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Abstract:

A vertex labeling is a function that assigns labels to the vertices of a graph for
representation purposes the nodes by distinct objects a graceful-labeling of such a
plot can always be guaranteed in case that an injective mapping is exist to the
graph vertices to the set from 0,1 to e where e indicates the edges number such
that the difference in labels of the pairs of adjacent vertices yields unique values
across the edges graphs that possess this are said to be graceful the paper
recognizes and examines six remarkable graphs proving that each one has a
graceful labeling.

Keywords: graph labeling, vertex labeling, graceful labeling, edge graceful
labeling.

Introduction:

In this study, all graphs are supposed to be finite, undirected, and simple. We
consider a plane graph (&), where E(G) represent its group of edges and V(G) is
groups of vertices.

A graph-labeling is the assigning of labels to a graph's vertices, edges, or both.
These labels are specifically positive integers or non-negative integers [1], in this
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research paper, we will assign only labels to the vertices positioned on me the
vertices, and the relevant edges are close to the induced edge labels for some
graphs.

The theory of labeling is a significant subject in the theory of graphs, Alex Rosa
first presented the labeling idea in 1967, In his research entitled "On certain
valuations of the vertices of a graph,” The idea of labeling is one of many issues
in graph theory. Rosa's [-valuation is the labeling that has received the most
attention[2]. And who Solomon W. Golomb afterward referred to as a graceful
labeling[3].

There are sundry different types of graph labeling; nonetheless, the following
definitions are crucial for this paper present.

Consider a graph G whose vertex set contains p elements and whose edge set
contains g elements.

Graceful Labeling: Function V(&) — {0,1, ..., q} is said to be a graceful labeling
if it is injective, and the corresponding edge labeling f'(e) = |f(w) — f(v)]| or
each edge e = uv is also injective, assigning all integers from 1 to g exactly once
to the edges. graphs that include such a labeling type is known as graceful [4].
Edge-Graceful Labeling: Graph G is considered to be "edge-graceful™ when
there exists a 1 to 1 correspondence f: E(G) — {1,2,...,q} that assigns labels to
edges in such a way that induced vertex-labeling f*(x) = X,z f(xy) mod p is
also one-to-one. This labeling method, which acts as the dual of graceful labeling,
was introduced by Lo in 1985 [5].

In this paper, we will prove several theorems a number of graphs where edge
graceful vertex labeling can be found by assigning a positive integer to the vertex
so that each vertex is distinct from other vertices in accordance with the graph's
graceful labeling conditions.

In our research, we take a number of the graph that have not previously been
proven as edge graceful labeling, and from them (K, + K, )", (C, + nK,)", Fy 5,
(k, + K,,)", the Fibonacci cordial 3, and finally (nC, o F;)~.

Theorem 1: Each integern >= 2, graph (K; +K,,)" possesses an edge-
graceful labeling.

Proof. Let us examine the graph(K, + K ,,)", which has:

Vertex set: {vl,vZ,..,vn + 2}
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Edgeset: {v 1 1 1 =i=njU{v, v 1 1 =i =ntU{v, 1 Vn40}
This construction yields p =n+ 2 vertices, and g = 2n+ 1 edges. edge-
gracefulness is demonstrated by assign labels via a mapping
@:E(G) — {1,2,...,q}such that the resulting vertex-labeling is induced

accordingly:
O'W= Y o) (modp)
x_vEE{G]

yields a bijection to {0,1,...,p — 1}. For any n = 2, we construct the labeling as
follows:

Vi:V(K, +K, )" —={0,1,..2n+ 1}
Such that:

_{2::+1 to i €{1,2,..n},
NWI=li_n_1  iem+1n+2)

For n == 2, the edge-graceful labeling to graph (K, + K, ,,)* is obtained using a
vertex labeling ¥; and the corresponding induced edge labeling 5, where:

y1(v;) =2i+1toi € {1,2,...n} (pendant vertices)

¥1 (V1) = 0 (star center)

¥1(Vna2) = 1 (join vertex)

The induced edge labels are computed as follows:

Edges connected to the central vertex of the star (v,,,1v;):
Foreachi € {1,...,n}, the induced edge label is computed as

Ve W) = 11y (W) — () = 10— i+ 1) = 2i + 1

Edges linked to the join vertex (v,+27;), Foreach i € {1,...,n}, the induced edge
label is determined by:

¥ Wpa V) = 11 (W) — 2 (@)l = [1— i+ 1) | = 2i
Edge connecting v,,, 1 and 17, 5, for this edge, the induced label is calculated as:
YiWne1Vnsa) = Y1 (Wnee) —v1(Une) | = 10-1] = 1.

The complete collection of edge labels can be expressed as:
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(2i4+ 1:i€fl,..,m}}uUf2i:i€fl,. ., n}lufl}
={1,2,...2n + 1}.

This set forms a sequence of consecutive integers fromlto2n+1,
where 2n + 1 corresponds to the total number of edges in the graph.
Therefore, (K, + K, ,,)* supports an edge-graceful labeling for every integer

n >= 2. The labeling arrangement for the specific case n = 6 is shown in Figure
1.

Figure 1: Constructing Edge-Graceful Labelings of (K, + K, )*

Theorem 2: The graph (C, + nK;)” admits an edge-graceful labeling for all
n = 1.

Proof: Consider the graph (C, + nkK; )" have:

Vertex group: V((C, + nK;)") = {v;:i € 1,2, ...4n}
Edge group:
E((Cy +nK1)") = (ViVns1,ViVns2, ViVnsa, Vilnas P LE L2, .0}

U{VnsiVnireril =1,2,33 U {VpsaVn e}
Vertex labeling is as follows for every n = 1:

Vo:V((C, + 1K) = {0,1,2, ... 4n + 4}

Such that:
; i=1,2,..n
()= l4in+4i—4n?—8n—4 for i=n+1n+2,
ni—2n+i—n®*-1 i=n+3n+4.
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To the graceful-labeling, we will check the induced edge labeling for the graph

C, +nK, as follows:

RACHESA N
1 Y2(WiVpsq) = li— 4+ Dn+4m+1)—4n2—8n—4]|  for i€l
i
RACHESHCIS]
2 Yi(Wvp,,) = li—[4n+2n+4(n+2)—4n2—8n—4]|  for i€1,
An—i+4
RACHESH IS
3 Vi(Wivnis) = i — [n(n+3)—2n+m+3)—n2—1]| for i€l
2n—i+?2
Y2 (@) = vz W) |
4 Y3 (VVnas) = i —[mn+4)—2n+(n+4)—n2—1]| for i€1,
3n—i+3
NACNRESHC IS

| [An+1)n+4(n+1)—4n*—8n—4]—[4d(n+2n+4(n+2)—
—8n—4]]

o1

YE (Fn+1vn+2) =

dn+ 4

| Y2 (Vns2) — Y2 (Vpis) |

|[4[n+ 2n+4(n+2)—4n*—8n—4)]—[n(n+3)—-2n+(n+3
-1/

»

Y; (vn+2 vﬂ+3:] =

2n+2
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| Y2 (Wniea) — Y2 (Vpss) |
Y2 (VniaVnsa) = | mMn+3)—-2n+(n+3)—n*—1]—[nh+4)-2n+(n+4)—

n+1

| Y2 (Vnis) — Y2 (Vnys) |

Imn+4)—2n+m+4)—n2 —1]— 4+ Dn+4nm+ 1) —4n

8 ?;(Fn aVp 1):
e ~a)

In+3

By combining 1, 2, 3, 4, 5, 6, 7, and 8, we get that the edges received the numbers
in+5—ifori=1,2,....4n+ 4.

Hence, the €y + nkK; graph is edge graceful labeling for every n = 1.

Figure 2 presents an example of an edge-graceful labeling applied to the graph
(3K, + C,)

Figure 2: An illustration of the edge-graceful labeling for the graph (&, + c¢,)

Theorem 3:

For all integers n = 3, the complement of the double fan graph F, admits an
edge-graceful labeling

Proof. Let G= F;, ; represent the complement of the double fan graph. The vertex
set is given by:
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VG)={r,l1=k<=n+2}
The edge set can be described as:

E(G)={vjv,,l1<si=sn—-1} U
fv,avll=sisnt U {v,..v,|1<i<n}

Here v,,,, and v, ;- are the apex vertices. The graph
has | V(G) | =n+ 2 verticesand | E(G) |= (n— 1) + 2n = 3n— 1 edges.

For every n = 3, the vertex labeling is defined as follows:

Ya:V(F;2) = {0,1,2,...,3n — 1} Such that:

r bn—3i+1 {Efnism?enandi i e {13,..,n—1}
2 orifniseddandi i € {1,3,...,n}
Y2(v) = 13i—2 {ifniswmandi{% 24, ..,n—1}
2 orifnisoddandi € {24,...,n}
\i—n—1 when ie{n+1,n+ 2}

Now, to graceful labeling, we will check the induced edge labeling for the double
fan graph F, ;, as follows:

|Ta (v;) —ya(vige) | 1e€1,2,..n-1
6n—3i+1 3(+1)—2 {ilEl,S,...,n—l, nijsevm
| 5 — 5 1€1,3,...,n—2, nisodd
1 ‘}{3*(1?{1?{+1] - . . tO I— 'E 2,4,..._,?1_ 1, TllS Gdd
|31_2_6“_3(1+1)+1 i€24,..,n—2, niseven
2 2
3In—3i iel,2,..n1
|72 (Wner) =15 (0) | i€1,2,..n
bn—3i+1 i€1,3,..,n—1, niseven
|(-”+13_”_1_ 5 | { i€13,..,n, nisodd
3i—2 ie24,..,n—1, nisodd
2 Vs (Wpaavy) = |[n—|— D-n-1-¢ 7 jJ| to {i €24,..n—2, niseven
bn—3i+1 {iEl,S,...,n—l, nis even
2 1€1,3,..,n, nisodd
3i—2 {iEZA,...,n—l, nis odd
y) 1E24, ... n—2, niseven
3 Vanev) = |y3(ni) — 1) | 0 je12 .n
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/ bn—3i+1 1e1,3,...,n—1, niseven
|(“+23—”—1——2 | { i€1,3,..,n, nisodd

3i—2 1e€E24, ...n—1, nisodd
L |[”+2]_“_1_( ) ]| { i€24,..,n niseven

(bn—3i—1 1el,3,...,n—1, niseven
2 { t€1,3,..,n, nisodd

Y 3i—4 {iE2,4,...,n—1, nis odd
L 2 ieE24,..,n niseven

By combining 1, 2, and 3, we get that the edges received the numbers 3n — 1 for
i=1,2,..,3n— 1.

Hence, The double fan graph F;, , is edge graceful labeling for every n = 3.

Figure 3 illustrates the edge-graceful labeling for the double-fan graph F;

Figure 3: edge graceful Labeling of F.,

Theorem 4:
the graph (k, + K, ,,)" is edge graceful labeling, For every n == 2.

Proof: Consider the graph (k, + K, ,,)", defined by its vertex set and edge set
then:

V((ky+Kyp) ) ={v:i=12,..n+3}

E((ky+Kin))
= {vivﬂ+llvivﬂ+ilvivﬂ+3 1= 1,2,...?1} U {vﬂ+1vn+21vﬂ+1vn+3}

AYY



Yove i VA aml)

dalal) g o Laia¥) g Ailady) & ol 4.8 ) Al N
No. 18 — Ang 2025  Iraqi Journal of Humanitarian, Social and Scientific Research " &\

Print ISSN 2710-0952 Electronic ISSN2790-1254
s |

For every n = 2, vertex-labeling is specified as follows:
Ya:V((ky + Ky )") = {0,1,2,...,3n+ 2}
Such that:

i—1 fori €{1,2,..n+1}
Ya) =y(n+1(i—n) —1 forie{n+2,n+ 3}

To graceful-labeling, induced edge labeling for the graph(k, + K,,)" is as

follows:

1- ¥ W) = 120D — 1a(wee) | forie(1,2,..n}
=l(n—1)+1] fori € {1,2,..n}
=n—i+1 fori € {1,2,..n}

2- Yo (ViVpsn) = |}’4(Fi] A CATY forie{1,2,..n}
= |[i—1)—[n[n+ 2)—n*—n+n+2)—1)] fori € {1,2,...n}

=2n—i+2 fori €{1,2,..n}

3- ¥ (Wives) = |1 (W) — va (W a) | fori=1{1,2,..n}
=lG-D—-[m—=D+m+2)]]| fori={1,2,..n}
=3n—i+3 fori ={1,2,..n}

4 ¥ Wns1Vniz) = [VaWnia) = ¥V W) |
= |+ D-11-mn+2)-n2—n+m+2)-1]|
=n+1
5 %5 Wne1Vnsa) = [¥aWnia) = Ve Wnia) |
= [+ 1) -1]-n(n+3)—n*—n+@n+3)—1]|
=2n+2

By combining 1, 2, 3, 4, and 5, we get that the edges received the numbers
3n+2—itoi€{1,2,..,3n+ 2}

While (k, + K, ,,)" plot is edge-graceful labeling to every n >= 2.

AY ¢
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Figure 4 illustrates edge-graceful-labeling or (k, + K, ,)~ plot.

Figure 4: Edge Graceful Labeling of (k, + K, ,)*
Theorem 5:
For every n =>= 5, shell-graph C;, is "edge graceful labeling".

Proof: Consider a Fibonacci cordial graph, defined by its vertex set and edge set,
where:

V(C;) ={v:i€l1,2,..n}
E(C)={vv,,'i=12,.n—1}U{vv,vyv:i=12,...,n—1}
For every n = 5, we define the vertex labeling as follows:

ys:V(C)) — {0,1,2,...,2n — 3} Such that;

( i—1 To:i=1
i — 2 {i € {3,5,...,n — 1}, nis"even”
Vs (v;) = A o i €{3,5,..,n}, n is "odd"

1e{24,..,n—1}nis"odd"
te{24, . ,n}nis"even”

n—i—1 {

.

Now, for the graceful labeling, we will check the induced edge labeling for the
Fibonacci cordial graph as follows:

1-ys(nyvy) = |}’5(T?1] —¥s(vs) |
=0 -2n—-2-1)|
=2n—3
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2-
Ys (ViViq) =
:Hfa (v;) — ys (v;54) | To:i€ {2,3,..n—

1e{24,..,n—2}, mnis"even”

ie{24,..,n—1}, nis"odd"

ie{35,...,n—2}, nis"odd"
i €{3,5,..,n—1} nis"even”

|2n—i—1)—(i+1-2)| {

IG—2)—[2n—(G+1)— 1] {

= 2n—2i Toi €{2,3,..n—1}

3- ¥ () = |y () — s (wy) |

_{ |(n—2)—0| ton is "odd"
|(2n—n—1)—0| tonis"even"

{n— 2 fornisodd .
n—1 for nis even .

4-5:(v,v) = | 85(v) — 65(v) | To:i€{34,..n—1)

( . i €13,5,..,n—2), n is "odd"
10— (i —2)| et ;

i€{3,5,..,n—1}, nis"even”
. 1ef{24,...,n—2}, mnis"even”
10— C@n—i-1) {i €{2,4,...,n—1), nis "odd"

(., { i€(35,.,n—2), nis"odd"
t ie{3,5,..,n—1} nis "even”

= , i€{24,..n—2), mnis"even"
2n—t—1 {:: €(2,4,.,n— 1}, nis "odd"

L

By combining 1, 2, 3, and 4, we get that the edges received the numbers
n—2—ifori=1,2,...,2n— 3.

Thus, the Fibonacci cordial C;, is edge graceful labeling for every n = 5.
Theorem 6:

For every n = 2, the graph (nC, « F5)" is edge-gracefully labeling.
Proof: Let the vertex set and the edge set of the graph (nCy o F5)" be:
V(G o B ) ={ws:i=12,..3n+ 13U {u:i=12,..2n—2}

AT
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E(nC,e Py)") = {VopsiVi, VansiVnsir Vonsis1Vis Vanaie1Vneiil = 1,2, .1}
U {VoniviUn VonsisiUnsio1:i = 1,2,...,n—1}

For every n = 2, we define the vertex labeling as follows:

Ve:V(nCye Py)" — {0,1,2,...,6n— 2} Such that:

en—4i+ 2 fori=1,2,..,n,
Ve (1)) ={1Un—4i+ 1 fori=n+1,n+2,..,2n,
2i—4n—2 fori=2n+12n+2,...,3n+ 1.

() = {t’m— 4i fori=1,2,..,n—1,
Vel =lon—4i fori=nn+1,..2n—2.

For the graceful labeling, we will check the induced edge labeling for the graph
(nC, o B,)” whenn = 2, as follows:

1- Y6 (VoneiVi) = Ve (Vanss) — ¥6 (V)| fori=1,2,..n
=|[20@n+i)—4n—2]—-[6n—4i+2]| fori=1,2,..n
—6n—6i+4 fori=1,2,..n
2- Ve Wansi+1Vi) = Y6 Wansir1) — Y6 (01 fori =1,2,..n
=|2@n+i+1)—4n—-2]—-[6n—4i+2]| fori=1,2,..n
— 6n—6i+2 fori=1,2,..n
3- Y6 WansiVn+e) = Ve (Wanes) = Vs (W)l fori=1,2,..n
=|[22n+1i) —4n—-2]—-[10n—4(nm+ i)+ 1]| fori=1,2,..n
— 6n—6i+3 fori=1,2,..n
4- Yo Wantir1Vnedd = V6 Wantir1) — ¥ (Unsd)| fori=1,2,..n
=|[2@n+i+1)—4n—-2]-[10n—4(n+i)+1]| fori=1,2,..n
—6n—6i+1 fori=1,2,..n
5- ¥ Wansie1the) = Vs Waness) — Vs ()| fori=1,2,.n—1
=|[2@2n+i+1)—4n—-2]—[6n—4i]| fori=1,2,..n—1
— 6n — 6i fori=1,2,..n—1

6- Y; (v2n+ivn+ij = h’rﬁ rit"F'E*.~1L+i+1j — Vs r:14[~'.t1+i—1j| fori= 1; 2; ~n—1

AYY
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=R22n+i+1)—4n—-2]1-[9n—4n+i—1D]| fori =1,2,..n—1

=bn—6i+4 fori=1,2,..n—1

By combining 1, 2,3,4,5, and 6, we get that the edges received the numbers
bn—i—1fori=1,2,...,6n— 2.

Thus, the graph (nC, o F5)” is edge graceful labeling for every n = 2.

Ly u

Figure 5: The graph (nC, o 5)” whenn = 4,
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