2

]  𝑏𝑒 (ℎ, 𝑀)-hyponorm𝑎l operat𝑜r , whereℎ =

[
3 0
0 3

] and 𝑀 = 52, however 𝑆 + 𝑇 = [
5 3
5 3

] is not (ℎ, ℳ)-hyponorm𝑎l 

operat𝑜r  ∀ ℝ+ ,  M≥1. 

Now, the resulting hypothesis to the state of affairs that are true  

Theor𝒆m 2.7. 

Rent 𝑆: 𝐻 ⟶ 𝐻 i (ℎ, ℳ1)-hyponorm𝑎l operat𝑜r, let 𝑇: 𝐻 ⟶ 𝐻 be (ℎ, ℳ2)-

hyponorm𝑎l operat𝑜r, then (𝑆 + 𝑇) is (ℎ, ℳ)-hyponorm𝑎l operat𝑜r if 𝑆∗𝑇 =

𝑇𝑆∗, where ℳ ≥ ℳ1ℳ2. 

Proof 

          (𝑆 + 𝑇)(𝑆 + 𝑇)∗ℎ  = (𝑆𝑆∗ℎ + 𝑆Τ∗ℎ + Τ𝑆∗ ℎ + 𝑇𝑇∗ℎ)          

≤  𝑀1ℎ𝑆∗𝑆 + 𝑆𝑇∗ℎ + 𝑇𝑆∗ℎ + 𝑀2ℎ𝑇∗𝑇 

                                       ≤ 𝑀ℎ 𝑆∗𝑆 + 𝑀𝑆𝑇∗ℎ + 𝑀𝑇𝑆∗ℎ + 𝑀ℎ𝑇∗𝑇 

                                       = 𝑀ℎ (𝑆∗𝑆 + 𝑇∗𝑆 + 𝑆∗𝑇 + 𝑇𝑇∗) 

                                       = 𝑀ℎ((𝑆 + 𝑇)∗(𝑆 + 𝑇))  

Therefore, (𝑆 + 𝑇) is (ℎ, 𝑀)-hyponormal operator. 

Reminder  2.8.  

Agreement 𝑇, 𝑆: ℋ ⟶ ℋ is (ℎ, ℳ)-hyponorm𝑎l operat𝑜r on a Hilbe𝑟t sp𝑎𝑐e 

ℋ, now (𝑇 𝑆)be not certainly (ℎ, 𝑀)-hyponorm𝑎l operat𝑜r. To clarify this, 

study the resulting case: 

Exampl𝒆 2.9. 

The operat𝑜r 𝑆=[
5 2

−2 5
], also 𝑇 = [

2 0
0 0

], are (ℎ, 𝑀)-hyponorm𝑎l, where ℎ =

[
3 0
0 3

], and 𝑀=1, but 𝑇𝑆 = [
10 0
−4 0

], is not (ℎ, 𝑀)-hpoynorm𝑎l operator ∀ ℝ+ 

, 𝑀 ≥ 1 

Theor𝒆m 2.10. 
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Rent 𝑆: 𝐻 ⟶ 𝐻 , (ℎ, ℳ1)-hyponorm𝑎l operat𝑜r, let 𝑇: 𝐻 ⟶ 𝐻 be (ℎ, ℳ2)-

hyponorm𝑎l operat𝑜r, then (𝑆𝑇) is (ℎ, ℳ)-hyponorm𝑎l operat𝑜r if 𝑆𝑇 =

𝑇𝑆, 𝑆𝑇∗ = 𝑇∗𝑆 where ℳ = ℳ1ℳ2. 

Proof 

             (𝑆 𝑇)(𝑆 𝑇)∗ℎ = 𝑆𝑇𝑇∗𝑆∗ℎ 

                                  = 𝑇𝑇∗𝑆𝑆∗ℎ         (since 𝑆𝑇 = 𝑇𝑆, and 𝑆𝑇∗ = 𝑇∗𝑆) 

                                  ≤  𝑀1𝑇𝑇∗ℎ𝑆∗𝑆 

                                  ≤  𝑀1𝑀2ℎ𝑇∗𝑇𝑆∗𝑆 

                                  = 𝑀ℎ𝑇∗𝑆∗𝑆𝑇 

                                  = 𝑀ℎ(𝑆𝑇)∗(𝑆𝑇) 

So, (𝑆𝑇) is (ℎ, 𝑀)-hyponorm𝑎l operat𝑜r. 

  

Theorem 2.11. 

Lease 𝑆, 𝑇: 𝐻 ⟶ 𝐻 be bound𝑒d lin𝑒ar operat𝑜rs on a Hilbe𝑟t spa𝑐e ℋ, too 

ℎ: 𝐻 ⟶ 𝐻 be unita𝑟y bound𝑒d line𝑎r operat𝑜r on ℋ, s. t.  𝑆𝑇 = ℷ𝑇𝑆 , ℷ ∈ ℂ ∖

{0}, now 

1- Condition 𝑆∗ is (ℎ, 𝑀1)-hyponorm𝑎l operat𝑜r and 𝑇 is (ℎ,𝑀2)-hyponorm𝑎l  

operat𝑜r, formerly |ℷ| ≤ (𝑀1 𝑀2)
1

2  

2- If 𝑆 is (ℎ, 𝑀1)-hyponorm𝑎l operat𝑜r and 𝑇∗ 𝑖𝑠 (ℎ, 𝑀2)-hyponorm𝑎l 

operat𝑜r, formerly |𝜆| ≥ (𝑀1 𝑀2)−
1

2 . 

Pro𝒐f 

1-  As   𝑆𝑇 = 𝜆𝑇𝑆, 

    |ℷ|‖𝑇𝑆‖ = ‖𝜆𝑇𝑆‖ 

                      =  ‖𝑆𝑇‖ 

                  = ‖(𝑆𝑇)∗(𝑆𝑇)‖
1

2 

                  =  ‖𝑇∗𝑆∗𝑆𝑇‖
1

2 

                  =  ‖𝑇∗𝑆∗𝑆𝐼𝑇‖
1

2 

                  =  ‖𝑇∗𝑆∗𝑆ℎℎ∗𝑇‖
1

2       (since ℎℎ∗ = ℎ∗ℎ = 𝐼) 

                  = ‖𝑇∗(𝑆∗𝑆ℎ)ℎ∗𝑇‖
1

2 

                   ≤ ‖𝑀1𝑇∗ℎ𝑆𝑆∗ℎ∗𝑇‖
1

2 

                       = 𝑀1

1
2‖(𝑇∗ℎ𝑆)(𝑇∗ℎ𝑆)∗‖

1
2 

                  = 𝑀1

1

2‖𝑇∗ℎ𝑆‖ 

                  = 𝑀1

1

2‖(𝑇∗ℎ𝑆)∗(𝑇∗ℎ𝑆)‖
1

2 
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                  = 𝑀1

1

2‖𝑆∗ℎ∗(𝑇𝑇∗ℎ)𝑆‖
1

2 

                   ≤  𝑀1

1

2‖𝑀2𝑆∗ℎ∗ℎ𝑇∗𝑇𝑆‖
1

2 

                   = (𝑀1𝑀2)
1

2‖𝑆∗𝐼𝑇∗𝑇𝑆‖
1

2 

                   = (𝑀1𝑀2)
1

2‖(𝑇𝑆)∗(𝑇𝑆)‖
1

2 

                   = √𝑀1𝑀2‖𝑇𝑆‖ 

And so,|ℷ|‖𝑇𝑆‖ ≤ √𝑀1𝑀2‖𝑇𝑆‖, also |ℷ| ≤ √𝑀1𝑀2 

 

2- As     𝑆Τ = ℷΤ𝑆, now 

                    ‖𝑆𝑇‖ = ‖𝜆𝑇𝑆‖ 

                             = |ℷ|‖𝑇𝑆‖ 

                             = |ℷ|‖(𝑇𝑆)∗(𝑇𝑆)‖
1

2 

                             = |ℷ|‖𝑆∗𝑇∗𝑇𝐼𝑆‖
1

2 

                             = |ℷ|‖𝑆∗(𝑇∗𝑇ℎ)ℎ∗. 𝑆‖
1

2 

                             ≤ |ℷ|‖𝑀2𝑆∗ℎ. 𝑇. 𝑇∗. ℎ∗. 𝑆‖
1

2 

                             = |ℷ|𝑀2

1

2‖(𝑆∗ℎ. 𝑇)(𝑆∗. ℎ. 𝑇)∗‖
1

2 

                             = |𝜆|𝑀2

1

2‖𝑆∗ℎ𝑇‖ 

                             = |ℷ|𝑀2

1

2‖(𝑆∗ℎ𝑇)∗(𝑆∗ℎ𝑇)‖
1

2 

                             = |ℷ|𝑀2

1

2‖𝑇∗ℎ∗(𝑆𝑆∗ℎ)𝑇‖
1

2 

                             ≤ |ℷ|𝑀2

1

2‖𝑀1𝑇∗ℎ∗ℎ𝑆∗𝑆𝑇‖
1

2 

                             = |ℷ|(𝑀1𝑀2)
1

2‖𝑇∗𝐼𝑆∗𝑆𝑇‖
1

2 

                             = |ℷ|(𝑀1𝑀2)
1

2‖(𝑆𝑇)∗𝑆𝑇)‖
1

2 

                             = |ℷ|(𝑀1𝑀2)
1

2‖𝑆𝑇‖ 

As a result, ‖𝑆𝑇‖ ≤ |ℷ|√𝑀1𝑀2‖𝑆𝑇‖, so 1 ≤ |𝜆| √𝑀1𝑀2 

And so; |ℷ| ≥ (𝑀1𝑀2)
−1

2  
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