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Abstract: 

Integral equations play an important role in many theoretical and applied types 

of research, due to the possibility of expressing the Integral equation as a 

continuous or discontinuous Integral operator and thus modeling some problems 

in research that accept the Integral operator as a model for the mathematical 

description of the applied issue being treated, and from here we see that the 

Integral equations play a role It is essential for mathematical modeling with 

integrative influences, such as elasticity problems in continuous mechanics, 

where the behavior of viscoelastic-elastic long-memory media can be expressed 

by Volterra's integral equations, in addition to many other applications in 

architectural structures in addition to calculating transformations in the field of 

electronics, analytical mechanics and other fields of physics. In this research, we 

will review the integrative equations, and we will focus on Volterra's integral 

equations and ways to solve them. The solution will be detailed using the Spline 

quadratic function of VIE from the second type and programmed using 

MATLAB, in addition to practical applications to reach a deep and easy 

understanding of it. 

Key Words:  Volterra Integral Equation, Fredholm integral equations, Integro-

differential equations, Singular integral equations, MATLAB Code, Quadratic 

Spline Non-Polynomial. 

لة فولتيرا التكاملية بأستخذام نمذجة دالة الشريحة التربيعية غير متعذدة الحذود في حل معاد

MATHLAB 

دػاء خضُش ػثذ .و.و
1

 .و.و                         
 

صهشاء ايىسٌ ػهٍ
2

 
1 

 ثاَىَح انًتًُضٍَ نهثٍُُ انحاسثُح/ تشتُح انكشخ الاونً , تغذاد , انؼشاق.
2

 لسى تمتُُاخ هُذسح انتثشَذ وانتكُُف , كاَح دجهح انجايؼح الاههُح, تغذاد, انؼشاق.

 خلاصة:

ا فٍ انؼذَذ يٍ أَىاع انثحث انُظشَح وانتطثُمُح , َظشًا لإيكاَُح  ًً تهؼة انًؼادلاخ انتكايهُح دوسًا يه

انتؼثُش ػٍ انًؼادنح انتكايهُح كؼايم تكايم يستًش أو يتمطغ وتانتانٍ ًَزجح تؼض انًشكلاخ فٍ انثحث 

مُح انتٍ َتى يؼانجتها , ويٍ هُا انتٍ تمثم انؼايم انتكايهٍ كًُىرج نهىصف انشَاضٍ يٍ انًسأنح انتطثُ

َشي أٌ انًؼادلاخ انتكايهُح تهؼة دوسًا.إَها ضشوسَح نهًُزجح انشَاضُح راخ انتأثُشاخ انتكايهُح , يثم 
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يشاكم انًشوَح فٍ انًُكاَُكا انًستًشج , حُث ًَكٍ أٌ َكىٌ سهىن وسائظ انزاكشج انطىَهح انهضجح انًشَح 

نًتكايهح , تالإضافح إنً انؼذَذ يٍ انتطثُماخ الأخشي فٍ انهُاكم انًؼًاسَح يؼثشاً ػُها تًؼادلاخ فىنتُشا ا

تالإضافح إنً حساب انتحىلاخ فٍ يجال الإنكتشوَُاخ وانًُكاَُكا انتحهُهُح ويجالاخ انفُضَاء الأخشي. 

ُتى فٍ هزا انثحث سُشاجغ انًؼادلاخ انتكايهُح وسُشكض ػهً يؼادلاخ فىنتُشا انتكايهُح وطشق حهها. س

يٍ انُىع انثاٍَ وتشيجتها تاستخذاو  VIEانتشتُؼُح نـ  انششَححتفصُم انحم تاستخذاو وظُفح 

MATLAB .تالإضافح إنً انتطثُماخ انؼًهُح نهىصىل إنً فهى ػًُك وسهم نها , 

تفاضهُح, يؼادنح فىنتُشا انتكايهُح , يؼادنح فشَذهىنى انتكايهُح, انًؼادلاخ انتكايهُح ان الكلمات الافتتاحية :

 انًؼادلاخ انتكايهُح انشارج.

Introduction: 

Equations with the unknown function u(x) to be determined appearing under the 

integral sign are referred to as integral equations. One of the most helpful 

mathematical tools in both pure and applied mathematics is the study of integral 

equations. It is extremely useful in solving numerous physical issues. Solving a 

few approximatively integral equations can help with a number of initial and 

boundary value problems related to ordinary differential equations (ODE) and 

partial differential equations (PDE)
1-4

. A typical form of an integral equation in 

u(x) is of the form: 

“ ( )   ( )    ∫  (   ) ( )  
 ( )

 ( )
” …………. 1     

where  (   ) is the integral kernel and  ( ) and  ( ) are the limits of 

integration. The unknown function u(x) appears under the integral sign, which 

can be easily observed. The kernel  (   )and the function  ( ) in Eq.1are both 

given functions, while is a constant parameter. The primary purpose of this text 

is to identify the unknown function u(x) that satisfies Eq.1using a variety of 

techniques. We will expend considerable effort exploring these techniques in an 

attempt to find solutions for the unknown function. 

Integral equation classification: 

As with ordinary and partial differential equations, an integral equation can be 

classified as either a linear or nonlinear integral equation. We observed in the 

previous section that the differential equation can be represented equivalently by 

the integral equation. Therefore, these two equations have a strong 

relationship
1,2

 . 

Volterra integral equations and Fredholm integral equations are the two most 

common types of integral equations. Naturally, we must classify them as 

homogeneous or heterogeneous, as well as linear or nonlinear. Also encountered 

in some practical problems are singular equations. 

The two main classes and the two related types of integral equations will be 

distinguished as the four main types of integral equations in this text. The four 

categories are specifically listed below
5
: 

 “Volterra integral equations” 

 “Fredholm integral equations” 
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 “Integro-differential equations” 

 “Singular integral equations” 

Volterra integral equations”: 

Volterra linear integral equations typically take the following shape
4-7 

“ ( )  ( )   ( )    ∫  (   )  ( )   
 

 
” …….      2 

When the limits of integration are functions of x and the unknown function 

 ( )appears under the integral sign in a linear fashion. If the function  ( )=1, 

then the second equation becomes: 

“ ( )   ( )    ∫  (   )  ( )   
 

 
”………… 3 

This equation is known as the second-kind Volterra integral equation; however, 

if  ( )=0, then Eq.2 becomes: 

“ ( )    ∫  (   )  ( )     
 

 
 “   …….4 

which is known as the Volterra equation of the first kind. 

 Quadratic classic spline non-Polynomial
8,9

: 

Professor Ryabenkiy V.S. used quadratic spline approximations for the very first 

time. Note that polynomial Courant functions have been utilized for a very long 

time and are well-known. A function Q is said to as a “Quadratic spline” if it 

meets the conditions: 

Q,Q' are continuous on [a,b], and Q is a maximum degree 2 polynomial on each 

subinterval. [       ] where                Quadratic spline has a 

form: 

        (    )    (    )
  

Each non- polynomial spline of n order   ( ) is known as: 

 

  ( )        (    )        (    )    (    )    (    )
  

  ………5 

           ,    are constant. 

K is the frequency of the trigonometric functions which will be used to raise the 

accuracy of the method. 

Let’s derivate the equation three times to t: 

   ( )           (    )        (    )       (    ) 

    ( )           (    )           (    )         

     ( )          (    )          (    )                                                                   

(6) 
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 ( )
 
( )          (    )          (    ) 

Now let’s replace each t with     then we get: 

  (    )          (  )  

  
 
(    )           (  ) 

     ( )(    )               (  )    

    
 ( )(    )             (  ) 

 ( )
 
(    )=          (  )            (by solving these equations, we can get 

           ,   ) 

     
 

  
 ( )

 
(    )………7                 

    
 

  
    

 ( )(    )……..8 

     
 
(    )      …….9                             

   
 

 
     ( )(    )    …….10 

     (    )    ……..11 

For i=1,2, 3…………. 

Based on the previous equations we can solve Volterra integral equations by 

transferring it to Non polynomial Spline Quadratic by following the below 

points: 

   
   

 
      

                      i=0,1,2,3,…………n , where n is positive integer 

     ,             

     ( )   ( ) ………12 

       ( )    ( )    (   ) ( )……..13 

         ( )     ( )  (
  (   )

  
    )  ( )  (

  (   )

  
    )  ( )  

 (   )  ( ) …….14 

           ( )  

    ( )  (
   (   )

   
    )

   
 ( )  (

 

  
(
  (   )

  
    ))

   
 ( )  

(
  (   )

  
    )

   
  ( )  (

   (   )

   
    ) ( )   

  (   )

  
       ( )  

 (   )   ( ) ……15 

   
    ( )  

  ( )  ((
   (   )

   
)   )      ( )  (

 

  
(
   (   )

   )
   

)
   

 ( )  (
   (   )

   )
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 Let’s calculate            ,    by replacing Equations from (7) to (11) in 

(12) to (15). 

 Let’s calculate      (  )  (the approximate solution). 

 For i=1:n-1 , lets calculate            ,    replacing 

 (  )  
 (  )  

  (  )        (  )     (  )   
 (  )   

  (  )         (  )  . 

 Calculate   ( ). 

 Let’s approximate        (    ). 

 

MATLAB Code to solve VIE2 Using Quadratic Non-Polynomial Function 

(QNPF): 

Code Name: VIE2QNPF(K,f,ex,a,b,n)   

Parameters: 

“K: The kernel function that takes two arguments. 

f function: The left-hand side (free) function with f(a) = 0. 

a (float): Lower bound of the integral, defaults to 0. 

b float: Upper bound of the estimate, defaults to 1. 

n: Number of estimation points between zero and b.” 

Output: u: The approximate Solution by using Quadratic Spline non-

polynomial 

err: is the difference between the exact solution and the approximate. 

“function [u,err]=VIE2QNPF(K,f,ex,a,b,n)   

syms x t s 

h=(b-a)/n;  

u(1)=subs(f,a);  

if isempty(diff(f,1))==1 

z1=0; 

else 

z1=diff(f,1); 

end 

du(1)=subs(z1,a)+subs(K,{x,t},{a,a})*u(1);  

if isempty(diff(f,2))==1 



 

387 
 

z2=0; 

else 

z2=diff(f,2); 

end 

if isempty(diff(subs(K,{t},{x}),'x'))==1 

z3=0; 

else 

z3=diff(subs(K,{t},{x}),'x'); 

end 

if isempty(diff(K,'x'))==1 

zz3=0; 

else 

zz3=diff(K,'x'); 

end 

d2u(1)=subs(z2,a)+subs(zz3,{x,t},{a,a})*u(1)+subs(z3,a)*u(1)+subs(ker,{x,t 

},{a,a})*du(1);  

if isempty(subs(diff(subs(diff(K,'x'),{t},{x})),{x},{a}))==1 

z=0 ; 

else 

z= subs(diff(subs(diff(K,'x'),{t},{x})),{x},{a}); 

end 

if isempty(diff(f,3))==1 

z4=0; 

else 

z4=diff(f,3); 

end 

if isempty(diff(K,2,'x'))==1 

z5=0; 

else 
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z5=diff(K,2,'x'); 

end 

if isempty(subs(diff(subs(K,{x,t},{x,x}),2),{x},{a}))==1 

z6=0; 

else 

z6=subs(diff(subs(K,{x,t},{x,x}),2),{x},{a}); 

end 

if isempty(subs(diff(subs(K,{x,t},{x,x})),{x},{a}))==1 

z7=0; 

else 

z7=subs(diff(subs(K,{x,t},{x,x})),{x},{a}); 

end 

d3u(1)=subs(z4,a)+subs(subs(z5,{x,t},{x,x}),{x},{a})*u(1)+z*u(1)+subs(subs(d

iff(K,'x'),{x,t},{x,x}),{x},{a})*du(1)+z6*u(1)+2*z7*du(1)+subs(K,{x,t},{a,a})

* d2u(1);  

if isempty(diff(f,4))==1 

z8 =0; 

else 

z8=diff(f,4); 

end 

if isempty(diff(K,3,'x'))==1 

z9=0; 

else 

z9= diff(K,3,'x'); 

end 

if isempty(subs(diff(K,2,'x'),{t},{x}))==1 

z10=0; 

else 

z10= subs(diff(K,2,'x'),{t},{x}); 
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end 

if isempty (subs(diff(z10),{x},{a}))==1 

z1010=0; 

else 

z1010=subs(diff(z10),{x},{a}); 

end 

if isempty(diff(K,2,'x'))==1 

z11=0; 

else 

z11=diff(K,2,'x'); 

end 

if isempty (diff(K,'x'))==1 

z12=0; 

else 

z12=diff(K,'x'); 

end 

if isempty(subs(z12,{t},{x}))==1 

c=0; 

elsehgfj 

c=subs(z12,{t},{x}); 

end 

if isempty (sym(c))==1 

z1212=0; 

else 

z1212= sym(c); 

end 

if isempty(subs(diff(K,'x'),{t},{x}))==1 

z13=0; 

else 
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z13= subs(diff(K,'x'),{t},{x}); 

end 

if isempty (subs(diff(z13),{x},{a}))==1 

z1313=0; 

else 

z1313=subs(diff(z13),{x},{a}); 

end 

if isempty(subs(diff(subs(K,{x,t},{x,x}),3),{x},{a}))==1 

z14=0; 

else 

z14=subs(diff(subs(K,{x,t},{x,x}),3),{x},{a}); 

end 

if isempty(subs(diff(subs(K,{x,t},{x,x}),2),{x},{a}))==1 

z15=0; 

else 

z15=subs(diff(subs(K,{x,t},{x,x}),2),{x},{a}); 

end 

if isempty(subs(diff(subs(K,{x,t},{x,x})),{x},{a}))==1 

z16=0; 

else 

z16=subs(diff(subs(K,{x,t},{x,x})),{x},{a}); 

end” 

“d4u(1)=subs(z8,a)+subs(subs(z9,{x,t},{x,x}),{x},{a})*u(1)+z1010*u(1)+subs(

subs(z11,{x,t},{x,x}),{x},{a})*du(1)+subs(diff(z1212,'x',2),{x},{a})*u(1)+2*z

1313*du(1)+subs(subs(diff(K,'x'),{x,t},{x,x}),{x},{a})*d2u(1)+z14*u(1)+3*z1

5*u(1)+2*z16*d2u(1)+subs(K,{x,t},{a,a})*d3u(1); %%Q4 %% 

a(1)=d4u(1); b(1)=-d3u(1); 

c(1)= du(1)+d3u(1); d(1)=(1/2)*(d2u(1)+d4u(1)); 

e(1)=u(1)-d4u(1); 

for i=1:n 
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u(i)=a(i)*cos(h)+b(i)*sin(h)+h*c(i)+d(i)*h^2+e(i); 

du(i)=-a(i)*sin(h)+b(i)*cos(h)+c(i)+2*d(i)*h; 

d2u(i)=-a(i)*cos(h)-b(i)*sin(h)+2*d(i); 

d3u(i)=a(i)*sin(h)-b(i)*cos(h); 

d4u(i)=a(i)*cos(h)+b(i)*sin(h); 

a(i+1)=d4u(i);b(i+1)=-d3u(i); 

c(i+1)=du(i)+d3u(i); d(i+1)=(1/2)*(d2u(i)+d4u(i)); 

e(i+1)=u(i)-d4u(i); 

end 

err=abs(u-subs(ex,h:h:1));” 

Notes about some functions used in the MATLAB code: 

1) diff Function: Y = diff(X,n) calculates the nth difference by applying 

the diff(X) operator recursively n times.  

2) Isempty Function:  isempty(A) Determine whether A is empty returns 

logical 1 (true) if A is empty, and logical 0 (false) if A is not empty. 

3) subs Function: Symbolic substitution snew = subs(s,old,new) returns a 

copy of s in which all instances of old have been replaced by new, and then 

evaluates s. s is an expression of symbolic scalar variables or a symbolic 

function, whereas old specifies the symbolic scalar variables or symbolic 

function to be substituted. If both old and new are identically sized vectors or 

cell arrays, the subs Function replaces each element of old with its 

corresponding element in new. If old is a scalar and new is a vector or matrix, 

then subs(s,old,new) replaces all occurrences of old in s with new, element-wise. 

All constant terms in s are replaced by the constant multiplied by an all-ones 

vector or matrix. 

VIE’s Solution Examples: 

Example 1: prove that the function Fig.1: 

 ( )  
 

(    )   
 

Is solution for the VIE: 

 ( )  
 

    
  ∫

 

    
  ( )  

 

 

 

https://www.mathworks.com/help/matlab/ref/diff.html#btwmxq8-1-Y
https://www.mathworks.com/help/matlab/ref/diff.html#btwmxq8-1-X
https://www.mathworks.com/help/matlab/ref/diff.html#btwmxq8-1-n
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 ( )   
 

    
  (   )  

 

    
             

Solution:-  Let’s start by substituting   ( ) in the RHS (right hand side) of the 

VIE: 

 ( )  
 

(    )   
   ( )  

 

    
  ∫ (

 

    ) (
 

(    )
 
 

)    
 

 
 

 

    
 

 

    
* 

 

(    )   
+
   

   
   

 
 

    
  

 

    
 [ 

 

(    )
 
 

  ]  
 

    
 

 

(    )  
 
 

 
 

     

 
 

(    )
 
 

  ( ) 

Which is mean that   ( )  
 

(    )   
 is a solution for the mentioned VIE. 

 

                                                               Figure 1: the function  ( )  
 

(    )   
 

 

  

Example 2: show that   ( )       ,Fig.2 is a solution for the VIE: 

 ( )    ∫     
 

 

 

 ( )      (   )                

By substituting   ( )      in the VIE type two: 

 ( )     ∫        [  ] 
    (     )    

 

 

          

0

0.5

1

1.5

2

2.5

3

0 0.2 0.4 0.6 0.8 1 1.2
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0

0.5

1

1.5

2

2.5

3

0 0.2 0.4 0.6 0.8 1 1.2

 

Figure 2: the function  ( )    ∫     
 

 
 

 

Example 3: Let’s have the following VIE’s of the second type : 

 ( )     ∫ (   ) ( )                     
 

 

 

The exact solution is:   ( )       

                                       
   

 
  

   

  
      

                        i=0,1,2,….,n=10 

      (      )                  

 ( )      (   )  (   )     

  ( )    ( )  ( )  
 

  
 ∫ (   ) ( )  

 

 

 

The next Table1 is showing the comparison between the exact solution and the 

solution using the quadratic spline: 

Table1. 

x exact solution = sin(x) 

Quadratic 

spline error 

0 0 0 0.00E+00 

0.1     0.99833416647  0.998334166 0.00E+00 

0.2     0.19866933080  0.198669331 0.00E+00 

0.3     0.29552020666  0.295520207 0.00E+00 
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0.4     0.38941834231  0.389418342 9.99E-16 

0.5     0.47942553860  0.479425539 0.00E+00 

0.6     0.56464247340  0.564642473 0.00E+00 

0.7     0.64421768724  0.644217687 0.00E+00 

0.8     0.71735609090  0.717356091 0.00E+00 

0.9     0.78332690963  0.78332691 0.00E+00 

1     0.84147098481  0.841470985 9.99E-16 

 

The below figure show both the exact solution and the Quadratic spline solution 

(Fi.( 3)): 

 

(Figure 3) 

Example 4:  Let’s have the following VIE’s of the second type: 

 ( )          
 

 
        ∫   

 

 

  ( )                 

The exact solution is  ( )            

                                       
   

 
  

   

  
      

                        i=0,1,2,….,n=10 

      (      )                  

 ( )          
 

 
          (   )         

  ( )    ( )    ( )  
 

  
 ∫     ( )  

 

 

 

x  Exact solution  Quadratic Spline error 

0 1 1 0.0000000 

0

0.5

1

1.5

2

2.5

3

0 0.2 0.4 0.6 0.8 1 1.2



 

395 
 

0.1 1.205170918 1.205145757 0.0000252 

0.2 1.421402758 1.42099778 0.0004050 

0.3 1.649858808 1.647797348 0.0020615 

0.4 1.891824698 1.885276688 0.0065480 

0.5 2.148721271 2.132661652 0.0160596 

0.6 2.4221188 2.388679452 0.0334393 

0.7 2.713752707 2.651571376 0.0621813 

0.8 3.025540928 2.919110362 0.1064306 

0.9 3.359603111 3.18862349 0.1709796 

1 3.718281828 3.457017486 0.2612643 

 

The next figure show the difference between the Exact solution and the 

Quadratic Spline (Fig.(4)): 

 

(Figure 4) 

Example 5:  Let’s have the following VIE’s of the second type: 

 ( )     ∫ (   ) ( )                     
 

 

 

The exact solution is  ( )      ( )    

                                       
   

 
  

   

  
      

                        i=0,1,2,….,n=10 

      (      )                  

 ( )      (   )  (   )     

  ( )    ( )    ( )  
 

  
 ∫ (   )  ( )  

 

 

 

0

0.5

1

1.5

2

2.5

3

3.5

4

0 0.2 0.4 0.6 0.8 1 1.2

Exact solution Quadratic Spline
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  After following the steps, we can get the below table that show both Exact 

solution and the Quadratic Non-polynomial Solution: 

x 
exact 

solution 

Quadratic 

Spline 
error 

0 1 1 0.00000 

0.1 0.995004165 0.995004165 0.00000 

0.2 0.980066578 0.980066578 0.00000 

0.3 0.955336489 0.955336489 0.00000 

0.4 0.921060994 0.921060994 0.00000 

0.5 0.877582562 0.877582562 0.00000 

0.6 0.825335615 0.825335615 0.00000 

0.7 0.764842187 0.764842187 0.00000 

0.8 0.696706709 0.696706709 0.00000 

0.9 0.621609968 0.621609968 0.00000 

1 0.540302306 0.540302306 0.00000 

 

The Below Graphic show the also both the exact solution and the quadratic 

solution (Fig.(5)): 

 

(Figure 5) 

 Conclusion: 

 

In this research, we have studied Volterra's integrative equations of the second 

using the infinite Quadratic Spline Non-polynomial function, and the solution 

has been programmed by MATLAB which allow us to insert the Integral 

Equation and the Code can give us both the Approximate solution and the Error 

which is the difference between the Exact Solution and the Approximate 

Solution. 

0

0.2

0.4

0.6

0.8

1

1.2

0 0.2 0.4 0.6 0.8 1 1.2

exact solution Quadratic Spline
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The importance of this research come from the importance of The VIE of 

second type and its different applications such as the transmission of radiant 

energy and the ripple of the rope, membranes and axle. 
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