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ABSTRACT

This paper involves adopting a well-known generalization method in the branches that dealing with fixed points via
weakening the suppositions. As appearing in previous sources, letting (�, Sb,K) be a strong b-MS, and F, H be two
multi-valued maps on � equipped with a graph σ s.t the set of vertices of σ , 3(σ ) = � and the set of edges of σ , 4(σ )
⊆ � × �. The acceptable assupmtions have been adopted to finding a common fixed point for in �. Our result is a
generalization to other statuses.
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1. Introduction and Preliminaries

The existence and uniqueness of FP for various
collection of maps is a central topic in nonlinear
functional analysis and FP theory. Contractive type
conditions that utilize metric structure ensure maps
have FP through Banach’s contraction principle
and its numerous generalizations [1]. Multi-valued
maps, where images are sets rather than points, have
been essential in applications to differential and
integral equations [2]. Graph maps combine aspects
of single and multi-valued maps using graphs to
relate domains and images [3]. Recently, there has
been growing interest in studying FP theory in more
generalized MS. b-MS endow a real constant K ≥ 1
that relaxes the triangle inequality [4]. Matthews
introduced the notion of a partial MS as well,
where self-distances need not be zero [5]. Various
contractive-type maps have now been investigated
in the settings of b-MS and partial MS [6]. Integral
equations have also been studied in these spaces
[7, 8]. Also, Latif and Abed [9, 10] dealt with the ex-
istence of FP and coupled FP of multi-valued cases for

comparable variables or for some vertices a graph in
the same path in G-MS. An and Dung [10] provided an
answer to the two questions (1.7–1.8) of Kirk, which
discussed the existence of FP in strong b-MS and
the density of a complete strong b-MS by providing
suitable examples. The work on this aspect is to merge
the ideas of multi-valued maps, graph structure, and
strong b-MS. New FP results are obtained for classes
of multi-valued graph maps defined on strong
b-MS and prove uniqueness as well as existence
results.

In this article, we take inspiration from the results
by Chifu and Petruşel [11] which had been extended
by Jiddah et al. [12] for a class of contractive maps in
strong b-MS. Additionally, the results in [13–16] will
be combined to prove a new version of CFP theorem
for multi-valued single-valued and maps. To begin,
recalling some strong b-MS. concepts. Some argu-
ments and considerations were taken from [17–21].

Definition 1.1 ([10, 14]): Let � 6= ∅ and k ≥ 1 Sb :
� x �→ [0,∞), a map Sb is called a strong b -metric
on � if
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1) Sb(ω, υ) = 0 if and only if ω = υ
2) Sb(ω, υ) = Sb(v, ω) ∀ω, υ ∈ �
3) Sb(ω, v) 2 Sb(ω, η) + KSb(η, υ)∀ω, υ, η ∈ �

then (�, Sb, K) is called a strong b–MS.

For more details about strong b-MS see [14].

Example 1.2: Let � = {0,2,4} and Sb : � x � →

[0,∞) be defind by Sb(0,0) = Sb(2,2) = Sb(4,4) =
0, Sb(0,2) = 1

2Sb(2,0), Sb(0,4) = 8 = Sb(4,0), Sb(2,
4) = 5 = Sb(4,2).

Therefore,

Sb (0,2) 2 Sb (0,4)+ KSb (4,2) ,∀K ≥ 1,

Sb (2,0) 2 Sb (2,4)+ KSb (4,0) ,∀K ≥ 1,

Sb (0,4) 2 Sb (0,2)+ KSb (2,4) ,∀K ≥
3
2

Sb (4,0) 2 Sb (4,2)+ KSb (2,0) ,∀K ≥ 6,

Sb (2,4) 2 Sb (2,0)+ KSb (0,4) ,∀K ≥ 1,

Sb (4,2) 2 Sb (4,0)+ KSb (0,2) ,∀K ≥ 6,

So (�, Sb,K = 6) is a strong b-MS, but it is not MS,
because Sb(0,4) > Sb(0,2)+ Sb(2,4).

Definition 1.3 ([13]): Let (�, Sb, K) be a strong b-
MS. Let {ωn} be a sequence in � and ω ∈ � then

(a) A sequence {ωn} is called convergent to ω if
Sb (ωn, ω) = 0, denoted by limn→∞ ωn = ω or
ωn → ω, n→∞.

(b) A sequence {ωn} is called Cauchy sequence in �
if limn→∞ Sb (ωn, ωm) = 0.

(c) The Sb−MS (�, Sb, k) is called complete if every
Cauchy sequence in � is convergent in �.

Proposition 1.4 ([16]): Let (�, Sb, K) be a strong
b-MS and {ωn} be a sequence in �, Then

(a) If {ωn} converges to ω ∈ � and {ωn} converges to
y ∈ �, then ω = υ

(b) If limn→∞ ωn = ω ∈ � and limn→∞ υn = υ ∈ �

then limn→∞ Sb (ωn, υn) = Sb (ω, υ).

Proposition 1.5 ([16]): Let {ωn} be a sequence in
a strong b-MS (�, Sb, K) where

∑
∞

n=1 Sb (ωn, ωn+1) <
+∞, then {ωn} is a Cauchy sequence.

The beginning presents the definition of the Haus-
dorff distance by Sb-metric, and then some of its

required properties are proven. Let (�, Sb,K) be a
strong b-MS,

Let CB(�) := {A ⊂ � : ∅ 6= A is closed
and bounded}, the Hausdorff distance HSb

on CB(�) derived from Sb is H(A,B) :=
Max{supω∈B d(ω,A); supω∈Ad(ω,B)}, where A,B,
CB(�) and d(ω,A) := in fυ∈A Sb(ω; υ). Now, we state
some of the required lemmas in the sense of the
references.

Lemma 1.6: If (�, Sb,K) is a strong b-MS and A,B ∈
CB(C�). If H (A,B) > 0 then ∀h > 1 and a ∈ A, ∃b ∈ B
such that, Sb(a, b) < h H (A,B).

Proof: Using the characterized of infimum, with ∈
= (h− 1) H(A,B) > 0, ∃b ∈ B such that Sb(a, b) <
d (a,B)+ ∈. And by the definition of H (A,B), getting
d(a,B) ≤ H (A,B), So, Sb(a, b) < h.H(A,B).

Lemma 1.7: If A,B ∈ CB (�) with Sb(A,B) < ε then
for each a ∈ A ∃b ∈ B such that d(a, b) < ε.

Proof: By Haudorff distance, HSb (A,B) < ε

means that supa∈Ain fb∈BSb(a, b) < ∈ and
supb∈bin fa∈ASb(b, a) < ∈. This ordinarily gives ∀a ∈ A
∃b ∈ B such that d(a, b) < ε.

Lemma 1.8: Let {An} be a sequence in CB(�)
and Sb (An,A) = 0, for A ∈ CB(�). If ωn ∈

An and Sb (ωn, ω) = 0, then ω ∈ A.

Proof: Let {An} ⊂ CB(�) and Sb (ωn, ω) = 0 for A ∈
CB(�). Assume that ωn ∈ An and Sb (ωn, ω) = 0 for
some ω ∈ �. To show that ω ∈ A. Hausdorff metric Sb
implies

Sb (An,A) = max
{
supω∈AnSb (ω,A) , supυ∈ASb (υ,An)

}
Since Sb (An,A) = 0, so,

sup sup {ω ∈ An, Sb (ω,A)} = 0 and

sup sup {υ ∈ A, Sb (υ,An)} = 0.

By hypothesis, ωn ∈ An and Sb (ωn, ω) = 0 ⇒ for
any ε > 0 M ∈ N such that ∀n ≥ M, Sb (ωn, ω) < ε.

Assume that ω /∈ A. Then, ∃δ > 0 such that Sb (ω,A) ≥
δ.

Since sup sup {υ ∈ A} Sb (υ,An) = 0 there
exists an M′ ∈ N such that for all n ≥ M′,
sup{υ ∈ A} Sb (υ,An) < δ/2.

Choose n0 = max{M,M′}. Then, for n ≥ n0, getting

Sb (ωn,A) 2 Sb (ωn, ω)+ Sb (ω,A) < ε + δ
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Now, choose ε = δ/2. Then for n ≥ n0, Sb (ωn,A) <
δ/2+ δ = 3δ/2. However, since ωn ∈ An and n ≥ n0,
then

Sb (ωn,A) 2 sup{υ ∈ A) Sb (υ,An) ≥ Sb (ω,An)

≥ Sb (ω,A) ≥ δ.

This is a contradiction, as Sb (ωn,A) < 3δ/2 and
Sb (ωn,A) ≥ δ it cannot be true at the same time. Thus,
the assumption ω /∈ A must be false. Hence, ω ∈ A.

To endow strong b-MS, � with a directed graph σ
where σ is ordered pair (3, 4) such that

3 (σ ) = � is the set of vertices,

4 (σ ) = {(ω, υ) : (ω, υ) ∈ �×�,ω 6= υ}

is the set edges of σ ,

so, the graph σ := (3 (σ ) , 4 (σ )) .

σ−1 := The conversion of the graph σ , (obtained
by reversing the direction of 4(σ )).
σ∼ := By disregarding the orientation of σ , edges,
the undirected graph was produced.

Here, σ∼ considered as a directed graph with
a symmetric set of edges, hence, 4 (σ∼) =
4(σ )U4 (σ−1) [15].

Definition 1.9 ([23]): A subgraph of σ is a graph H
such that 3 (Z) ⊆ 3 (σ ) and 4 (Z) ⊆ 4(σ ) and, for
any edge (ω, v) ∈ 4(Z) ω, υ ∈ 3 (Z).

Definition 1.10 ([15]): Let ω and υ be vertices σ , a
Path in G from � to y of length n (n ∈ N ∪ {0}) is a
sequence (ωi)n

i=0 of n+ 1 vertices such that, ω0 = ω,
ωn = υ and (ωi−1, ωi) ∈ 4(σ ) for (i)n

i=1.

Definition 1.11 ([15]): The path length is the num-
ber of edges in G that form the path.

Definition 1.12 ([15]): If a path connects any two
vertices in a graph σ , then the graph is linked. Oth-
erwise, σ is called disconnected. Also, σ is weakly
connected if σ∼ is connected.

Suppose that 4(σ ) is symmetrical and ω is a
vertex in σ . If subgraph σω consisting of all edges
and vertices, that are belonged to some path in σ

starting from ω, then σω is called the component of
σ including ω.

Here, using the rule R(ωRy if there is a path from
ω to y) to define the equivalence class [ω]σ on 3(σ )
such that 3(σω) = [ω]σ .

Property A ([16]): For any sequence (ωn)n∈N in
�, if ωn → ω and (ωn, ωn+1) ∈ 4(σ ) for n ∈

N, then (ωn, ω) ∈ 4(σ ).
As in [9, 16, 20], the following definition is

reformed.

Definition 1.13: Let (�, Sb) be a strong b-MS and
F,H : �→ CB(�). The maps F, H are called graph
contractive in the event that K ∈ (0,1)

s.t (ω 6= υ), (ω, υ) ∈ 4(σ ) then Sb ( fω,Tυ) <

kd(ω, υ) and if u ∈ fω and c ∈ Hυ are such that
then (u, c) ∈ 4 (σ ), d (u, c) < d (ω, υ).

Definition 1.14 ([15]): A binary relation 2 on set
� is PO if for ω, υ and η in �, A set � with a PO 2 is
called a POS if for all ω, υ and η in �.

1. 2 is reflexive (ω 2 ω);
2. 2 is antisymmetry (if ω 2 υ and υ 2 ω, then
ω = υ);

3. 2 is transitivity (if ω 2 υ and υ 2 η, then ω 2
η);

Note that two elements ω and υ are called compa-
rable if either ω 2 υ or υ 2 ω.

2. Main results

In the following, the existence of a CFP in strong
b-MS endowed with a graph for the multi-valued
maps is proved. Firstly, suppose that (�, Sb, σ ) is a
complete strong b-MS and σ is a directed graph s.t
4(σ ) is symmetric.

Theorem 2.1: Let F,H : �→ CB(�) be graph con-
tractive maps and let the triple (�, Sb, σ ) have the
Property A. Set �F = {ω ∈ � : (ω, u) ∈ 4(σ ) for some
then the following statements hold.

1. For any ω ∈ �F , F, H|[ω]σ have a CFP.
2. If �F 6= ∅ and σ has a poor connection, then F, H

have a CFP in �.
3. If �′ := U{[ω]σ : ω ∈ �F }, then F,H|ω′ have a

CFP
4. If F ⊆ 4(σ ) then F,H have a CFP.

Proof: Let ω0 ∈ � then ∃ω1 ∈ Fω0 3 (ω0, ω1), ∈
4(σ ). If H(Fω0, Tω1) = 0 then Fω0 = Tω1, thus ω1
is ordinarily CFP of T and F . If H(Fω0, Tω1) > 0, by
Lemma 1.7
then for each h1 > 1 there exists ω2 ∈ Tω1 3 (ω1, ω2),
∈ 4(σ ) and Sb(ω1, ω2) < h1H(Fω0, Tω1).

Now if H(Fω1, Tω2) = 0. Then Fω1 = Tω2, ω,
thus ω2 is CFP. If H(Fω1, Tω2) > 0 by Lemma 1.7
then for each h2 > 1, ∃ω3 ∈ Fω2 such that (ω2, ω3),
∈ 4(σ ) and Sb(ω2, ω3) < h2H(Fω1, Tω2).
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Continuing in this manner, if H(Fω2n−1, Tω2n−2) =
0 then Fω2n−1 = Tω2n−2, ω1, thus ω2n is CFP of
F and T . If H(Fω2n−1, Tω2n) > 0 by Lemma 1.7
then for each h2n > 1, ∃ω2n−1 ∈ Tω2n−2, such that
(ω2n−1, ω2n),∈ 4(σ )

and Sb (ω2n−1, ω2n) < hnH (Fω2n−1, Tω2n−2) .

If at step k, in a bove process, satrsfy,
H(Fωk−1, Tωk) = 0 then ωk is CFP of F and T .

If not then are get the sequence 〈ωn〉 in �, and
〈hn〉 hn > 1,∀n such that ω2n+1 ∈ Fω2n and ω2n+2 ∈

Tω2n+1.

Also (ω2n, ω2n+1) ∈ 4 (σ ) and Sb (ω2n, ω2n+1)

< h2nH (Fω2n, Tω2n+1) (1)

Since 1
s+1 d(ω2n, Fω2n) < 1

s+1Sb(ω2n, ω2n+1)
2 (Sb(ω2n, ω2n+1))
and by hypothesis, implies that

H (Fω2n, Tω2n+1) < K Sb (ω2n, ω2n+1) (2)

By (1) and (2)

Sb (ω2n, ω2n+1) < h2K Sb (ω2n, ω2n+1)

It is possible to choose h2n =
r
k , r ∈ (0,1), 0 <

k < 1
then Sb(ω2n, ω2n+1) < k

1−k Sb(ω2n−1, ω2n)
thus Sb(ω2n, ω2n+1) < ( k

1−k )n Sb(ω0, ω1),∀ n ≥ 1
So,

∑
∞

n=1 Sb(ω2n, ω2n+1) 2 Sb(ω0, ω)
∑
∞

n=1 ( k
1−k )n

<∞

By Proposition 1.5, getting 〈ωn〉 Cauchy sequence in
�, ∃ ω ∈ � 3= ω.

To prove � ∈ fω (F ) fω (T ).
For n even by Property (A), obtaining (ωn, ω) ∈

4(σ ) therefore we must prove that

1
s+ 1

d (ωn, Tωn) 2 Sb
(
ωn, ω

)
. (3)

If not

1
s+ 1

d (ωn, Tωn) 2 Sb
(
ωn, ω

)
+ SSb (ωn+1, ω)

× Sb
(
ωn, ω

)
<

<
1

s+ 1
d (ωn, Tωn)+

s
s+ 1

d (ωn+1, Tωn+1)

2
1

s+ 1
d (ωn, ωn+1)+

s
s+ 1

d (ωn+1, ωn+2) .

This contradicts
By (3) and hypothesis, getting

Sb (Fωn, Tω) < kd (ωn, ω)

Since ωn−1 ∈ Fωn and ωn → ω therefore by
Lemma 1.8 ω ∈ Tω then ω ∈ Fix(T ). For n odd
by similar way, getting ω ∈ Fix(F ).

Then ω ∈ Fix(T ) ∩ Fix(F ).

2. Since � f 6= ∅, so there exists ω0 ∈ � f , and since
σ is weakly connected, therefore [ω0]σ = � and
by I, maps F and H have a CFP in �,

3. It follows easily from 1 and 2.
4. F ⊆ 4(σ ) implies that all ω ∈ � are s.t ∃ u ∈ Fω

with (�, u) ∈ 4(σ ) so � f = � and by 2 and 3
H, F , have a FP.

Remark 2.2: Replace �F by �H := {ω ∈ � :
(ω, u) ∈ 4(σ ) For a few u ∈ Hω} given the cir-
cumstances 1–3 of Theorem 2.1, then the conclusion
is still accurate. Specifically, if �FU �H 6= ∅, then
we have FixF ∩ FixH 6= ∅, it readily flows from 1–3.
Likewise, in condition 4, it is possible to replace

F ⊆ 4 (σ ) by H ⊆ 4 (σ ) .

The following consequence is directly related to the
Theorem 2.1(1).

Corollary 2.3: Let (�, Sb,K) be a complete strong
b-MS and allow the triple (�, Sb, σ ) possess the char-
acteristic A. In the event that G has weak connections,
graph contractive mappings

F,H : � CB (�) such that (ω0, ω1) ∈ 4 (σ )

for some ω1 ∈ Fω0 ∈ have a CFP.

Definition 2.4: A strong b−MS (�, Sb) is called
a ε−chainable strong b-MS for some ε > 0 if given
ω, v ∈ � there is n ∈ N and a sequence (ωi)n

i=0 s.t, ω0 =

ω, ωn = υ and d(ωi−1, ωi) < ε for i = 1,2, . . . ., n.

Example 2.5:

Consider � = R with Sb (ω, v)

=

{
|ω − v| i f |ω − v| ≤ 1

2 |ω − v| i f |ω − v| > 1

for ω, v ∈ �. The pair (�, Sb) easily satiies Defi-
nition 1.1. But strong triangle inequality deserves
illustration as follows and we show the general case
where |ω − z| > 1, |ω − v| > 1 and |v− z| < 1, so
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|ω − z| ≤ |ω − v| + |v− z| then Sb(ω, z) ≤ 2|ω − z| ≤
2(|ω − v| + |v− z|).

And Sb (ω, v) ≥ |ω − v| , Sb (v, z) ≥ |v− z| .

Thus Sb(ω, z) ≤ 2(|ω − v| + |v− z|) ≤ Sb(ω, v)+
2Sb(v, z). This demonstrates the strong triangle
inequality at K = 2.

Here, � is ε-chainable sine, for ε > 0 and for any
ω, v ∈ � Sb(ω, z) < ε there are ω = ω1, ω2, . . . .ωn =

v such that Sb(ω j−1, ω j) < ε
2 by dividing the interval

[ω, v] into equal parts of length < ε.

Corollary 2.6: Let (�, Sb,K) be a ε−chainable com-
plete strong b-MS for some ε > 0. Let F,H : �→

CB(�) be such that there exists K ∈ (0,1) with

0 < Sb (ω, v) < ε ⇒ Sb (Fω, Hv) < KSb (ω, v)

Then F and H have a CFP.

Proof: Consider the graph σ as 3 (σ ) := � and
4 (σ ) := {(ω, υ) ∈ �×� : 0 < Sb (ω, v) < ε} .

The ε-chainability of (�, Sb) means σ is connected.
If (ω, v) ∈ 4(σ ), then

Sb (Fω,Hv) < K Sb (ω, v) < Kε < εk.

And by using Lemma 1.7, for each u ∈ Fω we have
the existence of v ∈ Hv s.t Sb(ω, v) < ε which sug-
gests (ω, v) ∈ 4(σ ). Hence F and H are contractive
mappings of graphs.

Also, (�, Sb, σ ) possesses property A. Indeed, if
and ωn → ω and d(ωn, ωn+1) < ε for n ∈ N then
Sb(ωn, ωn+1) < ε for sufficiently large n, therefore
(ωn, ω) ∈ 4 (σ ). Accordingly, by Theorem 2.1 (2), F
and H have a CFP.

Theorem 2.7: Let F : �→ CB(�) be graph contrac-
tive maps and let the triple (�, Sb, σ ) have the property
A. Set �F = {ω ∈ � : (ω, u) ∈ 4(σ ) for some u ∈ Fω.
Consequently, the following claims are true.

1. For any ω ∈ �F , F, H|[ω]σ have a CFP.
2. If �F 6= ∅ and σ is not well connected, then F, has

a FP in �.
3. If �′ := U{[ω]σ : ω ∈ �F }, then F,H|ω′ has a FP.
4. If F ⊆ 4(σ ) then F,H has a CFP.
5. If �F 6= ∅, then Fix F 6= ∅.

Proof: It is possible to prove statements 1–4 by
taking F = H in Theorem 2.1 and 5 obtained from
Remark 2.2.

Note that our Theorem 2.7 does not require that
4(σ ) be symmetric.

Corollary 2.8:

1. Let F : �→ CB(�) be contractive graph maps,
and let the triple (�, Sb, σ ) possess property A. Set
�F = {ω ∈ � : (ω, u) ∈ 4(σ ) for some u ∈ Fω
Consequently, the following claims are true.

a. If �F 6= ∅ and σ is weakly connected, then F,
has a FP in �.

b. If �F 6= ∅, then Fix F 6= ∅.
2. Let (�, 2) be a POS and suppose that there ex-

ists a strong b−MS in � such that (�, Sb) is a
complete strong b−MS Assume that � satisfies if
a nondecreasing sequence {ωn} → ω in �, then
ωn 2 ω,∀ n. Let f : �→ � be a monotone nonde-
creasing mapping such that there exists k ∈ [0, 1)
with Sb( f (ω), f (υ)) 2 kSb(ω, υ),∀ω ≥ υ. If there
exists ω0 ∈ � with ω0 2 f (ω0), then f has a FP.

3. Let � be a POS such that every pair ω, υ ∈ � has a
lower bound and an upper bound. Furthermore, let
Sb metric on� such that (�, Sb) is a complete strong
b−MS. If µ is a continuous, monotone (i.e., either
order-preserving or order-reversing) map from µ

into µ such that
(1) ∃0 < c < 1 : Sb(µ(ω), µ(υ)) 2 cSb(ω, υ),∀ω
≥ υ,

(2) ∃ ω0 ∈ � : ω0 2 µ(ω0) or ω0 ≥ µ(ω0), then
µ has a unique FP ω. Moreover, for every ω ∈
�,µn (ω) = ω.

4. Let (�, Sb) be complete, and let the triple (�, Sb, σ )
have the following property: (for any (ωn) n ∈ N in
�, if ωn → ω, and (ωn, ωn+1) ∈ 4(σ ) for n ∈
N, then there is a subsequence (ωkn) n ∈ N with
(ωkn, ω) ∈ 4(σ ) for n ∈ N.

5. Let � be a complete strong b−MS ε-chainable
space, f a mapping of � into itself which is
(ε, δ)−uniformly locally contractive, then a singu-
lar point is present. ω ∈ � such that f (ω) = ω.

As a special case of the above work in the usual
metric, one can consider the following remark.

Remark 2.9:

1. If we assume � is such that 4(σ ) := �×�.
Then, it is evident that � and our Theorem 2.7,
are related. See [22] enhances the Banach con-
traction theorem if F is single-valued, and it also
enhances Nadler’s theorem.

2. If F is a single-valued mapping, then Theo-
rem 2.7(2, 5) with the graph G1 improves [25,
Theorem 2.2].
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3. If F is a single-valued mapping, then Theo-
rem 2.7(2, 5) with the graph G2 improves [24,
Theorem 2.1].

4. If F = H is a single-valued mapping, then The-
orems 2.1 and 2.7 partially generalize [25,
Theorem 3.2].

5. If F = H we take as single-valued mappings in
Corollary 2.6, then we have [26, Theorem 5.2].

3. Conclusions

Fixed point theorems are a tool for various branches
of mathematics, topology, equations, approximation
theory, potential theory, functional analysis and
statistics. Even in computer science, fixed points help
in modify algorithms, especially in iterative schemes.
This work prompted us and other researchers to
present results with respect to graph concepts.

In future work, as fractal graph, we aspire to gener-
ate the results in [27] to produce some non-classical
variants of Julia set, utilizing the Jungck-Ishikawa
fixed point iteration system with respect to graph
tools.

Abbreviation

Common fixed point (CFP); Fixed point (FP); strong
b-metric space (strong b-MS); b-metric space (b-MS);
Metric space (MS); Partial ordered set (POS).
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