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ARTICLE

Preserving Some Orthogonal Operators on
Banach Spaces

Zoha N.H. Al-Khalidi

Department of Mathematics, Science and Research Branch, Islamic Azad University, Tehran, Iran

Abstract

In this article, the BirkhoffeJames orthogonality on a real Banach space X from linear operators and the category of
conjugate linear mapping ∅ : BðHÞ/BðHÞ that keep the strong orthogonality in both spaces is explored. We also
investigate left orthogonal Birkhoff-James symmetry of linear operators defined on X. We also prove, for every strictly
convex and smooth real Banach space X, T∈LðXÞ is left symmetric if and only if T operators are zero. We also examine
operator spaces l 2

pðp� 2; ps∞Þ and determine its left symmetric operators.
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1. Introduction

B irkhoff-James orthogonality is one of the most
important concepts of orthogonality in soft

space and is a powerful tool for identifying geo-
metric features of soft space. Due to the importance
of this concept, we will first describe its history. In
1935, in [1], Birkhoff realized another concept of
orthogonality in soft space, taking the idea of
perpendicularity of two lines in Euclidean space. A
decade later, James in [2] extended this concept of
orthogonality in soft space and expressed more
characteristics of it according to Birkhoff's ideas.
Between 1945 and 1947, in his three famous papers
[2e4], Robert James studied Birkhoff James orthog-
onality and obtained equations for geometric
properties such as flatness, strictly convexity, and
uniformly convexity of soft spaces. He derived
equations for the inner multiplicative space based
on this orthogonality. James is most famous for his
efforts in the geometry of Banach spaces, and in
particular, the exact equivalence that he provided
reflecting Banach spaces.
Recently in [5], Sain and Paul proved that

Birkhoff-James orthogonality for linear operators
on finite-dimensional Banach spaces yields
orthogonality on the space for certain points. They

have equated the Birkhoff-James orthogonality of
the resulting soft linear operators on the finite-
dimensional Hilbert space with respect to the
orthogonality of the space itself. Gosh et al. [6] have
investigated orthogonal symmetry concept and
showed that the necessary and sufficient condition
for the left symmetry of a linear operator on a
finite-dimensional Hilbert space is the zeroing of
the linear operator. Also, they proved that the
necessary and sufficient condition for the right
symmetry of a linear operator on a Hilbert space
with finite dimension is the equality of the sphere
of the space and the set of soft yielding points of
the linear operator. Four corollaries for explaining
the importance of characterization of smooth
spaces with operator norm attainment and
BirkhoffeJames orthogonality is obtained in [7].
Comparing exposition of the big category of
orthogonality concepts with fundamental proper-
ties is considered in [8]. Article [9] has expressed
the connection of BirkhoffeJames orthogonality
and norm. In [10e14] the study on nonlinear
equivalence of Banach spaces with respect to
structure of Birkhoff-James orthogonality was
investigated.
The aim of this paper is to equate the orthogonal

Birkhoff-James space of linear operators on a real

Received 7 April 2024; accepted 11 April 2024.
Available online 20 August 2025
E-mail address: 11111111@gmail.com.

https://doi.org/10.29350/2411-3514.1268
2411-3514/© 2025 College of Science University of Al-Qadisiyah. This is an open access article under the CC-BY-NC-ND license
(http://creativecommons.org/licenses/by-nc-nd/4.0/).

mailto:11111111@gmail.com
https://doi.org/10.29350/2411-3514.1268
http://creativecommons.org/licenses/by-nc-nd/4.0/


Banach space with finite dimension. The different
parts of the article are as follows.
In section 2, we examine the basic properties of

metric space, norm space, Hilbert space, and strictly
convex and smooth space. In section 3, we will re-
view the basic properties of Birkhoff-James orthog-
onality and the equations obtained based on this
orthogonality. We also state the relation of Birkhoff-
James orthogonality with linear and bounded sub-
scripts and superspaces. Finally, we examine the
relationship between orthogonality and bounded
linear operators. In section 4, we equate Birkhoff-
James orthogonality of linear operators on a real
Banach space with finite dimension. Also, we
examine the concept of Birkhoff-James orthogonal
left and right symmetry of linear operators on real
Banach spaces X with finite dimension and express
the relationship between left and right symmetry of
linear operators on the space with the left and right
symmetry of the space X. Finally, according to the
obtained results, we prove that the linear operator T
on the space l 2

pðp� 2; ps∞Þ is left symmetric with
respect to Birkhoff-James orthogonality if and only if
the operator T is zero.

2. Preliminaries

The introductory definitions in this section are
used from source [5].

Definition 1. Let X be an infinite set. A meter by X is
a function of d : X � X/½0; ∞Þ, which has the
following characteristics:

a) For every x; y∈X, we have dðx; yÞ � 0, and
dðx; yÞ ¼ 0 if and only if x ¼ y.

b) For every x; y∈X, we have dðx; yÞ ¼ dðy; xÞ,
c) For every x;y; z∈X, the relation dðx; zÞ � dðx; yÞ þ

dðy; zÞ is established.

Any set equipped with a meter is called a metric
space.
Often, we denote the metric space of X, whose

meter is d, by ðX; dÞ.

Definition 3. We call any norm space X which is
complete with respect to the induced meter by
norm, a Banach space.

Definition 4. If the space of inner multiplication X
with the norm induced by inner multiplication is
complete, then we call it a Hilbert space.

Definition 5. We call the norm space ðX; k $ kÞ
strictly convex, whenever we can conclude
k xþy

2 k < 1 from k xk¼kyk¼ 1 for every x; y∈ X which

is xsy. In other words, the midpoint of each line
segment with endpoints located on the unit sphere
should be inside the unit sphere.

3. Properties of Birkhoff-James orthogonality

For any two elements x; y∈X; x is orthogonal to y in
the base of Birkhoff-James, written as x⊥Bv, if for all
l∈R, we have:

k xk�kxþ ly k

Likewise, for any two elements T;A∈LðXÞ;T is said
to be orthogonal to A in the sense of BirkhoffJames,
written as T⊥B A, if

k Tk�kTþlAk for all l∈R

Theorem 1. Suppose X is an inner multiplicative
space and x; y∈X. In this case, x⊥y if and only if
x⊥B y.

Proof. Suppose it is 〈x;y〉 ¼ 0. In this case, for every
l∈R, we have:

k xþlyk2 ¼ Cxþly;xþlyD¼kxk2þl2 k yk2�kxk2

So, k xþ ly k�k x k and therefore: x⊥By.
On the contrary, suppose x⊥By but 〈x; y〉s0. In this
case, for l ¼ � 〈x;y〉

〈y;y〉, we have:

k xþlyk2 ¼ 〈x� 〈x;y〉
〈y;y〉

y;x� 〈x;y〉
〈y;y〉

y〉

¼ 〈x;x〉� 2
Cx;yD2

〈y;y〉
þ Cx;yD2

Cy;yD2
〈y;y〉

¼ 〈x;x〉� Cx;yD2

〈y;y〉
< 〈x;x〉¼k xk2

Therefore k xþ ly k < k x k. So x by y is not
Birkhoff-James orthogonal, which contradicts the
assumption.
For a linear operator T defined on a Banach space X,
letMT write the set of all unit vectors in X at which T
attains norm as,

MT ¼fx∈SX:kT 0xk ¼ kT 0 k g
In a finite exact dimensional Hilbert space H, for

any two members T;A∈LðHÞ;T⊥B A if and only if
there exists x∈MT such that Tx⊥B Ax. Sain and Paul
[5] generalized the result for linear operators
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defined on finite dimensional real Banach spaces.
For any two members x; y in a real line normed
space X , let us for all l � 0, denote that y∈ xþ if k xþ
lyk�kx k. Accordingly, we denote that for all l � 0;
y∈x� if k xþ lyk�kx k. By using this concept, we
completely determine the orthogonality of linear
operators defined on real Banach.

Proposition 2. Suppose X is a vector space and H is
a subspace of X. In this case, H is a superspace if and
only if there exists a nonzero linear subscript like
f : X⟶R such that H ¼ ker f ¼ fx∈X : f ðxÞ ¼ 0g

proof. For proof, refer to Theorem 3-4 of source [9].
In the following theorem, James has stated the
connection between Birkhoff-James orthogonality
with linear and bounded subscripts and superspaces.

Theorem 3. Suppose X is a smooth space. If f : X⟶
R is a nonzero bounded linear function and x∈ X,
then:
a) x⊥B kerf if and only if f ðxÞ¼ k fkkx k.
b) Suppose H is a subspace of X. then is X⊥BH, if
and only if there exists a nonzero bounded linear
function f : X⟶R such that f ðxÞ ¼k fkkx k and for
every y∈H Let's have f ðyÞ ¼ 0.

proof. For the proof, see [5], Corollary 2-2.

Corollary 4. For every non-zero vector X in the soft
space X , there is a superspace H in X such that
x⊥BH
Next we consider the left symmetry of Birkhoff-
James orthogonality of linear operators defined on a
finite dimensional real Banach space X.

Definition 6. For an element x∈X, let us say that x is
left symmetric (with respect to Birkhoff-James
orthogonality) if x⊥By implies y⊥Bx for any y∈ X.

Theorem 5. Suppose H is a real Hilbert space with
finite dimension and T∈LðHÞ. In this case, T is left
symmetric if and only if T operator is zero.

proof. For the proof, refer to reference [6] of Theo-
rem 10-2.
Also, we know that in a real Banach space of finite
dimension X, which is not a Hilbert space, there
exist linear nonzero operator T∈LðXÞ such that T is a
symmetric left point in LðXÞ.

4. Birkhoff-James orthogonality on a Banach
real space of linear operators

In this section, taking ideas from the geometry of
Banach spaces, we equate the Birkhoff-James
orthogonality of linear operators on a Banach space
with finite dimension X. For this purpose, for every
x; y∈X, two concepts y∈xþ and y∈x� help us.

Theorem 6. Let X be a fintte dimenstonal real
Banech space. Let T;A∈LðXÞ. Then T⊥B A if and only
if there exists x; y∈MT such that Ax∈Txþ and
Ay∈Ty�.

Proof. : Suppose there are T;A∈LðXÞ such that
T⊥B A. According to inverse process proof, let's as-
sume that for all x; y∈MT we have, Ax;Txþ and
Ay;Ty�. Therefore, one of the following statements
is true:
i. For every x∈MT and Ax∈Txþ then Ax;Tx�.
ii. For every x∈MT and Ax∈Tx� then Ax;Txþ.
Suppose that (i) holds. We prove the theorem for
case (ii) similarly. We define the function
g : Sx � ½�1; 1�⟶R for every x∈Sx and l∈½�1; 1� as
follows:

gðx;lÞ¼kTxþ lAx k

Since Banach space X is finite-dimensional, then
operators T and A are continuous. On the other
hand, the norm function is also continuous, so
function g is continuous.
Note that for every x∈MT;Ax;Tx�, then there are k
Txk¼k T k and lx < 0 so that k Txþ lxAx k < kTx k.
So for any x∈MT, we can write:

gðx;lxÞ< k T k

Set fBðx; rxÞ∩Sx : x∈MTg∪fBðz; rzÞ∩Sx : z∈SxyMTg is
an open cover for sphere Sx. On the other hand,
since X is a finite-dimensional Banach space, it is Sy
compact according to the
On the other hand, since X is a finite-dimensional
Banach space, it is SX compact according to the
Heine borel's theorem. Therefore, every open cover
has a finite subcover. As a result, there are natural
numbers n1 and n2 so that for xi∈MT and zk∈SXyMT
we have:

Sx3
[n1

i¼1

Bðxi; rxiÞ
[n2

k¼1

Bðzk; rziÞ∩Sx

We consider the arbitrary term l0∈ð
Tn1

i¼1 ðlx1 ;
0ÞÞ∩ðTn2

k¼1 ð� dz2 ; dz2ÞÞ.
So, k Tþl0 A k¼k ðTþl0 AÞw0k < k T k and there-
fore, it is in contradiction with assumption T⊥BA.
On the contrary, suppose there are x; y∈MT , which
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are Ax∈Txþ and Ay∈Ty�. Since Ax∈Txþ then for
every l� 0; k Tx k�kTxþ lAx k. On the other hand,
x∈MT therefore k Txk¼ k T k. We have:

k Tk¼kTxk�kTxþlAxk�kT þ lAkkxk¼kT þ lA k

As a result, k T k�k Tþ lA k. In a similar way, for all
l � 0, the result is k T k�k Tþ lA k. So for every l∈
R, we have k T k�k Tþ lA k, that is, T⊥B A. There-
fore, the ruling is confirmed.

Theorem 2.4. Let X be a finite dimension strictly
convex real Banach space. If T∈LðXÞ is a left sym-
metric point then for each x∈MT ;Tx is a lefi sym-
metric point.

Proof. First we see that the theorem is trivially true
if Tis the zero operator. So, we can suppose T be
nonzero. Since X is finite dimensional, MT should
be nonempty. If possible suppose that there exists
x1∈MT such that Tx1 is not a symmetric left point.
Since T is nonzero so, we have Tx1s0. Then there
exists y1∈Sx such that Tx1⊥By1. Since X is strictly
convex, x1 should be an exposed point of the unit
ball BX. Let H be the hyperplane of codimension in
X such that x1⊥BH. Clearly, any member x of X can
be uniquely written in the form x ¼ a1x1 þ h, where
a1∈R and h∈H. Define a linear operator A∈ LðXÞ as
follows:

Ax1¼y1;Ah¼ 0 for all h∈H:

Since x1∈MT and Tx1⊥BAx1, it follows that T⊥B A.
Since T is left symuetric, it follows that A⊥BT.
It ls easy to check that MA ¼ f±x1g, since X is strictly
convex. Applying Theorem 2.1 of ½5� to A, it results

from A⊥BT that Ax1⊥BTx1 : It contrary to our initial
assumption. So, by this contradiction the proof of
the theorem is complete.
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