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Abstract

In this article, the Birkhoff—James orthogonality on a real Banach space X from linear operators and the category of
conjugate linear mapping @ : B(H) —B(H) that keep the strong orthogonality in both spaces is explored. We also
investigate left orthogonal Birkhoff-James symmetry of linear operators defined on X. We also prove, for every strictly
convex and smooth real Banach space X, TEL(X) is left symmetric if and only if T operators are zero. We also examine
operator spaces /f, (p>2,p #0) and determine its left symmetric operators.
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1. Introduction

B irkhoff-James orthogonality is one of the most
important concepts of orthogonality in soft
space and is a powerful tool for identifying geo-
metric features of soft space. Due to the importance
of this concept, we will first describe its history. In
1935, in [1], Birkhoff realized another concept of
orthogonality in soft space, taking the idea of
perpendicularity of two lines in Euclidean space. A
decade later, James in [2] extended this concept of
orthogonality in soft space and expressed more
characteristics of it according to Birkhoff's ideas.
Between 1945 and 1947, in his three famous papers
[2—4], Robert James studied Birkhoff James orthog-
onality and obtained equations for geometric
properties such as flatness, strictly convexity, and
uniformly convexity of soft spaces. He derived
equations for the inner multiplicative space based
on this orthogonality. James is most famous for his
efforts in the geometry of Banach spaces, and in
particular, the exact equivalence that he provided
reflecting Banach spaces.

Recently in [5], Sain and Paul proved that
Birkhoff-James orthogonality for linear operators
on finite-dimensional Banach spaces yields
orthogonality on the space for certain points. They

have equated the Birkhoff-James orthogonality of
the resulting soft linear operators on the finite-
dimensional Hilbert space with respect to the
orthogonality of the space itself. Gosh et al. [6] have
investigated orthogonal symmetry concept and
showed that the necessary and sufficient condition
for the left symmetry of a linear operator on a
finite-dimensional Hilbert space is the zeroing of
the linear operator. Also, they proved that the
necessary and sufficient condition for the right
symmetry of a linear operator on a Hilbert space
with finite dimension is the equality of the sphere
of the space and the set of soft yielding points of
the linear operator. Four corollaries for explaining
the importance of characterization of smooth
spaces with operator norm attainment and
Birkhoff—James orthogonality is obtained in [7].
Comparing exposition of the big category of
orthogonality concepts with fundamental proper-
ties is considered in [8]. Article [9] has expressed
the connection of Birkhoff-James orthogonality
and norm. In [10—14] the study on nonlinear
equivalence of Banach spaces with respect to
structure of Birkhoff-James orthogonality was
investigated.

The aim of this paper is to equate the orthogonal
Birkhoff-James space of linear operators on a real
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Banach space with finite dimension. The different
parts of the article are as follows.

In section 2, we examine the basic properties of
metric space, norm space, Hilbert space, and strictly
convex and smooth space. In section 3, we will re-
view the basic properties of Birkhoff-James orthog-
onality and the equations obtained based on this
orthogonality. We also state the relation of Birkhoff-
James orthogonality with linear and bounded sub-
scripts and superspaces. Finally, we examine the
relationship between orthogonality and bounded
linear operators. In section 4, we equate Birkhoff-
James orthogonality of linear operators on a real
Banach space with finite dimension. Also, we
examine the concept of Birkhoff-James orthogonal
left and right symmetry of linear operators on real
Banach spaces X with finite dimension and express
the relationship between left and right symmetry of
linear operators on the space with the left and right
symmetry of the space X. Finally, according to the
obtained results, we prove that the linear operator T
on the space /f, (p>2,p # ) is left symmetric with
respect to Birkhoff-James orthogonality if and only if
the operator T is zero.

2. Preliminaries

The introductory definitions in this section are
used from source [5].

Definition 1. Let X be an infinite set. A meter by X is
a function of d:X x X —[0, o), which has the
following characteristics:

a) For every x, yeX, we have d(x, y) >0, and
d(x,y) =0 if and only if x = y.

b) For every x,y€X, we have d(x,y) = d(y,x),

c) For every x,y,z€X, the relation d(x,z) < d(x,y) +
d(y,z) is established.

Any set equipped with a meter is called a metric
space.

Often, we denote the metric space of X, whose
meter is d, by (X,d).

Definition 3. We call any norm space X which is
complete with respect to the induced meter by
norm, a Banach space.

Definition 4. If the space of inner multiplication X
with the norm induced by inner multiplication is
complete, then we call it a Hilbert space.

Definition 5. We call the norm space (X, - |)
strictly convex, whenever we can conclude
| 52| <1 from || x||=|ly||= 1 for every x,y€ X which

is x#y. In other words, the midpoint of each line
segment with endpoints located on the unit sphere
should be inside the unit sphere.

3. Properties of Birkhoff-James orthogonality

For any two elements x, y€X, x is orthogonal to y in
the base of Birkhoff-James, written as x1pv, if for all
2ER, we have:

[ <[>+ 2y |

Likewise, for any two elements T, A€L(X), T is said
to be orthogonal to A in the sense of BirkhoffJames,
written as T 13 A, if

| T||<||T + 2A[| for all A€R
Theorem 1. Suppose X is an inner multiplicative

space and x, y€X. In this case, xLly if and only if
XJ_B y.

Proof. Suppose it is (x,y) = 0. In this case, for every
2ER, we have:
[+ 2yl = e+ Ay, x+2y) =22+ 2° | y ][> |x]*

So, || x + Ay ||>]| x || and therefore: xLpy.
On the contrary, suppose xLgy but (x,y)#0. In this

case, for A = — E;z;, we have:
2 <xay> <x7y>
w2 ={x— _
I+ <x W) ) >
Xy (xy)?
= B} _2 2 )
(x,x) 5 + .y} (y.y)
RS (N
’ {y,y)

Therefore || x+ Ay || < || x|. So x by y is not
Birkhoff-James orthogonal, which contradicts the
assumption.

For a linear operator T defined on a Banach space X,
let Mt write the set of all unit vectors in X at which T
attains norm as,

Mr={x€Sx:|T'x|| = [IT"|| }

In a finite exact dimensional Hilbert space H, for
any two members T,A€L(H),T1lp A if and only if
there exists xeMr such that Tx1lg Ax. Sain and Paul
[5] generalized the result for linear operators
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defined on finite dimensional real Banach spaces.
For any two members x,y in a real line normed
space X, let us for all 1 > 0, denote that ye x* if | x +
Ay||>|lx ||. Accordingly, we denote that for all 2 > 0,
yex~ if || x+ Ay|[>|x ||. By using this concept, we
completely determine the orthogonality of linear
operators defined on real Banach.

Proposition 2. Suppose X is a vector space and H is
a subspace of X. In this case, H is a superspace if and
only if there exists a nonzero linear subscript like
f:X—R such that H = kerf = {x€X : f(x) = 0}

proof. For proof, refer to Theorem 3-4 of source [9].
In the following theorem, James has stated the
connection between Birkhoff-James orthogonality
with linear and bounded subscripts and superspaces.

Theorem 3. Suppose X is a smooth space. If f : X—
R is a nonzero bounded linear function and x€ X,
then:

a) x1p kerf if and only if f(x) = || f|||x ||

b) Suppose H is a subspace of X. then is X13H, if
and only if there exists a nonzero bounded linear
function f : X—R such that f(x) =|| f|||lx || and for
every yEH Let's have f(y) = 0.

proof. For the proof, see [5], Corollary 2-2.

Corollary 4. For every non-zero vector X in the soft
space X , there is a superspace H in X such that
XJ_BH

Next we consider the left symmetry of Birkhoff-
James orthogonality of linear operators defined on a
finite dimensional real Banach space X.

Definition 6. For an element x€X, let us say that x is
left symmetric (with respect to Birkhoff-James
orthogonality) if x1gy implies yLlpx for any ye X.

Theorem 5. Suppose H is a real Hilbert space with
finite dimension and T€L(H). In this case, T is left
symmetric if and only if T operator is zero.

proof. For the proof, refer to reference [6] of Theo-
rem 10-2.

Also, we know that in a real Banach space of finite
dimension X, which is not a Hilbert space, there
exist linear nonzero operator T€L(X) such that T is a
symmetric left point in L(X).

4. Birkhoff-James orthogonality on a Banach
real space of linear operators

In this section, taking ideas from the geometry of
Banach spaces, we equate the Birkhoff-James
orthogonality of linear operators on a Banach space
with finite dimension X. For this purpose, for every
X, yEX, two concepts yex' and y€x~ help us.

Theorem 6. Let X be a fintte dimenstonal real
Banech space. Let T,A€L(X). Then T 15 A if and only
if there exists x,y€EMr such that AxeTx" and
Ay€eTy .

Proof. : Suppose there are T,A€L(X) such that
T1lp A. According to inverse process proof, let's as-
sume that for all x,yeMr we have, Ax&Tx" and
Ay & Ty~ . Therefore, one of the following statements
is true:

i. For every xéMr and Ax€Tx" then Ax&Tx".

ii. For every xéMr and Ax€Tx~ then Ax&Tx".
Suppose that (i) holds. We prove the theorem for
case (ii) similarly. We define the function
g :S¢ x [-1,1] >R for every x€Ss and A€[-1,1] as
follows:

8%, A)=[|Tx + AAx ||

Since Banach space X is finite-dimensional, then
operators T and A are continuous. On the other
hand, the norm function is also continuous, so
function g is continuous.

Note that for every xeMr, Ax&Tx", then there are ||
Tx||=| T || and A« <0 so that || Tx+ AAx || < ||Tx||.
So for any x€Mr, we can write:

8 A) < || T

Set {B(x,1y) NSy : x EM7}U{B(z,1;) NSy : ZES, \ M7} is
an open cover for sphere S,. On the other hand,
since X is a finite-dimensional Banach space, it is S
compact according to the

On the other hand, since X is a finite-dimensional
Banach space, it is Sx compact according to the
Heine borel's theorem. Therefore, every open cover
has a finite subcover. As a result, there are natural
numbers n; and n, so that for x;EMr and z ESx \ Mt
we have:

ny "
S. C Ul B(xi,rx,.)kU1 B(z, 1., )NSx

We consider the arbitrary term 2Ao€(N2; (A,
0)N(MiZs (= 02, 05)).

So, | T4+2 A ||=|| (T+4 A)wo|| < || T | and there-
fore, it is in contradiction with assumption TLlgA.
On the contrary, suppose there are x, y€EMr, which
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are Ax€Tx" and Ay€eTy . Since Ax€Txt then for
every 1> 0, Tx ||<||[Tx+ AAx |. On the other hand,
xEMr therefore | Tx||= || T ||. We have:

| TI|=ITx|| <[| Tx + AAx||[<|IT + AA]|[|x]|=(T + 2A ||

Asaresult, || T ||<|| T+ AA ||. In a similar way, for all
A <0, theresultis || T ||[<|| T+ AA ||. So for every A€
R, we have || T ||[<|| T+ AA ||, that is, T1p A. There-
fore, the ruling is confirmed.

Theorem 2.4. Let X be a finite dimension strictly
convex real Banach space. If TEL(X) is a left sym-
metric point then for each x€Mr,Tx is a lefi sym-
metric point.

Proof. First we see that the theorem is trivially true
if Tis the zero operator. So, we can suppose T be
nonzero. Since X is finite dimensional, Mt should
be nonempty. If possible suppose that there exists
x1EMr such that Tx; is not a symmetric left point.
Since T is nonzero so, we have Tx; #0. Then there
exists y1€Sy such that Tx;Llgy,. Since X is strictly
convex, x; should be an exposed point of the unit
ball Bx. Let H be the hyperplane of codimension in
X such that x; LgH. Clearly, any member x of X can
be uniquely written in the form x = a1x1 + h, where
®1€ER and heH. Define a linear operator A€ L(X) as
follows:

Ax,=y,,Ah =0for all heH.

Since x1€Mr and Tx;lpAx,, it follows that T1lp A.
Since T is left symuetric, it follows that ALpT.

It s easy to check that My = {+x1}, since X is strictly
convex. Applying Theorem 2.1 of [5] to A, it results

from AlpT that Ax;1pTx; . It contrary to our initial
assumption. So, by this contradiction the proof of
the theorem is complete.
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