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ARTICLE

On i-totally Continuity and Some Relationships

Ruqayah N. Balo, Sabih W. Askandar*, Nadia A. Abdul-Razaq

Department of Mathematics, College of Education for Pure Science, University of Mosul, Mosul, Iraq

Abstract

This study introduces i-totally continuity, a new generalization of strong continuity that is more robust than
totally continuity. Additionally, several of these functions' characteristics are looked into. Also presented and
researched i-totally open functions in topological spaces.
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1. Introduction

i -open sets [1,2,6] are crucial for generalizing
continuous functions in the study of general to-

pological spaces. Numerous researchers have pre-
sented and investigated various kinds of
generalizations of continuity using these sets. N.
Levine [5] first described the category of semi-
continuous functions in 1963. In 1980, Jain [4]
introduced completely continuous functions. As a
generalization of “totally continuous functions”, T.
M. Nour [7] developed the idea of “totally semi-
continuous functions”, and numerous features of
these functions were discovered. This study in-
troduces and studies i-totally continuity, a new
generalization of strong continuity that is stronger
than totally continuity. Further research is done into
the fundamental characteristics of these functions,
preservation theorems for i-totally continuous
functions, and connections between i-totally
continuous functions and other varieties of contin-
uous functions. Also presented and researched i-
totally open functions in topological spaces.
Throughout the entire paper, topological spaces are

referred to asX andY.LetA be a subset ofX.Cl(A) and
Int(A) respectively represent for the closure and
interior ofA. The term “i-open” refers to a subset A of
X [1,2,6] (in short (IOS )) if A 3 Cl
ðA∩GÞ;G2t;Gs∅;X . i-closed set, or ICS for short, is

the complement of i-open set. IOS(X) stands for the
family of i-open sets of X. The i-interior of A [1,2,6] is
the union of all the i-open sets included in A, and it is
represented by IInt(A). The i-closure of A [1,2,6] is the
intersection of all i-closed sets that contain A, and it is
denoted by ICl(A). Clopen set (abbreviated COS ) is a
set that is both open and closed.COS(X) stands for the
family of all clopen sets.

2. Preliminaries

Definition 2.1. A function f : X / Y is called:

(i) i-continuous (in short (ICONTF) [1,2,6] if
f�1ðO*Þ2IOSðXÞ;cO*2OSðYÞ.

(ii) Totally continuous (in short (TCONTF)) [4] if
f�1ðO*Þ2COSðXÞ;cO*2OSðYÞ.

(iii) Strongly continuous (in short (STCONTF )) [8]
if f�1ðO*Þ2COSðXÞ;cO*⊆Y.

(iv) Totally i-continuous (in short (TICONTF )) if
f�1ðO*Þ2ICOSðXÞ;cO*2OSðYÞ.

(v) Strongly i-continuous (in short (STICONTF ) if
f�1ðO*Þ2ICOSðXÞ;cO*⊆Y.

(vi) i-irresolute (in short (IIRREF) [1,2,6] if
f�1ðO*Þ2IOSðXÞ;cO*2IOSðYÞ.

3. Main results

The concept of i-totally continuous functions is
presented in this section. It is possible to
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characterize and establish certain connections be-
tween i-totally continuous functions and other
related functions. Additionally, several fundamental
i-totally continuous function characteristics are
examined.

Definition 3.1. A function f : X / Y is called i-
totally continuous (in short(ITCONTF ) if f�1ðG*Þ2
COSðXÞ;cG*2IOSðYÞ

Example 3.2. Let X ¼ Y ¼ f9; 7; 5; 3g; t ¼ fX;∅;
f9; 5g; f7; 3gg and s ¼ fY;∅; f9; 5gg: Then IOSðYÞ ¼
fY;∅; f9g; f5g; f9; 7g; f9; 5g; f9; 3g; f7; 5g; f5; 3g; f9; 7;
5g; f9; 7; 3g; f7; 5; 3g; f9; 5; 3gg :
Define f ¼ ðX; tÞ/ ðY; dÞ by f ð9Þ ¼ f ð5Þ ¼ 5 and f
ð7Þ ¼ f ð3Þ ¼ 9 . f is ITCONTF.

Theorem 3.3. f : X / Y is ITCONTF iff the inverse
image of each i-closed subset of Y is COS in X.

Proof. Let C be any ICS in Y. Then Y � C is IOS in
Y. f�1 ðY � CÞ is COS in X . That is X � f�1ðCÞ is COS
in X . Henceforth, f�1ðCÞ is COS in X .

Conversely, if O is IOS in Y, then Y e O is ICS in Y
By hypothesis ; f�1ðY �OÞ ¼ X � f�1ðOÞ is COS in
X, we get, f�1ðOÞ is COS in X . Accordingly, f is
ITCONTF.

Proposition 3.4. [1,2,6] Each open set is i-open.

Theorem 3.5. Every ITCONTF is a TCONTF.

Proof. Suppose f : X / Y is ITCONTF and O is any
open subset of Y, by ("Proposition 3.4") we get, O is
IOS in Y and f : X / Y is ITCONTF, it follows f�1ðOÞ
is COS in X. Accordingly, f is TCONTF.

Example 3.6. Let X ¼Y ¼f7; 5; 3; 1g; t ¼ fX;∅; f7; 3g;
f5; 1gg and s ¼ fY;∅; f7; 3gg: Then IOðYÞ ¼ fY; ∅;
f7g; f3g; f7; 5g; f7; 3g; f7; 1g; f5; 3g;
f3;1g;f7;5;3g;f7;5;1g;f5;3;1g;f7;3;1gg : Define f ¼
ðX;tÞ/ ðY;dÞ by f ð7Þ ¼ 3; f ð5Þ ¼ 1; f ð3Þ ¼ 7; f ð1Þ ¼ 5.

f is TCONTF. But it is not ITCONTF, because for the
IOS f7; 5gin Y; f�1ðf7; 5gÞ ¼ f3; 1g isn't COS in X .

Theorem 3.7. Every STCONTF is ITCONTF.

Proof. Suppose f : X / Y is STCONTF and M be
any open set in Y. We get, f�1ðMÞ is COS in X and by
("Proposition 3.4") we get, M is IOS in . Accordingly,
f is ITCONTF.

Theorem 3.8. Every ITCONTF is TICONTF.

Proof. Suppose f : X/ Y is ITCONTF and M is any
open set in Y. by (Proposition 3.4) we and f : X / Y
is ITCONTF, it follows that f�1ðMÞ is COS and hence
ICOS in X. Accordingly, f is TICONTF.

Example 3.9. Let X ¼ Y ¼ f5; 3; 1g; t ¼ fX;f; f3g;
f1g; f3; 1gg and s ¼ fY;f; f3gg : Then iOðXÞ ¼ fX;f;
f3g; f1g; f5; 3g; f5; 1g; f3; 1gg and IOSðYÞ ¼ fY;f;f3g;
f5; 3g; f3; 1gg. Define f : ðX; tÞ / ðY; tÞ as f ð3Þ ¼ 3
and f ð5Þ ¼ f ð1Þ ¼ 1: f is TICONTF. But it is not
ITCONTF, because for the IOS, f3g in Y , f�1f3g ¼ is
not COS in X .

Theorem 3.10. Every ITCONTF is ICONTF.

Proof. Suppose f : X / Y is a ITCONTF and M is
any "open set" in Y. Since f is ITCONTF, f -1(M ) is
COS in X, henceforth it is ICOS in X . We get, f -1(M )
is IOS in X . Accordingly, f is ICONTF .

Example 3.11. Let X ¼ f6; 4; 2g; t ¼ fX;f; f4g; f6; 4gg
and s ¼ fX;f; f4gg: Then IOSðXÞ ¼ fX;f; f6g; f4g;
f6; 4g; f6; 2g; f4; 2gg:
IOSðYÞ ¼ fY;f; f4g; f6; 4g; f4; 2gg Define f : ðX; tÞ /
ðY; sÞ as f ð6Þ ¼ 6; f ð4Þ ¼ 4 and f ð2Þ ¼ 2. Clearly f is
ICONTF . But it is not ITCONTF, because for the set
fbg in Y , f�1f4g ¼ is not COS in X .

As a result, there is the following relationship.
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Theorem 3.12. Let f : M/ N, then the following
statements are equivalent:

(i) f is ITCONTF.
(ii) for each z2M and each IOS, E in N with

f ðzÞ2E; there is a COS, O in M s.t. z2 O and
f ðOÞ2E.

Proof. (i) 0 (ii): Suppose f : M / N is ITCONTF
and E be any IOS in N containing f ðzÞ so that z2
f�1ðEÞ: Since f ITCONTF, f�1 ðEÞ is COS in M. Let
O ¼ f�1ðEÞ; then O is COS in M and z2O: Also
f ðOÞ ¼ f ðf�1 ðEÞÞ3E. This implies f ðOÞÞ3E.

(ii) 0 (i): Let E be IOS in N Let z2f�1ðEÞ be any
arbitrary point This implies f ðzÞ2E. Accord-
ingly, by (ii) there exist a COS f ðOzÞ3M con-
taining z s.t. f ðOzÞ3E , which implies Oz3
f�1ðEÞ; we have z 2 Oz3f�1ðEÞ This implies
f�1ðEÞ is "clopen neighborhood" of z Given
that z is random, it implies f�1 ðEÞ is "clopen
neighborhood" of each of its points . Hence it
is COS in M. Accordingly, f is ITCONTF.

Theorem 3.13. The composition of two ITCONTF is
ITCONTF.

Proof. Let f : M / N and g : N / K be any two
ITCONTF. Let E be IOS in K. Since g is ITCONTF, g�1

(E ) is COS and hence open in . by ("Proposition 3.4")
we get, g�1 ðEÞ is IOS in N. Further, since f is
ITCONTF, f�1 ðg�1 ðEÞÞ ¼ ðg o f Þ�1ðEÞ is COS in .
Hence g o f : M / K is ITCONTF.

Theorem 3.14. If f : M / N is ITCONTF and
g : N / K is IIRREF, then gof : M/K is ITCONTF.

Proof. Let f : M / N be ITCONTF and g : N / K
be IIRREF. Let E be IOS in K . Since g is IIRREF,
g�1ðEÞ is IOS in N. Now since f is ITCONTF,
f�1ðg�1 ðEÞÞ ¼ ðgof Þ�1ðEÞ is COS in M. Hence
gof : M / K is ITCONTF.

Theorem 3.15. If f : M/N is ITCONTF and g : N/
K is ICONTF, then gof : M/K is TCONTF.

Proof. Let E be open in K . Since g is ICONTF, g�1 ðEÞ
is IOS in N. Now since f is ITCONTF,
f�1ðg�1ðEÞÞ ¼ ðg of Þ�1ðEÞ is COS in M, Hence
gof : M / K is TCONTF.

Theorem 3.16. Let f : M/ N be ITCONTF and
g : N / K be any function. Then g of : M / K is
ITCONTF iff g is IIRREF.

proof. Let g : M / K be IIRREF. The proof then
comes from "Theorem 3.14."
"Conversely", let gof : M / K is ITCONTF, let E be
IOS in K. Since gof : M/K is ITCONTF, ðgof Þ�1ðEÞ ¼
f�1ðg�1ðEÞÞ is COS in M. Since f is ITCONTF ; g�1ðEÞ
is IOS in. Hence g is IIRREF.

Definition 3.17. f : M/N is called i-totally open
(ITOF) if the image of each IOS in M is COS in N.

Theorem 3.18. If a bijective function [3] f : M/ N
is ITOF, then the image of each ICS in M is COS in
N.

Proof. Let C be ICS in X. Then M � C is IOS in M.
Since f is ITOF , f ðM � CÞ ¼ N � f ðCÞ is COS in N.
This implies f ðCÞ is COS in N.

Theorem 3.19. f : M/N A surjective function [3]
and ITOF iff for every subset B of N and for every ICS
O containing f�1 ðBÞ there exist a COS set E of N s.t.
B3E and f�1 ðEÞ3O.

Proof. Suppose f : M/ N is a surjective ITOF and
B3N. Let O be ICS of X s.t. f�1ðBÞ3O. Then E ¼ N �
f ðM � OÞ is COS subset of N containing B s.t.
f�1ðEÞ3O . On the other hand, suppose C is ICS of
M . Then f�1 ðN � f ðCÞÞ3M � C and M � C is IOS .
By hypothesis, there exists COS E of N s.t.
N � f ðCÞ3E; which implies f�1ðEÞ3M � C Accord-
ingly, C3M � f�1ðEÞ: Hence N e E3f ðCÞ3f
ðM � f�1 ðEÞÞ3N � E: This implies X 1, f ðCÞ ¼ N�
E, which is COS in N. Accordingly, f is ITOF.

Theorem 3.20. The following statements are iden-
tical, For any bijective function f : X / Y (i) f�1 is
ITCONTF. (ii) f is ITOF .

Proof. (i)0(ii): Assume that O be IOS of X . By
assumption ðf�1Þ�1ðOÞ ¼ f ðOÞ is COS in Y. Hence f
is ITOF.

(ii) 0(i): Suppose that C be IOS in X . We get, f ðCÞ
is COS in Y. Then, ðf�1Þ�1 ðCÞ is COS in Y.
Accordingly, f�1 is ITCONTF.
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Theorem 3.21. When two ITOF are combined, they
form another ITOF.

Proof. Suppose f : X / Y and g : Y / Z are ITOF.
Then their composition is g o f : X / Z: Let V be IOS
in X . Consider ðg o f ÞðVÞ ¼ gðf ðVÞÞ: Since f is
ITOF, f ðVÞ is COS in Y. So it's open in Y. But by
(Proposition 3.4)we get, f ðVÞ is IOS in . Since g is ITOF,
gðf ðVÞÞ is COS in Z. Accordingly, g o f : X / Z is
ITOF.

Theorem 3.22. Let f : M /N and g : N/K, s.t.
g o f : M/K is ITCONTF. Then (i) g is ITOF if f is
IIRREF and surjective. (ii) f is ITOF if g is TCONTF
and injective.

Proof. (i) Let E be IOS in N. Then f�1ðEÞ is IOS in M,
because f is IIRREF. Since ðg o f Þ is ITCONTF, ðg o f Þ
ðf�1ðEÞÞ ¼ gðEÞ is COS in K. Then g is ITOF. (ii) Since
g is injective, we have, f ðOÞ ¼ g�1 ðg o f ÞðOÞ is true
for each subset O of M . Let J be any IOS in M .
Accordingly, ðg o f ÞðJÞ is COS. Henceforth it is open
in K . Since g is TCONTF, g�1 ðg o f ÞðJÞ ¼ f ðJÞ is COS
in N. This shows that f is ITOF.

4. Conclusions

From above we concluded that Every ITCONTF is
a TCONTF, Every STCONTF is ITCONTF, Every

ITCONTF is TICONTF, Every ITCONTF is ICONTF,
The composition of two ITCONTF is ITCONTF and
If f : M / N is ITCONTF and g : N / K is IIRREF,
then g�f : M/K is ITCONTF.
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