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1. Introduction

The field of operations research (OR) seeks to identify the best course of action by mathematically
modelling a real-world decision-making situation. Maximising or minimising one or more
mathematical functions, called objective functions, while considering specified restrictions, is the
goal of mathematical programming (MP) problems, which are optimisation problems. The decision
variables are constrained by these constraints, which are expressed as mathematical equations or
inequalities. Extending an MP problem to include a parameter space (p) is typical.

As a mathematical model, an optimisation problem looks like this:

maxmize /minmize: f (x; p))

subject to:”
1)
glx;p) <0..
x=0.. "

Definitions of x € R™ as well as functions f<«g given as f,: R™ - R An examination of functions
that are linear f and g enables the division of the MP problem into two separate sets of problems:
linear and nonlinear optimisation problems. The parameter space structure of the MP problem

115 S I



mailto:alash1973@uomustansiriyah.edu.iq
https://orcid.org/0000-0002-7665-433X
mailto:drasmaa.ghalib@coadec.uobaghdad.edu.iq
mailto:alash1973@uomustansiriyah.edu.iq

Using Newton's divided polynomial to solve multi-choice programming problem Lec. Alaa Shnaishel Cheetar

encompasses most acknowledged subsets, such as constrained and unconstrained optimisation,
optimisation with one or more objectives, optimisation with discrete or continuous variables, and
optimisation with a mix of integers, as well as deterministic, fuzzy, and stochastic optimisation.
Acknowledging that the parameter space may include parameters with many choices is essential. This
indicates that a parameter can provide various options, from which one must choose the most effective
goal function(s). Multi-choice optimisation corresponds to a distinct category of optimum
programming problems.

Nevertheless, specialists and decision-makers sometimes lack accurate knowledge of the specific
value of those factors. If we propose precise values, they are merely statistical inferences derived
from historical data, and their stability remains unclear. Therefore, the decision-maker often
establishes the problem's parameters ambiguously or through language statements. Decision-making
approaches in the presence of uncertainty have adopted several modelling philosophies, such as
minimising the anticipated value of loss, minimising deviations from objectives, minimising overall
costs, and maximising profits. The primary approaches for decision-making under uncertainty include
fuzzy programming, which encompasses flexible and possibility programming, and stochastic
programming, which incorporates probabilistic models, resilient stochastic programming, and
recourse models. However, decision-makers perceive the parameters or coefficients as multiple-
choice options in specific scenarios.

2. Literature review

Using “Multiple Choice Programming (MCP) problem”, first introduced by Healey[8], is a way
to optimise a collection of combinations. A constrained set of constraints is considered and an
objective function is optimised by choosing one combination among multiple choices. It is possible
to broaden the scope of MCP to encompass problems involving generalised assignments, multiple-
choice knapsacks, sales resource allocation, scheduling numerous items, timetabling, and similar
tasks. In MCP, a subset of mixed binary programming, each binary variable forms an option from a
set of mutually incompatible alternatives; the goal is to select one of these variables. Lin [15]
conducted a comprehensive survey on MCP. A common occurrence in managerial decision-making
challenges is the presence of multiple choices for a parameter. In this research, we look at a few linear
programming parameters with multiple-choice answers. A decision-maker (DM) can set a maximum
number of possible values for each given parameter. Chang's [5] looks at a mathematical model that
chooses a good constraint using the help of binary strings. Within the bounds of, as the number of
alternatives increases, so does the requirement for binary variables. Chang developed MCGP to
prevent underestimation in decision-making by establishing multi-choice aspiration levels for
objectives using multiplicative formulas for binary variables. A decision support system can readily
implement Chang et al. [6] modified the mathematical programming approach to assign aspiration
levels, where 'i is the quantity of aspiration levels. The number of aspiration levels must be an integral
power of 2 for the model formulation to be challenging. He removes the multiplicative parts of the
binary variables and replaces them with continuous ones. Liao [10] proposes a solution that
approaches the multi-segment aspiration levels of the differential matrix (DM) as nearly as possible
to resolve the target programming challenge involving multiple segments. His proposal suggests that
a multi-choice parameter can support a maximum of three choices. Biswal and Acharya [3] developed
a transformation method to address an MCLP problem, with each goal potentially containing up to
eight possible solutions. To avoid duplication, we have implemented certain additional restrictions.
Several authors, specifically [9, 11], have used a multi-choice goal programming technique to address
practical decision-making challenges. Biswal [4] Formulating an interpolating polynomial with
functional values at non-negative integer nodes allows for handling any multi-choice parameter..
Furthermore, Chang and Paksoy [5,13] have applied Chang's (2007) updated multi-choice goal
programming method to design a supply chain network with multiple choice parameters. Ibrahim
Ozkan [12] This underscores the continued deficiency in comprehensive information about the
environment and decision outcomes. Unspecified ideas may evolve in unexpected ways. Knowing
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how to deal with uncertainty and the resources available can significantly improve our decision-
making abilities.[2,14]

Numerous challenges exist when converting a regular mathematical programming problem-
solving from an MCLP context, with additional parameters,(i) deciding on binary variables, (ii)
deciding on boundary values for binary codes, and (iii) establishing auxiliary constraints to limit
binary codes.[1,7] . a random multi-choice transportation problem formulated in which the multi-
choice parameters (supply and demand) are treated as random variables that follow the normal
distribution with mean and variance. The main aim is to minimise the transportation cost. This
methodology helps us find the optimal choice so that the decision-maker can make the best decision
according to the problem.[16]

To mitigate such challenges, we employ a numerical technique known as the polynomial
interpolation method for a dataset with multiple-choice parameters. We derive an interpolation
polynomial for each of the problem's multi-choice parameters. By substituting the multi-choice
parameters with appropriate interpolating polynomials, we formulate a mixed-integer nonlinear
programming problem. Nonlinear programming techniques can handle this problem.

The study is structured as follows: Section 3 presents a mathematical model of the MCLP problem,
following the introduction and literature review. Section 4 outlines mathematical programming
models that are equivalent under various interpolating polynomial types. Section 5 incorporates a
case study to illustrate the proposed strategy. In Section 6, we conclude with a discussion of the
outcomes.

3. Materials and Methods:
The mathematical formulation of a Mode-Controlled Linear Programming (MCLP)
problem is presented here. Determine the value of x; = (x4, x, x3, ..., X, ) In order to.
n

maxmaiz : Z = Z CjX;
j=1

Subject to: (2)
n

> agy < (b2, b}, =123, mg 2 0,2 1,23,
j=1
The objective function can be maximized by selecting a single goal from the set of k;Objectives
that are on the opposite side of the i th restriction (2). We employ interpolating polynomials to deal
with the parameter system with several choices. Some mathematical models include the interpolation
of polynomials. We assign integral values to the positions of the nodes to produce polynomials that
interpolate the multi-choice parameters. Every node represents a single functional value generated by
a parameter with many answer options. If a parameter can take on k; values, then precisely. It's
necessary to have k; Nodes. At each place, an interpolating polynomial will intersect the affine
function precisely once. An interpolating polynomial substitutes the multiple-choice parameter. The
most commonly used interpolating polynomials are the Lagrange, Newton's divided difference,
Newton's forward, and Newton's backward methods . Furthermore. [17][4]
1.3 Modelling with Lagrange interpolation polynomials
It is necessary to consider the MCLP problem's limitation (2). Let 0,1,2, ..., (k; — 1) be k; space
between each pair of nodes, where b™,b®, .., b*? stands for the functional values that are
associated with the interpolating polynomial at k;distinct node positions. A polynomial of degree
Py,—1(z) is derived, which interpolates the provided data:
With j=0,12,..,(k;—1) andi=123,..,m theequation P,_,()) = b holds.
For the ith multiple-choice parameter, we derive an interpolating polynomial by applying the

mathematical technique of Lagrange interpolation
The revised MCLP problem can also be expressed as
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n
max:Z = Z C]X]
j=1

subject to
n
-DEz-2).(z—k; +1 -2)..(z—k +1
Z ax; < (z—1D(z k') (z—k;+1) bi(1)+Z(Z Z (z—k; + )bi(z)
& (~D®D (e, 1)! (~D& (e, - 2)! 3)
z2(z—1)(z—3)..(z—k; + 1) OB 2(z—1)...(z—k; + 2) (kD
(—D)*i=3(k, — 3) 12! : (k;—1)! ¢
z2=012,..,(k;—1), i=123,..m
Xj = 1,2,3,..n
Table (1) points of information

j=z 0 1 2 ki—1
f(z) = b; bi(l) bi(Z) bi(3) bi(ki)

2.3 An interpolating polynomial model based on Newton's divided differences

The split difference of Newton Interpolating polynomial best matches a specific set of data points.
Consider the set of node points 0,1,2, ..., (k; — 1) 0, where bl.(l), bl.(z), bi(k") are the functional values
associated with the interpolating polynomial of the k; distinct node points.
The polynomial Py _,(z) of degree (k; —1) is derived to interpolate the provided data.
Consider the set of values of;

Peoi()=b9*, =012, 0—1), i=123,..,m (4)

We use the format in Table (2) to create the divided differences. To calculate divided differences,
use the formula given below.

Lol =f) = £
fI1,2] = £10.1]
2

L fI12,..,j1-f[012,..,j —1]
fl0,1,2,..,j]= 7
Using Newton's divided differences formula, we obtain an interpolating polynomial equation for
the parameters with many choices.

Further, the modified MCLP problem is formulated as
n

maxmaiz: Z = Z CjXj
j=1

f10,1,2] = ()

subject to:
n

z a;jxj < "bl.(l) + z.f[01]+z(z—1) f[0,1,2] + - +z(z—1)...(z—k; +2)" (6)

j=1
zt=012,..,(k;—1), i=123,..m
X = 1,2,3,..n

3.3 Modelling based on the notion of forward difference interpolating polynomials proposed by
Newton.

Each row in Table (1) represents a data point that follows the pattern 0,1,2, ..., (k; — 1) . In this
analysis, we set the initial value to 0 and the step size to 1. This means that straight forward
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differences , rather than divided differences , can be computed. The forward Af; or the backward
differences Vf; might be seen as these basic disparities. The forward differences will be defined first,
and then the interpolating polynomial obtained from them will be shown. The following formula can
be used to determine the p order forward difference AP f;, using Table (3).

Af; = fi1 = ;
Apfj = Ap_1fj+1 — Ap_lfj. (7

Table (2) Dividing the difference table by Newton

Z f (z.) First second (k; — 1) the difference
by th order
0 f(0) f10,1]
1 () f1,2] f10,1,2]
f11,23]
2 /(@) J123] 1012, .., (ki = 2),(k; — 1)
3 f(3)
flCk; = 3), (k; = 2), (k; = 1)]
flCk; = 2), (k; = 1)]
ki=2 | f(k;—2)
ki —1 | f(ki—1)
Table (3) Newton’s forward difference table
Z first second k; difference of the order
0 f(2) Afo AZfo
1 f) Afy 2
A
2 @) Af, h
3 f(3) AtV £,
k; 3 f(ki..._ 3) Afk;-3) N fri—s
ki —2 f(ki—2) Af(ki—Z)
ki —1 flki = 1)
A more advanced version of the MCLP problem can also be as
n
max: Z = Z CjXj
j=1
bject t
n (z—1) (z—1)..(z—k; +2) ©
Z\Z — z\Z — W \Z— K
z ainj < b(l) +z AfO + Azfo + -+ - A(ki_l)fo
= : 2! (k; — D!
J:

4.3 Modelling based on the notion of backward difference interpolating polynomials proposed by
Newton.
The formula for backward difference is defined as:

Vi =i = fi-

sz}. = Vf] - ij_l (9)

VS = P = T
Table (4) Newton's table of backward differences .
| first | second | ... | (k; — 1) th difference of the order |

| Z f@
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0 f(0) Vfi VZf,
; f) v, Vi fs
2 v,
’ 1{8 4 VT f-
k;—3 f(kl —-3) vf(ki—z)
ki—2 fki—2) Vf(kl-—l) vzf(kl-—l)
ki—1 | f(k;—1)

n
max:Z = Z CjXj
j=1

subject to

n

ki
Z a;;Xj < bl( ) + (Z - ki + 1)vf(ki_1) +

j=1

(Z—kl+1)(Z—kl+2)
2!

(10)

V2 fli-1)

z22=012,..,(k;—1), i=123,..m
Xj = 1,2,3,..n

4. Experimental Work.

The table below shows the expected or fluctuating daily demand for premium (super), improved,
and regular gasoline for the country, where the percentage of demand varies from month to month
and from one season to another, and there is a continuous increase in demand for these materials. The
table also shows the expected demand for refineries, where x; represents premium gasoline, x,
Improved gasoline and regular gasoline x5. The requirement is to achieve the expected demand at the
lowest possible cost because the state subsidises gasoline. The daily demand for gasoline ranges from

28-30 million litres, depending on the season.
Table 5: The demand and available capacities for the refineries.

Oil refinery Barrel/day DEMAND(1000)litter
Al-Doura 140000 3400,3700,4100
Al-Shu'aybah 210000 5700,6100,6400
Karbala 140000 3400,4000

Al-Faw 300000 7900,8400,8600
Al-Anbar 150000 3600,3800,4100,4400
Al-Kut 100000 2900,3100,3400

The remaining oil refineries 2300000 5000,5300,5700

minZ = 1250x;; + 850x,; +450x3; + 1250x,, + 850x,, + 450x3, + 1250x;5
+ 850x535 + 450x33 + 1250x,4 + 850x,, + 450x3, + 1250x;5 + 850x,5
+ 450x35 + 1250x1¢ + 850x,6 + 450x36 + 1250x1; + 850x,; + 450x3,
subject to
X11 + X371 + X371 = 3400,3700,4100
X12 + X33 + X35 = 5700,6100,6400
X13 + X33 + X33 = 3400,4000
X14 + Xp4 + X34 = 7900,8400,8600 (11)
X15 + X5 + X35 = 3600,3800,4100,4400
X16 + X26 + X36 = 2900,3100,3400
X17 + X7 + X37 = 5000,5300,5700
X171 = 280, xp1 = 340, x13 = 280, xp3 = 340 x4 = 632, x54 = 790, x16 = 230,
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X26 = 290 x15, = 450, x5, = 570, x15 = 288, x5 = 360, x17 = 400, x,;, = 500
x;=0123;j=123,..7

To solving model.by using new technical “Newton's divided polynomial “

minZ = 1250x;1 + 850x,1 + 450x3, + 1250x, + 850x,, + 450x3, + 1250x3
+ 850x,3 + 450x33 + 1250x74 + 850x,4 + 450x34 + 1250x5
+ 850x,5 + 450x35 + 1250x;¢4 + 850x54 + 450x34 + 1250x 5
+ 850x,; + 450x3,

subject to

X11 + X1 + X371 = 3400 + 250Z; + 5072

Xq12 + X202 + X392 > 5700 + 40022 + (_ )

X13 + X3 + X33 = 3400 + 60075
X14 + Xgq + X34 = 7900, +200Z,-150Z2

Zs(Zs—1 100(Zs — 1)(Zs — 2
X15 + X5 + X35 = 3600 + 100 <¥) + (- Zs 6)( 5 ))
100Z4(Zg — 1 12
X16 + X26 + X36 = 2900 4+ 200Z¢(— $) (12)
100 Z,(Z, — 1)
X17 + X27 + x37 = 5000 + 300Z, + f)

X117 = 280, x,; = 340
X1p = 450, x5, = 570
X13 = 280, x53 = 340
X14 = 632, x5, =790
X15 = 288, x55 = 360
X16 = 230, x56 = 290
Xx17 = 400, x,7 = 500

xij , 1=0123;j=123,..7

Zj ,j=123,..7

5.Results.

Using the lingo program, the following results were obtained:[18]
Table (6) Optimal solution.

variable value Variable value variable | value variable Value
X11 400 Xoq 500 X31 2500 A 0
X1y 280 Xy3 340 X3, | 5080 7z, 0
X13 450 Xy3 570 Xs3 | 2380 Zs 0
X14 280 Xo4 340 X34 7330 Z, 1
X15 632 Xy5 790 Xss | 2178 7. 0
X16 288 Xy6 360 X1 | 2252 Z, 0
X17 230 X9 290 X37 4480 Z 0
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6.Discussions.

1. According to the above results, obtained from solving the proposed model, the daily production
of the refineries according to each of the three gasoline products (super premium, improved, and
regular) is shown in Table No. (5).

2. The gasoline production quantities in the refineries for a single day reached 29,481,000 litres/day,
which is produced at the lowest cost and meets the actual daily demand of 28,000,00-30,000,000
litres/day.

3. The daily production value of the refineries amounted to (17,701,000,000 dinars), which is
considered a moderate cost according to what was announced about the daily consumption value
of gasoline.

4. The multi-choice programming approach simplifies problem-solving by solving linear

programming problems, but large computations make it unworkable. The MCLP approach is also
necessary.

5. The present methodology can be extended to a multi-objective multi-choice linear programming
problem.

7. Conclusions.

The suggested strategy and solution procedure provide a fresh perspective when dealing with
MCLP problems, including various objectives on the right-hand side restrictions. For decision-
makers looking for the right ways to proceed, the current MCLP method is a great tool. Further
investigation shows that some of the objective function's cost and constraints' coefficients are multi-
choice, a hallmark of linear programming problems.
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