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RESEARCH ARTICLE
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3 Scientific Research Commission, Baghdad, Iraq

ABSTRACT

Predicting and controlling environmental dynamics requires an understanding of the intricate interaction between
hunting cooperation, fear, and other biological elements in eco-epidemiological models. Studying these models is crucial
for environmental sustainability and conservation, as seen by the rise in infectious diseases caused by population growth
and interactions among organisms. The goal of this study is to create a novel mathematical model that takes into account
contagious diseases that impact both predators and prey, as well as how cooperative hunting behavior on the part of
predators causes anxiety in the prey population. Important features of the model are examined, including the existence,
boundedness, uniqueness, and positivity of solutions, as well as the determination of equilibrium locations and the
local stability criteria that support them. Around the equilibrium points, bifurcation analyses are performed, exposing
a variety of dynamic behaviors, including multi-stability events. The theoretical conclusions are confirmed and control
settings are determined by numerical simulations using MATLAB R2021a’s 4th-order Runge-Kutta method.
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Introduction

The predation process is essential in advancing life evolution and maintaining ecological balance and
biodiversity. Moreover, cooperation between the species’ individuals is a fundamental feature of animal social
life and is important in biological systems. Group hunting has many advantages, such as the rate of hunting
success increasing with the number of adults, chasing distance decreasing and the probability of capturing large
prey increasing.! Population dynamics are regulated by several factors: availability of resources, predation,
diseases, etc., see for instance articles®>* which describe the role of additional resources and disease, while
articles®® which study the role of fear and reaction-diffusion. Among these factors, the interaction between
prey and predators is probably the most studied in ecology due to its importance, dating back to the works of
Lotka and Volterra in the early 20th century. Since then, several prey-predator models have been proposed and
studied, see the excellent review.” Thus, the study of prey-predator models plays a crucial role in understanding
the predation relationships between species in ecosystems. ®-'° Predators feed on prey to ensure their survival,
so they typically attempt to enhance their ability to capture and kill prey, which is more conducive to their
long-term survival. To enhance their ability to capture and kill prey, some animals commonly employ the
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strategy of hunting cooperation.'! In a mathematical modeling approach, many authors'*!® investigated the
impacts of hunting cooperation and the fear effect, which is a natural behavior that results in feedback of the
intensity of predation, in prey-predator systems, for example. '+'°

Epidemiology on the other hand, is one of the hot topics in the study of mathematical biology. The
literature on epidemiology models is rich; see for example!’~'° and the references therein. The study of
the eco-epidemiological model, which connects ecology with epidemiology, with the addition of the fear
effect is one of the most fascinating new developments in mathematical modeling research. A Lotka-Volterra
eco-epidemiological model that included fear variables and disease in the prey population was studied by
Sha et al.?° Later on, many researchers developed eco-epidemiological systems including different biological
factors, for example the articles,?!~?*> while articles?*?° are proposed and studied eco-epidemiological systems
with the impact of fear, refuge, and harvesting on the system dynamics.

It’s also critical to remember that predators find hunting more difficult if their prey is afraid of them.
Moreover, overcrowding makes ecological animals more susceptible to infectious diseases, which has an impact
on the evolution of particular species, such as those engaged in prey-predator relationships. This disease
may make some predators less strong and efficient hunters, which raises the possibility of their extinction.
In the context of infectious diseases, many studies have looked at the prey-predator relationship, including
hunting cooperation or fear.?°=2® In actuality, infectious diseases arise when tainted foreign objects enter the
body. Numerous physical symptoms, including discomfort and raised body temperature, can accompany these
infections in addition to other symptoms that differ based on the type, location, and intensity of the infection. It
is possible to have an illness that shows little symptoms; in this scenario, medical intervention is not necessary.
But there are also serious situations that require medical attention since they may be lethal.

In contrast to previous studies, the goal of the current research is to create a prey-predator model that takes
hunting cooperation and the fear that predators impose on their prey into account when there are infectious
diseases in both populations. Additionally, to investigate the combined effects that hunting cooperation and
fear can have on population dynamics in an eco-epidemiological system, we develop and analyze an eco-
epidemiological model in this work that incorporates both of these phenomena.

Materials and methods

In the following, the adopted assumptions to build the mathematical model that describes the eco-
epidemiological system are stated.

1. The prey biomass density at time T is denoted by N(T) = X(T) + Y(T), where X(T) is the susceptible
part while Y (T) is the infected part of the prey population. The predator biomass density at time T is
denoted by P(T) = Z(T) + W(T), where Z(T) is the susceptible part and W(T), is the infected part of the
predator population.

2. From a logistical standpoint, prey populations flourish in the absence of predators. Conversely, when food
sources dwindle, predators experience rapid decline.

3. Assume that the illness in the prey community is limited to the prey population and that it is not genetically
inherited. This means that only the vulnerable prey can procreate, with the sick prey fighting for the
resource alone. However, the sickness that affects predators is believed to be of the SIS variety, and
rather than being genetically transmitted, it can only spread between individual predators through contact
between an infected and a healthy predator. The illness is also cured by the medication given to the
diseased predator.

4. Based on the Lotka-Volterra functional response, suppose that the predator works together to hunt the
prey and consumes both populations of the prey.

5. A population of prey experiences fear of predators because of the predator’s cooperative hunting behavior,
which causes it to attack its prey in groups.

6. Many animals have an innate fear of becoming prey because it helps them survive and stay out of harm’s
way. Animals that are vigilant and fearful of predators in the wild have a higher chance of avoiding
capture and death. They take precautions because of this concern, like decreasing playing in open spaces,
staying in smaller groups, finding cover, or decreasing mating there. It is an evolutionary survival strategy
meant to secure the species’ survival. As a result, predation anxiety thereby alters the prey population’s
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hunting habits, lowering the chance of disease transmission among individuals of the same species due to
the reduction of crowding.

7. The capacity of hunting collaboration results in an increase in the attack rate of the predator population,
say «; > 0, by the cooperation term to become («; + a2Y), where «y > 0 denotes the level of predator
cooperation during hunting.?’

Accordingly, the stated eco-epidemiological system’s dynamic can be represented by the following set of
nonlinear first-order differential equations.

ax ! [1 X+Y] hXY @1 + a2 (Z+ W)X (Z+ W)
_—_— ——mm — — — | o
dT ~ 1+vy, Z+W) k l+y,Z+w) 1772
dy pLXY
— = [+ (Z+W)YZ+W)-d1Y
aT 15y, Z+W) [a1 +az ( Y ( )—d; 0
dz uw
— = Z4+W)(Z+W)(1 X +c2Y) — B ZW —dsZ
aT [a1 + a2 (Z+W)](Z+W)(c1X +c2Y) — B2 +o+W )
dw uw
— = BoZW — — dsW.
dTr P o+ W 3
To non-dimensionalize the system 1, the following transformation is used.
X Y
rT =t, — =x1, — = X9, %ZZXQ,, %W=X4.
k k (05} o1
Then, system 1 reduces to the following form
dx;  x1 (1 —x1 —x2) WoX1X2
— = — — (1 +x3+Xx4)Wax; (X3 + X
dt ~ 14w G +x4) 1+ws(xs+xs) (1425 +xa)waxy O3 + X4
dx WoX1 X
2o 22 (14 g+ xa) Waxa (X3 + X4) — WXz
dt 1+ w3 (x3+ x4) @
dx WsX.
d_3 = We (1 4 X3+ X4) (3 + Xg) (C1X1 + C2X) — WyX3Xg + ——— — W1oX3
t Wg + X4
dxs _ W7 X3X. WeXa W11X
dr = WrXsXa ——— 11X4,
where:
ai Brk ai :
Wl_Yl_s Wy = —, W3—Y2—, 4 = ——, Wy = —,
2 r o 2
a1k Baon J1%e%) a0 dy ds
We = ——, Wy = , Wg=—, Wg=—, Wio=—, Wi1 = —.
r rog roq o1 r r

It is clear from system 2 that, the interaction functions x;fi(x1, X2, Xx3,x4);i=1,2,3,4 in the right-
hand side of the system 2, are continuous and have continuous partial derivatives on the domain RY =
{(x1, X2, x3,x4) € R*:x1 >0, x2 >0, x3>0,x4 > 0}. Hence, they are locally Lipschitz functions in Ri. Con-
sequently, due to the fundamental existence and uniqueness theorem, it is obtained that system 2 with any
non-negative initial condition x;(0) > 0, x2(0) > 0, x3(0) > 0, and x4(0) > O there exists T > 0 so that system
2 has a unique solution defined in R%.

Properties of the solution

This section shows properties of the solution of system 1, such as positivity and bounded as presented in the
next theorems.

Theorem 1: All system 2’s solutions with the initial conditions belong to int.R? are positively invariant.
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Proof: From the first equation of system 2, it is obtained:

dx; _|: (1 —x1 —x2) WaXo
x1 | 14+wi(s+xs)  14ws(xs+xs)

Then integrating the above equation within the limit [0, t], gives that:
x1 () = x1 (O)ej;; A ©x6x6x6ds o 0. v s Q.
imilarly, the other equations, gives
Similarly, the other equati gi

Xo (£) = X5 (0) el LEIO XD x5 xa6Nds - 0. v ¢ > 0,
X3 () = x3 (0) elo SEIEO XX x4ENds - . v ¢ 5 0

X4 (t) = X4 (0) elo 1EIO XD XX s o . v ¢ = 0,

where
WaX1

X1, X9, X3, X4) = ————— — (1 + x5+ X4) W4 (X3 + X4) — W5.

f2 (1, X2, X3, X4) R (1 4+ x3 4+ x4) wq (X3 + X4) 5
We (1 + X3 + x4) (X3 + Xx4) (C1X1 + C2X2) WgX4
fa(x1, x2, X3, X4) = —WyX4 + —————— — Wo.
X3 x3 (Wg + x4)

X1, X, X3, X4) = WoX3 — — w1,

fa©a, x2, X3, X4) X 11

This completes the proof.
Theorem 2: All system 2’s solutions with initial conditions belonging to R? are uniformly bounded
Proof: From system 2, it is easy to verify that
dx1
— <x1(1—-x
@ =N ( 1)

Then according to the lemma 2.2,2° it is obtained that

1 -1
. —t
x1 () < [1 + (X1 ©) 1) e i|

Hence for t — oo, it is obtained that x;(t) < 1.
Let = x1 + x2 + X3 + X4, then using the fact that ¢; € (0, 1];i =1, 2 system 2 gives that:

d
d_? < 2x; — MQ,

where M = min{1, ws, w1o, w11}. Hence, simple manipulation yields

dQ
—+MQ<2.
o TMQ=

Then according to the lemma 2.1,2° it is obtained that

2
QM) = o [1+(Q(0)—1)e™]

— (1 +x3 +x4) wq (x3 +X4)} dt = f1 (x1, X2, X3, x4) dt.
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Therefore, for t — oo, it is obtained that:

2
QM) = 31

That completes the proof.
According to the above theorems, system 2 is a well-post biological system as the population in the
environment is always nonnegative and bounded by the habitat carrying capacity.

Equilibria and stability analysis

This section determines the stability analysis of each probable equilibrium point. The following equilibrium
points (EPs) exist in System 2:

1) The vanishing equilibrium point (VEP), E; = (0, 0, 0, 0) always exists.

2) The axial equilibrium point (AEP), E; = (1, 0, 0, 0) always exists.

3) The predator-free equilibrium point (PFEP), E; = z—z W‘z"(21j:'v’jz), 0, 0) exists provided the following condi-
tion holds

Ws < Wa. 3)

4) The disease-free equilibrium point (DFEP), E3 = (X1, 0, X3, 0) = (m, 0, X3, 0), where X3 is a positive
root for

CIW1W4W6X3 + (CLWaWe + 2C1W1W4We6) X3 + (2C1WaWe + CLW1W4Ws) X3 @

+ (—c1We + C1WaWg) X3 — C1We + W1g = O.
Note that, Eq. (4) has a unique positive root X3 if the following condition is met:
Wio < C1We. (5)
5) The predator-disease-free equilibrium point (PDFEP), E4 = (X1, X2, X3, 0), is determined as:

o (1 +wsx3) (W5 + WyX3 + W4)\(,'§) % — Wawig — C1We (1 + X3) (1 4+ wsX3) (W5 + WyX3 + W4.)\("§)
1= wo P Cowaws (1 + X3)

3

which are positive if the following condition holds:
ciwe (1 +X3) (1 + wsXs) (Ws + WaXs + waX3) < wawio. (6)
While X3 is a positive root of the following equation:
P1X3 + p2X§ + p3X3 + pax3 + psxs + pe = 0, (7)
where
p1 = (2 — 1) Wawawe (W1w2 + W3),
p2 = (€2 — €1) WaWe [W1w2 + 2w3 + Waws + 2wiwaws + 2W§] ,
p3 = (C2 — c1)wawg[1 + wy + 2wiwy + 4ws + 2wows + wiwaws + w%]
— CIW1WaWsWsWg + (Co — cl)wgwswe,

P4 = —CoWaW3We + (C2 — C1) WaWe [2 + 2w2 + wiwa + 2w3 + Waws]

— CiW1WaWsWe + (€2 — €1) WawsWe [2 + wa] — ¢1 (1 + w1) wawswsws,
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p5 = —Cowaws (1 +w3) + (c2 — c1)We [Wa (1 +w2) +ws (1 + 2w3)]
—c1 (1 +wi)wawsws — (2 + w2) wswswe + (W1wa + W3) wawso,
P = — (Cawa + C1Ws) W + (€2 — C1W2) WsWe + (Wo + 1) wawsp.

Following the Descartes rule of sign, Eq. (6) may have at least one positive root for different cases as displayed
in Table 1.

Table 1. Number of positive roots of Eq. (6) regarding sign changes.

Cases ol P> 3 ot P> p° No. of sign changes No. of Positive roots
1 + + + + + - 1 1

2 + + + + - - 1 1

3 + + + - + - 3 1,3
4 + + + - - - 1 1

5 + + - + + - 2 0,2
6 + o+ - + - - 3 1,3
7 + + - - + - 2 0,2
8 + + - - - - 1 1

9 - - + + + + 1 1
10 - - + + - + 3 1,3
11 - - + - + + 3 1,3
12 - - + - - + 3 1,3
13 - - - + + + 1 1
14 - - - + - + 3 1,3
15 - - - - + + 1 1
16 - - - - - + 1 1

Clearly, according to the cases 1, 2, 4, 8, 9, 13, 15, and 16 given in Table 1 with condition 6, the PDFEP can
exist uniquely.

6) The healthy prey equilibrium point (HPEP), Es = (X, 0, X3, X4) is computed by:

& WstWowii+wiiXse
X3 = w7 (Wo+X4) (8)
o= Wy (Wo+X4) [W10(Ws+WoW11+W11X4)+W7Xa (WoW11 +W11%4)]
1 C1We [XaW7 (Wo+X4)+Wg+Wow11+W11X4][W7 (1+x4) (Wo+X4)+Ws+Wow11+W11X4]
While %4 is a positive root of the following equation.
O'1X‘1‘0 + O‘2X2 + O'3X§‘ + O'4XZ + O‘5X2 + O‘G.X'i + O'7X2 + O'SXZ’ + ogxi + 010X4 + 011 = 0. (9)
Where the coefficients o;;i =1, 2,...,11 are computed using the Mathematica. However, their large and

intricate forms are not included here. It is well known that, the existence and uniqueness of the HPEP depend
on the number of positive roots of Eq. (9), which may have at least one positive root when the coefficients
o] = c1w1w4w6w§ > 0 and o077 of opposite signs.

7) Calculating the coexistence equilibrium point (CEP), E¢ = (x7, x3, X3, x}), is done by

Xt = WstWown+wnXx; M
37T wiwetxi) T N
X = [N+ws GGN+M) ] [w5N2+W43(x4N+M)((1+xj§)N+M)] 10)
WzN .

_ (wrxg+wi0)xs (Wo 44 ) —wexj —c1we (1433 ) (03 +3 )x] (wo+x3)

sk
X2 cawe (-5 +3) (0 +63) (Wo+5)

While xj is a positive root of the higher-order equation obtained from the first equation of system 2 after
substituting the values of xj, x3, and x3, which are given in Eq. (10). Therefore, the number of CEP depends
on the number of positive roots x; and the following condition.

weXj + ciwe (1 + x5 4+ x5) (x5 +x5) X7 (Wo + x3) < (W7 + wio) x5 (o + X3) . 1
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The local stability analysis of the previously described EPs can be studied using the computed Jacobian matrix
(JM) that follows.

J= [Sij]4><4’ (12)
Where

-1+ 2x1 + X2 Ws X3

$11 = —Wq (03 +x4) (1 + X3 + X4) — — .
. 4 (03 +%a) (1 45 4 x4) 1+wp(3+x4) 1+ws(x3+x4)

S12 = —X1 + ’
1+wp(ez+x4)  1+w3(x3+x4)

wi (=1 4+x1 + x: WaWsX:
$13 = X1 (—W4(1+2X3+2X4)+ 1€ ! 2)2 27372 2),
(1 +wyp (x3+x4)) (1 +ws(x3+Xx4))
wi (=1 4+x1 +x WaWsX:
S14 = X1 <—w4(1+ZX3+ZX4)+ 1 € ! 2)2 27372 2),
(1 +wyp (x3+x4)) (1 +ws(x3+Xx4))
Sor — WaXo
2= 1+ ws(x3 +X4)’
WaX1
Soo=—Ws —Wa(3+x4)(1+x3+x4)+ ——"—"7——,
22 5 4 (X3 +Xx4) ( 3+ X4) 14 ws (ts 1 X2)
WoWsX1
So3 = Xo | —w4 (1 + 2x3 + 2x4) — ) ,
< (1 + ws (x3 + x4))*
WoWsX1
S24 = X2 <—W4 (1 + 2x3 + 2x4) — ) ,
(1 + ws (x3 + x4))*

s31 = C1Ws (X3 + x4) (1 + x3 +x4),

8§32 = CaWe (X3 +X4) (1 + X3 + X4),

$33 = —W10 — W7X4 + W (C1X1 + C2X2) (1 + 2x3 + 2x4),
wew
$34 = —WrX3 + Lz + Wws (c1x1 + Cax2) (1 + 2x3 + 2X4) ,
(wo + x4)
Wew
$41 =0, 42 =0, $43 = WyX4, S44 = —W11 +WyX3 — 8—92-
(wg + x4)
Accordingly, the JM given by 12 at E, becomes
1 0 0 0
0 —ws 0 0
T =10 0wy s (13)
0 0 0 —W—z — Wi
Therefore, the eigenvalues of Jg, are given by
wg
A1 =1>0, oo =-ws5 <0,h03 =—Ww10 <0, Log =— (W— +W11) < 0. 14
9

As one of the eigenvalues is positive and the others are negative, hence, E; is a saddle point.
The JM that is determined by Eq. (12) at E; becomes

-1 -1-—wy —Wy —Wy
0 W2 — Ws 0 0

Jg, = 0 0 C1We — W19 Ci1We + % ’ (15)
0 0 0 —Ws _ w11
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Therefore, the eigenvalues of Jg, are given by

w
AM1=-1<0, hig=w2 —Ws, A13 = C1Ws — W10, A14 = — (1/78 +W11> < 0. (16)
9

Hence, the AEP is locally asymptotically stable (LAS), provided that the following conditions are met.

Wy < Ws. (17)
C1We < Wio- (18)
Otherwise, it will be a non-hyperbolic point if at least one of the above two inequality becomes equality.

Moreover, it is a saddle point if at least one of the above inequality is reflected.
Now, the JM that is given by Eq. (12) at E; becomes

_ws _ Q+wows _ ws[wa(Q+wa)+(Wo—ws)(w1 —w3)] _ ws[wa(Q+wa)+(Wo—ws)(w1 —w3)]
wa wa wa(14w2) wa(14+w2)
Wa—Ws 0 _ (wo—ws)(Wa+wsws) _ (wo—ws)(Wa+wsws)
Je = 1+w, wa(14+w2) wa(14+w2) (19)
E 0 0 We[coWo—ws)+c1 (1+wa)ws] w We [co(Wa—ws)+c1 (1+wr)ws] 4 s ’
wa(14ws) 10 wa(1ws) Wo
Wws __
0 0 0 W, — Wil

Hence, the characteristic equation of Jg, = [a;;] 4xs CAD be written as:
[kz — aj1h — a12a91 | [ass — Al [a44 — 2] = 0. (20)

Direct computation gives the following roots

Ao =4+ 3V(@1)? — 4 (a12a21)

haz = 4 — 1V/(a11)? — 4(a12a21)

1 (21)
Aoz = (C2(W2_w1i/)24(—1c3-(w:_)W2)WS)W6 — w1
A2q4 = —1‘:/72 —wi1 <0

Direct computation shows that the eigenvalues 15; and Ay have always negative real parts, while Aoz will
be negative if the following condition holds.

(c2a(wa —ws) +c¢1 (1 +w2)ws)ws

Wio. 22
Wwao (1 + Wz) = Wio ( )

Therefore, the PFEP is a LAS if condition 22 is satisfied. Otherwise, it will be a non-hyperbolic point if
inequality in condition 22 becomes equality, and it is a saddle point if the inequality in condition 22 is reflected.
The JM that is given by Eq. (12) at E3 becomes

Jg, = [§ij]4><4’ (23)
Where
~ Wio
S11 = — ~ ~ >
c1we (1 +X3) (1 +wiX3)
¢ wio [1 + wsXs +wa (1 + wyX3)]
12 =

ciwe (1 + %) (1 4+ wsRs) (1 + wiks)’

~ n 1fa)—
Wio (W4X3 +ws (1 +X3)+ —: ;f:gﬁ;giﬁ)wgo)D

§13= — ,
1 c1ws (1 + X3)
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n n 14fa)—
Wi (W4X3 +ws (1 +X3)+ —:’ i:;grff;g;tﬁ)wzg))z)

514 = — ~ )

c1we (1 +X3)
2 2 - N WaWio 2 A
$21 =0, Sp2 = —ws5 — wyX3 (1 +X3) + = —, $23 =0, $24 =0,

C1Wsg (1 + X3) (1 + W3X3)
$31 = c1weX3 (1 + X3), $32 = CaweX3 (1 + X3),
Ga= M3 Wt twi[2— —
BT % T Wy 7X3 10 11%)
» N " ~ Wg ~
$1=0, $42 =0, $43 =0, §44 = —— — wy1 +wyX3.
Wg
Hence, the characteristic equation of Jg, can be written as:

[2% = ($11 + $33) A + ($11833 — $13831)] [$22 — A1 [$44 — 2] = 0. (24)

Direct computation gives the following roots

$11 4+ 1 A A 2 A A A 2
g = Gt 1 L /(6 1 635)7 — 4(S11833 — $138m1)

. 1 = —— — —
A3z = (51%533) - i\/(sll + $33)° — 4($11833 — $13831)

(25)
_ ~ ~ Wow
A3z = —Ws — WaXs (1 +33) + 01W6(1+5?3)E({+W33?3)
— Wws 0
Azq = — 0 — Wi + WrXs

Direct computation shows that the eigenvalues A3; and A33 have negative real parts, and A3y with i34 are
negative if the following conditions hold.

1
X3< ———m———. 26
3 c1wg (1 +wyX3) (26)

w . . wi (ciwg (1 +X3) —w
sl < (w4x3 Cwa (14 25) + DLW+ %) }0)2) : (27)
ciwe(1 + X3)° (1 + wiX3) ciwe (1 +X3) (1 + wiX3)
WaW1io N A
— — < W5 +wsX3 (1 +X3). (28)
cowe (1 £5) (1 T waga) ~ o T Wes (145
W
WyX3 < =8 + wii. (29)
Wg

Therefore, the DFEP is a LAS if conditions 26-29 are satisfied. It becomes a non-hyperbolic point when any
of the inequalities 26, 28, or 29 becomes equality. Moreover, it is a saddle point in case any of the inequalities
26, 28, or 29 are reflected.

Moreover, the JM that is given by Eq. (12) at PDFEP that is represented by E4 can be written as:

Jg, = [svij]4x4’ (30)
Where
s X So— 3 1 L
U T w T T T T wsxs )
. Y N wi (=14 X1 +X2) WowsXs
S13 = X1 (—W4 (1+2X3)+ ) - 2),
(1 +w1X3) (1 4+ wsX3)
. . N wy (=14 X 4+ X2) WaoWsXo
S14 =X <—W4 (1 +2x3) + — — |-
(1 +w1X3) (1 +wsX3)
. WaXy . . . . WaWwsXq
$91 = ———-, S22 =0, $23 = X2 <W4 (14 2x%3) + —v) ,
L L Y waxs (1 4 waX3)?
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. . . WowsX
524=—X2<W4(1+2X3)+ 271 >,

(1 +wsx3)?

S31 = c1weX3 (1 +X3), S32 = coweX3 (1 +X3),
S33 = —Wio + We (C1X1 + c2X2) (1 + 2X3),

v Wg . . . .
Ss4 =~ —WrXs + we (c1X1 + c2X2) (1 + 2X3),
9

v v Y v wg .
S31 =0, $42=0, 43 =0, S44 = e W + wyXs.
9

Hence, the characteristic equation of Jg, can be written as:
[)\.3 — A41)\.2 + Agol +A43] [S44 — A1 =0, (31
Where

Ay = —(S11 +$33),

Agp = —$12821 + 511833 — 513831 — $23832,
Auz = — [$23 (812831 — $11832) + S21 ($13832 — $12833)],
A =ApnAs — Asz = — ($11 + $33) [$11833 — $13831] + S12 ($11521 + $23531) + $32 (23833 + $13821) .

According to the Routh-Hurwitz criterion,' the characteristic Eq. (31) has eigenvalues with negative real
parts if the following conditions are satisfied:

wi (=1 4+ +X32) WowsXy

— - <wq (14 2%3). (32)
(1 + wiXs)? (1 + wsxs)?
We (Cl.)‘("l + Cz)\(’fz) a+ 23‘(,73) < Wio. (33)
. w
wrX3 < -8 + wis. (34)
Wq
LI T i (35)
< )
1+ wixs 1+ wsxs ! 1+wixs
. . wi(—1+x +x WowsX WoX
x1<w4(1+2x3)— 1 ( 1 22)_ 23V2 2) 2X2_
(1 +wiX3) (1 +wsx3)*/ 1 +wsXs
WaWw3X N . .
< [3?2 (w4 (14 2x%3) + Lﬂ)] [Wio — We (€1X1 + €2X2) (1 + 2X3)] . (36)
(1 +wsX3)

The JM that is given by Eq. (12) at the HPEP that is represented by Es can be written as:

Jgs = [gij]4><4’ 37)
Where
S = a Sy = % ( ! + b2 )
BT T rwi @) T T U wmi Gk  Trws (G xa))
. . . . wi (1 —%1)
S13=—X1 <W4 (1 + 2X3 + 2X4) + — ) ,
(1 4wy (%3 + %4))?
S14 = —X1 (W4 (1 + 2%3 + 2%4) + wi{l - %) )
A +w (& +x))2/
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- - L L woX - .
§1=0, Sp=—ws—ws (s + %) L+ X+ %)+ ——— 1 53=0, §4=0,
1+ ws (X3 + X4)
$31 = C1We (X3 + X4) (1 + X3 + X4), S32 = Caws (X3 + X4) (1 + X3 + X4),
S33 = —Wq0 — WyX4 + CiweXq (1 4+ 2X3 + 2X4),
~ - WgW, - - -
S34 = WyX3 + 8 ? 5 + C1WeX1 1+ 2x3 + 2x4),
(wg + X4)
~ ~ ~ ~ o~ Ws)?4
$S41=0, S42=0, S43 =wWrXy, Sa4 = ————.
(wg + X4)

Hence, the characteristic equation of Jg, can be written as:
[A% — A51A + Asah + Ass| [§22 — 2] = 0,
Where
Asy = — ($11 + 833 + S44),
Asz = §11833 — $13831 + 533844 — $34843 + §11544,
Asz = — [$11 (833544 — $34543) + $31 (514543 — $13544)] ,
With
A = As1As2 — As3 = — (811 + 533) [511833 — $13531] — $11544 (511 + S44)

— (833 + $24) [533844 — $34843] — 2511533544 + 514531543.

(38)

With the following sufficient conditions that satisfy As; > 0; Asz > 0, and A = As51As2 — Asz > 0, it is simple
to confirm that the characteristic Eq. (38) has either A5y = §22, which is negative provided that condition 39
holds, or three eigenvalues, namely As1, As3, and Ass4, with negative real parts, due to Routh-Hurwitz criterion.

WaXq
1+ w3 (X3 +X4)

Cc1weXy (1 + 2%3 + 2X%4) < wio + wyXy,

< Ws +wy (X3 +X4) (1 + X3 +X4),

$11 + 833 + 844 < O,

0 < 811 (533524 — $34843) < 831 (813544 — 514543) ,

max. {—$11, —$33} < $44,

0 < 2511533544 — 514531543 < —811544 (511 + $44) — (S33 + S44) [S33544 — $34543] .

Finally, the JM that is given by Eq. (12) at Es becomes:
JE6 - [s§]4x4’
Where

s* __L s = —x* 1 + Wy
T lewig ) T T\ T w (g xg)  Tws (g +xg) )

w1 (=1 4 x; +x3) Wawsx; )

Sia=x7 | —wyq (1 + 2x5 + 2x%) +
’ 1( ) ) T (@ ws g 49"

w1 (=1 4 x; +x3) WowsX; )

Sia=x7 | —wq (1 + 2x5 + 2x5) +
i 1( O 2w b)) (L wa (s 4 )

(39)

(40)
(4D
(42)
(43)
44

(45)
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sk
* W2x2

1+4+ws (xg—l—xj

WoWsXi
s5, = = <W4 (14 2x5 + 2x5) + 27 )

(1+ws (x5 + xj;))2

31 = C1We (35 +3) (1 + 3 +X3) , 835 = cawe (33 +33) (1 +5 + ) ,

S33 = —Wi0 — WX, + We (C1XT + CzJC;) (1 + 2x35 + 2x§’;) ,
WgWqg
S34 = —WyX3 + 5 -+ We (1] + c2x5) (1 + 2x5 + 2x3) ,
(Wo +x3)
wgX;

* * ko __ * ok 4

Si =0, 535 =0, Sis =wyXxy, Sy = —
(wo + x3)

Hence, the characteristic equation of J(Eg) can be written as:
[2* +A12° + A2)® + Ash + A4 = 0,
Where

Ay = — (7 + 855 +544) »

_ k k k 3k 3k £ 3k * * * * k k k
Az = —S75851 + 5711533 — $13531 + 511544 — 523532 T 533544 — $34543,

_ * * ok * ok kK ok * * ok * ok * k%
Az = — (15 [55355) — 55,53 + 513551555 — 571 (S53550 + 554543) + 554552543

+ [ (531553 — 735%1) — (553550 + 510551 )| 14 + 514551543) »

_ * * * k k k k k k k k * * K % k * * * k * k k k k k
Ag = =543 (S12534%) + 51453155 — S11534552 — S12531554) + Shg (12833851 + S13851552 — S11535852 — $12551833) -

According to the Routh-Hurwitz criterion,! the characteristic Eq

real parts if the following conditions are satisfied.

wi (=1 + x5 + x3) Waw3Xh

(L +wi (5 +x3)° (1 +ws (x5 +x5))”

< ws (1+2x35+2x3),

We (€1} + c2x3) (1 + 2x5 4+ 2x3) < wig + wox;,
_ Wy 5+ We (1] + c2x3) (1 + 2x5 + 2x3) < wyx3,

(wo +x3)

Si1+ 833 +544 <O,

531833 < $23531,

[(5715%3 — S135%1) — (553532 + S125%1) | Sha < 571 (553532 + S34543) »
12524531 + 514521532 — 511524532 — 512521534 < 0,

12823531 + $13551532 — $11533532 — 512521533 > O,

(A1A2 — A3) Az > A3A,.

Local bifurcation

Sho=——" <= 5, =0, Sho=—x5ws(1l+2x5+2x5)+
21 ) 22 23 2( 4( 3 4) (1+W3(x§—|—xj;))2

2693

(46)

. (46) has four eigenvalues with negative

(47)

(48)

(49)

(50)
(51)
(52)
(53)
(54
(55)

To ascertain whether local bifurcation may occur close to the system’s 2 equilibrium points when the
parameter crosses a particular value that turns the equilibrium point into a non-hyperbolic point, Sotomayor’s
bifurcation theorem*° was utilized. For a known local bifurcation to occur, it is essential but not sufficient that
the equilibrium point be non-hyperbolic. Because the parameters are dynamic and always changing based on
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the conditions of the environment in which the system’s organisms exist, the study of the bifurcation of system
2 is essential. Now, rewrite system 2 in vector form as follows:

dX
@ F(X,B); X = (x1,%2,%3, %) F= (B (X, ). (X, B), Fs (X, B) . Fs (X, B))", (56)
Where S € R represents a bifurcation parameter. Hence the second and third directional derivatives for

system 56 can be written respectively:

D’F (X, B) (V. V) = [ba], ;. (57)
Where V = (vq, V2, v3, v4)T be any vector and b; was determined by:
b11 = —2w4 (v3 +v4) [(v3 +v4) x1 +v1 (1 + 2x3)] — 4v1 (V3 + V4) WaXs
2034+ vaPwixa (14 x4 x2) | 23 v wr (oxn 4V (1420 +32)) 20 (1 +v2)
(1 + w1 (x3 + x4))° (1 + w1 (x3 + x4))> 14wy (x3 4 X4)
20+ VaPwowdxixs 2 (V3 + va) waws (Vax1 + viX2) B 2v1Vvows
(1 + ws (x3 + x4))° (1 + ws (x3 + x4))? 1+ws(x3+x4)
ba1 = —2w4 (v3 +v4) [(v3 +v4) X2 + V2 (1 + 2x3)] — 4vo (V3 + V4) WaXy
2(v3 + va) wawixix; _ 2(v3 +v4) wows (VX1 +V1X2) 2V1Vaw2
(1 + ws (x3 +x4))° (1 + w3 (x3 + x4))* 1+ws (x3+x4)°
V4WgWg
b3 = 2v4 (—V3W7 — —3) 4+ 2c1we (V3 +v4) [(vs +v4) X1 +v1 (1 + 2x3 + 2x4)]
(Wo + x4)
+ 2¢aWws (V3 +v4) [(V3 +v4) X2 +v2 (1 + 2x3 + 2x4)] ,
V4WgW
b4y = 2v4 (V3W7 + L%) .
(wo + x4)
While:
D°F (X, B) (V. V. V) = [cilaxa. (58)
Where
Vs +va)*w3x; (=1 +x1 + x
C12 =6 (V3 +v4) —1’1(1’34-1’4)W4—|-(3 4) Wi ( 14 2)
(1 + w1 (x3 +x4))
L3 Hv)W (2 v (14 2x +2)) | vi (i +ve)ws (V3 + va)*wawdxixp
(1 + w1 (s +x4))° (1 +wr (X3 +x4))% (14 ws (x5 +x4))*
_(v3+va) Waw3 (Vaxy + v1X2) V1VoWoWs :|
(1 + ws (x3 +x4))° (1 +ws (x3 +x4))*]°
Coy = 6(V3 + Va)’waw3xs [— (V3 +va) waxi +v1 (1 + w3 (3 +x4))] 6 (V3 + v4) vaviwaws (1 + w3 (X3 + x4))
(1 + ws (x3 + x4))* (1 +ws (x3 +x4))*

 6(v3 +va)?v2 (1 +ws (03 +x4)) (—wawdxs + wa(1 +ws (3 +x4))°)
(14 ws (x3 + x4))*

s

6V3wgwo

C3z = 6Ws (C1V1 + Cav2) (Vs +V4)* + —+——.
(Wo + x4)
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With the help of the above findings, the following theorem can investigate the occurrence of local bifurcation
near the equilibrium points.

Theorem 3: Assume that condition 17 is met, then system 2 undergoes a Transcritical bifurcation (TB) near AEP
when the parameter w1 passes through the value w3, = ciwe provided that the following condition holds:

wy # 1. (59)
Otherwise, pitchfork bifurcation (PB) takes place.

Proof: From the Eq. (15) with wj, = ciws the JM becomes

-1 -1 — Wy —Wy —Ws4
0 W2 — Ws 0 0
Ji = J(Elvwiko) =
0 0 0 C1We + x—g
0 0 0 s — W11

Wo

Therefore, the eigenvalues of J; are given by:

Wsg
)\.11 (WTO) =-1< 0, )\12 (WTO) =Wy —Ws, )\13 (WTO) = 0, andk14 (WTO) = _VIT — Wi < 0.
9
Note that the eigenvalue 112(wj,) is negative under the condition 17. Thus AEP is a non-hyperbolic point at
Wi, = C1Ws.
Let Vi = (V11, V12, V13, V14)" and Uy = (w11, ug2, Uss, ug4)’ are the eigenvectors conjugate with the eigenvalue
rs(wiy) of Jf and Ji respectively. It is obtained after direct computation that:
C1WeWo + Wg

Vi=(—w4,0,1,0)T and U; = (0,0,1,8)T, withs = ——"— = > 0.
Wwg + WoW11

Following Sotomayor’s theorem, gives that:

0

0
F (X, wio) = ;
wro (X, wio) —xs = Wi

0

F (E1, o) =

[=NeNoNe)

Therefore, UlTFW10 (E1,wj,) = 0, as a result, the first condition for the occurrence of transcritical bifurcation
is met. Moreover, since

0 0 0 O 0

0 0 0 . 0

DFWl() (X’ WlO) = 0 0 -1 0 = DFWIO (El, WlO) Vi = 1
0 0 0 O 0

Therefore
U,"DF,,, (E1,w},) V1 = —1 # 0.
Also, by using Eq. (57), it is obtained that

—2wiws — 2 (1 — wa) wy — 2w7
0
2¢1 (1 —wq)ws
0

D*F,,, (X, wip) (V1, Vi) =
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Therefore, depending on the condition 59, the following is reached:
U1 'DFy,, (E1, Wio) (V1. V1) = 201w (1 — w4) # 0.
Hence a TB takes place near AEP under condition 59. Otherwise, by using Eq. (58), it is obtained that

6 (Wiws + wj + wiw3)
0
—6Cc1WaWe
0

D°F (E1, wio) (V1, V1, V1, Vi) =

Accordingly, it is obtained that
U,"D? (E1, wio) (V1, V1, V1, Vi) = —6c1w4we # 0.

Therefore, PB takes place near AEP, and the proof is complete.

Due to the above theorem, a Transcritical bifurcation happens when a parameter passes a critical value,
trading stability with an unstable equilibrium point. Transcritical bifurcation in biological systems can signify
a qualitative shift in the system’s dynamics. It might signify a transition from one stable equilibrium state to
another in which there is a notable change in the species composition or population. It can also depict a situation
in which a species or population is in danger of going extinct or being invaded. However, as a parameter crosses
a critical value, pitchfork bifurcation happens when one stable equilibrium point gives rise to two additional
stable equilibrium points. Pitchfork bifurcation is a common indicator of population or species splitting or
diversification in biological systems. It may signify the coexistence of several species inside the system or the
emergence of several stable states.

Theorem 4: System 2 undergoes a TB near PFEP when the parameter wio passes through the value wij =

W lca(wy ;‘:ﬁfiﬁ;ﬁ*wﬁwﬂ provided that the following condition holds:

Wy — Ws Ws
Glnnt+t————|+ca|nm+— 0, 60
2<2 wQ(1+wQ)> 1<1 w)’é (0

Where all the new symbols will be defined in the proof. Otherwise, pitchfork bifurcation (PB) takes place.

Proof: From Eq. (19) with w;o = wjj the JM becomes
J; = J (E2,w}o) = [ay].

Where q;; for all i, j =1, 2, 3,4, are given in Eq. (19) with asz3 = 0. Thus, J; has the negative real parts
eigenvalues given in Eq. (21), with A23(wjj) = 0. Hence, PFEP is a non-hyperbolic point at wio = wig.

Let Vo = (Vo1, Vag, Va3, Va4)', and Uy = (Us1, Uss, Uss, Usg)” are the eigenvectors conjugate with the eigenvalue
A33(wih) of J5 and J5" respectively. Direct computation shows that:

azs ai1dg3 — dizdz;
Vo=(1,n2,1,0) T,y =——=>0, np=—— 2=
azi aizdzi
T asz4
U, =(0,0,1,n3) ,n3=—-——>0.
44

Note that the sign of ny can be positive or negative depending on the value of a;3. Now, applying Sotomayor’s
theorem gives that:

0 0
0 ad 0

F(X = ; ——F (E. ) =
wro (X, wo) —xs ;= Wi (E2, wip) 0
0 0
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Therefore, U,"F,, , (E2, wis) = 0, as a result, the first condition for the occurrence of transcritical bifurcation
is met. Moreover, since

00 0 O 0
00 0 O i 0
DFW1() (X’ WlO) = 0 0 -1 0 é DFWIO (Ez’ WIB) V2 - -1
0O 0 0 O 0
Therefore
U,"DF,,, (E2, wig) V2 = —1 # 0.
Also, by using Eq. (57), it is obtained that
D°F (E2, wij) (V2. V2) = [071]4x1,
where
2w (wy —ws)w w
o11 = —2n1 (M + n2) — 2n1Naws — 3 W2 = Wslws _ 2wy ("l + _5>
wa (1 +wy) w2
2wiws (‘1 + ytiwn + 3—2) <Tl1 (W2 —ws) Tl2W5>
— + 2wowz
Wo wa (1 +wy) wa

now Wy — W 2w
+2w1[ 2 5+n1<—1+#+—5>].
Wy wo(14+wa) wo

W — Ws ) 2wi (wa — ws)ws 5 (nl (w2 —ws) H2W5>
ws (1 + wa) ws (1 + wo) B Awa A +w) T w )

=2Wg | Co | Na + 2 > +ci(nm + >
031 = _— — 1.
31 6| C2 | N2 . ) 1|lm W

041 = 0.

091 = 2N NoWy — 2Wy <Tl2 +

Then, when condition 60 is met, it is obtained that

Wy — Ws Ws
U,"D°F (E2, wig) (V2. V2) = 2w, |:c <n +—>~|—c <n +_>] 0.
2 (2 10)(2 2) 6 | C2 | N2 wa (1 +ws) 1|{m Wy #*

Thus a TB near PFEP takes place. Otherwise, by using Eq. (58), it is obtained that

DF (B2, wip) (V2, V2, V2) = [onl4x1,

Where
3
ws (Wa — ws)ws
P11 =6 |:n1 (M + n2) wi + mnawaws — mwy + ——— 22
Wy (1 + Wz)
3 Wo—W: wi
WiWs <_1 + W2(21+V|f2) + W_z> 2 (Tll (wy —ws) n2w5>
+ — Waws3
wo wa (1 +ws) w2

Nnow: Wy — W 2w
W (22 (12— 22 .
Wo wo (1 +wy)  wy
W§(Wz—W5)(n1—wj,—”2”5)

14wy

2
p21 =6 — 1y (MWaws3 + Wy — w3ws)
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P31 = 6 (c1m + Can2) we.

pa1 =0.

Hence direct computation yields that Uy D3F(Es, wi§)(Va, Vo, Vo) = 6(cimy + can2)we # 0 due to condition
60.

Thus, PB takes place, and then the proof is complete.

Note that, according to the form of ny in the above theorem, it is simply to specify that for n; > 0, then
system 2 has a TB only. However, for n, < 0, system 2, under condition 60, undergoes a TB or otherwise it has
a PB.

Theorem 8: Assume that conditions 26, 27, and 29 are met, then system 2 undergoes a TB near DFEP when the

parameter ws passes through the value wi = —w4X3(1 + X3) + m provided that the following condition
holds

2Tl5W2W3W10 2Tl4W2

—2nswy4 (1 + 2X3) — - - d
ciwe (1 +%3) (1 +wsR3)? 1+ wsks

(61)

Where all the new symbols will be defined in the proof. Otherwise, pitchfork bifurcation (PB) takes place provided
that the following condition holds.

2
WaW3Wio

nawows (1 +wsxs) +ns | ————
4aWaws ( 3X3) 5( cowe (1 1 %3)

+wa(l + w3;23)3> #£0. (62)

Proof: From Eq. (23) with ws = w{ the JM becomes

J3 = J (B3, w3) = () 4cs0
Where §;; for all i, j = 1, 2, 3, 4, are given in Eq. (23) with $5(w}) = 0. Thus, due to the above-mentioned
conditions, J; has the negative real parts eigenvalues given in Eq. (25), with A32(w{) = 0. Hence, DFEP is a
non-hyperbolic point at ws = w{.
Let V3 = (V31, V32, V33, v34) T and Uz = (us1, Usa, Uss, Uss)” are the eigenvectors conjugate with the eigenvalue
r32(wt) of J§ and J}‘;T respectively. Now, direct computation determined that

$13832 — 812833 $12831 — $11832

T

Va=(y,1,n5,0), py=———,"—"7 , 5= .
511533 — $13831 511833 — 8133831

Us = (0,1,0,0)T.

Now, applying Sotomayor’s theorem gives that:

0 0

0 —X2 0 0
L F(X, ws) = B (Bs,wi) =

we (X, ws) o | = Bwe (Es, w}) 0

0 0

Therefore, UgTFW5 (E3, wf) =0, as a result, the first condition for the occurrence of transcritical bifurcation
is met. Moreover, since

0 0 0O 0
0 -1 0 0 , -1
DFW5 (X,W5)= 0 0 0 0 SDFWS (E3,W5)V3= 0
0 0 0O 0
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Therefore
Us'DF,, (E3, wi) V3 = —1 #0.
Also, by using Eq. (57), it is obtained that

D°F (E3, w}) (V3, V3) = [9n 141,

Where
2,2

9 2n4 (1 +n4) 2nswawswig 2n4wo 2nZwiwig (_1 + m)

1n=- — - I 2 i A
L+wi%s w1 +%3) (1 +wsks)?  1+wsks  cawe (1+%3) (1 +wiks)’

2nswq (LA + ny (_]_ I ))
nsw L 2
— 215wy (LOA +n4(1+ 23?3)> + e +3) - aws(1%) )
c1we (1 + X3) 1+ wiks)

2Tl5W2W3W10 2n4w2
cawe (1 +%3) (1 +W33?3)2 1 +W332'3.

2921 = —2n5w4 (1 + 2)2'3) —

nswWio

¥31 = 2| canswe (1 + 2X3) + cinswg | ————
31 [25 6 ( 3) + C1ns 6(clw6(1+x3)

+nq (14 2)23))] .
P41 = 0.

Then, when the condition 61 is met, it is obtained that

2n5w2w3w10 2Tl4W2
ciwe (1 +%3) (1 +wsks)® 1+ wsks

U3TD2F (Eg, WE) (Vg, V3) = —2ns5Wy (1 + 2)?3) —

Thus, a TB near PFEP takes place. Otherwise, by using Eq. (58), it is obtained that
DF (E3, wg) (V3, V3, V3) = [t ]au1
Where

ng (1 +ng4)w;p _ Tl5W2W%W10 NnaWows
(1+wi%s)®  ciwe (1 +R3) (1 +wsRs)® (1 +wsks)?

n11 = 6ns [—H4Tl5W4 +

2.3 W10 2 W10 _ 2w10
NsWiWio <_1 + 01W6(i+f3)> NsWy (01W6(1+3?3) 1 ( 1+ C1W6(11+J?3)))

ciwe (1 +%3) (1 + wyks)* (1 +w1%3)°

2.
A WoWwsWio
615 (n4w2w3 (1 +wsX3) +ns (— —CIWG(L&)

+wqa(1 + W3)?3)3)>
(1 +wsx3)? '

M21 = —

w31 = 6 (co + c1ng) 2w,

na1 = 0.
According to condition 62, it is obtained that
U3 D°F (E3, w5) (V3, V3, V3) = pa1 # 0

Thus, PB takes place, and then the proof is complete.
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Theorem 9: Assume that conditions 32, 33, 35, and 36 are met, then system 2 undergoes a TB near PDFEP when

the parameter w, passes through the value wi = % provided that the following condition is met.

w;
new; + —5 # 0. (63)
9

Where all the new symbols will be defined in the proof. Otherwise, pitchfork bifurcation (PB) takes place.

Proof: From Eq. (30) with w; = w} the JM becomes

Ji = J (Ea. w5) = (8i)) 4 q-
Where $j; for all i, j =1, 2, 3, 4, are given in Eq. (30) with $33(W}) = —w11 + we(c1X; + c2X2)(1 + 2X3) and
S$44(w3) = 0. Thus, depending on the above-mentioned conditions, J; has three negative real parts roots
(eigenvalues) of the characteristic equation that is given in Eq. (31) due to the Routh-Hurwitz criterion, with
Aa4(w3) = 0. Hence, PDFEP is a non-hyperbolic point at wy = w3.
Let V4 = (Va1, Vaz, Va3, Vas)' and Uy = (Us1, Uaz, Uss, Usg)’ are the eigenvectors conjugate with the eigenvalue
Aaa(wh) of J; and J;" respectively. Now, direct computation determined that

V4 = (ng, nyz,ng, 1)7,
Where

—514823832 + 513524832 — $12824833 + $12823834

o = —$12823831 — $13821832 + $11823832 + $12821833
ny — $14823831 — §1vasvzv453:1 - sV1V4Sv2v1§ris + §1Vl§2v4§3vg + §1vg§2vl§3l4 - 511523534.
—8125823531 — 513521832 + $11523532 + $12521533
ng — §1vz§2v4§?:1 + Sv1v4§2v1§%2 — §1vlsvzv4§3:2 — §1vz§2v1§914 .
—5125823531 — 513521832 + $11523532 1+ 512521533
While

Uy = (0,0,0, 1)T.

Now, applying Sotomayor’s theorem gives that:

0 0

G] 0 d 0
R, wy) = ° F(Esw) =

owy X w7) —xaxq | 7 awy (B, w7) 0

X3X4 0

Therefore, U4'F,,, (E4, ws) = 0, as a result, the first condition for the occurrence of transcritical bifurcation
is met. Moreover, since

0 0 O 0 0
0 0 O 0 0
DFW7 (X7 W7) = 0 0 _x4 3 = DFW7 (E4’ W;) V4 = _3‘63
0 0 x4 X3 X3
Therefore

U4'DF,, (E4, wj) V4 = X3 # 0.
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Also, by using Eq. (57), it is obtained that
2 * _ .

D°F (E4, w3) (V4, V4) = [t ]4x1,
Where

20+ ng)*wix, (—1 + X + X2) n 21 +ng)wy [n7%1 +ne (=1 + 2% +X3)]  2n6 (n6 + n7)
(1 4 wi¥3)° (1 + wixs)? 1+wixs

T11

20+ ng)?wawix1Xy 2 (1 4 ng) waws (nyX1 + ngXz) _ 2ngnywy
(1 + waxs)® (1 + wsxs)? 1+ wsXs

-2 +ng)wa [(1 +Tl8))\("1 +ne (1 + 2XV3)] .

o 2at ngl’wowikiXy 2 (1 +ng) waws (y%1 + neXa) | 2ngnywo
T At wen)’ (1 + ws¥s)? 1+ wa¥s

=21 +ng)ws [(1+ng)X2 +n7 (14 2x3)].

w Y
731 = 2 |:—Tl8W; — W_z +c1 (1 +ng)ws[(1+ Tlg))‘(l'l + ng (1 + 2x3)]
9
+co (1 +ng)we [(1 +ng)Xs +n7 (1 + 2563)]i| .

Wwg

T4 = 2 (TlsW; + —2> .
w

9

Then, when the condition 63 is met, it is obtained that
U4 D?F (E4, w3) (V4, V4) = 41 # 0.

Thus, a TB near PDFEP takes place. Otherwise, by using Eq. (58), it is obtained that:
D’F (E4, w5) (V4, Vi, Vi) = [62] 451,

Where

(1 +ng)?*wix; (=1 + X + Xo)
(1 +wi %)

611 =6 (1 +ng) |:_n6 (1 +ng)ws +

_a+ ng) w2 [nzX, + ne (=1 + 2%, + X2)1  ne (ne + ny) wy

(1 4 wiX3)° (1 4 wiX3)?
(1 + ng)*wowix, Xo ~ (A +ng) wow3 (n7X1 + neX2) — Nelywaws
(1 + wsxs)* (1 + ws¥s)? (1+wsxs)? |
6 (1 +ng) . . .
b1 = —v84 [(1 + ng) waw3xa ((—1 — ng) wsXy + ng (1 + waXs))
(1 +wsx3)
—ny (1 + wsX3) (Tl6W2W3 (1 +wsx3)+ (1 +ng) [—WzW%J‘él +wa(1 + W3)\("3)3])] .
2 6W8
031 = 6 (c1ne + c2n7) (1 + ng)“we + PR
9
6w,
O = ——.
w

9
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Accordingly, it is obtained that:
Tp3 * 6W8
U4 D°F (E47 W7) (V4, V4, V4) = _F # 0
9

Thus, PB takes place, and then the proof is complete.

Theorem 10: Assume that conditions 40, 41, 42, 43, and 44 are met, then system 2 undergoes a TB near HPEP
when the parameter wy, passes through the value w} = %’f*x“) [ws + wa (X3 + X4)(1 + X3 + X4)] provided that the
following condition is met.

— 210 (1 +n11) wa (1 + 2X3) — 4n10 (1 + n11) waxs
2n19 (1 + n11) wawsiy 2ngnyoWo ’ (64)

- + — —~ 0
Aws Gl 1507 1 tws st %a) 7

Where all the new symbols will be defined in the proof. Otherwise, pitchfork bifurcation (PB) takes place if the
following condition holds.

6nig (1 + n11) [nowaws (1 + ws (X3 + X4)) + (1 +n11) (€5)
(—wawi%y + wa(1 + w3 (%3 + 3774))3)] #0

Proof: From the Eq. (37) with w, = w} the JM becomes

J5 = J (Es. w3) = (5ij) 4eqr
Where §;; for all i, j=1,2,3,4, are given in Eq. (37) and $52(w3) = 0. Thus, depending on the above-
mentioned conditions, JZ has three negative real parts roots (eigenvalues) of the characteristic equation that is
given in Eq. (38) due to the Routh-Hurwitz criterion, with As2(w3) = 0. Hence, HPEP is a non-hyperbolic point
at wp = wj.
Let Vs = (Vs1, Vsa, Vs3, vs4) ' and Us = (us, Usa, Uss, Uss)” are the eigenvectors conjugate with the eigenvalue
As2(w3s) of JE and J;T respectively. Now, direct computation determined that

T
Vs = (ng, nip, n11, 1),

Where
n 5148532843 — 812834843 — 813832844 + §12533544
9 = — —— .
(512531 — $11832) 843
n —814831543 + 511534843 + 513831544 — 811833544
10 = —— ——— .
(512531 — $11832) $43
S44
np=——< 0.
$43
While

Us = (0,1,0,0)7.

Now, applying Sotomayor’s theorem gives that:

0

X1X2

a —XXa____ R
—F(X, wy) = | 1Htwslxs+xa) —F(Es, W) =
oWy ( 2) 0 = ows (Es. w3)

0

[=NeNeNo)
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Therefore, Us'F,, (Es, w}) = 0, as a result, the first condition for the occurrence of transcritical bifurcation

is met. Moreover, since

0 0 0 0
X2 X1 —Wax1 X2 waxixs
DF,, (X, wy) = | 1TWs0stxa)  Tws(atxa)  (14ws(es+x4)?  (14ws(Xa+xa))”
’ 0
0 0 0 0
Which gives:
0
_ Ximo
DF,y, (Es, W) Vs = | THwaGatso
0

Therefore

X1nio

Us'DF,, (Es, w3)Vs = ————  +£0.
5 DF (Bs, wh) Vs 1+ w3 (X3 +X4)

Also, by using Eq. (57), it is obtained that
2 * — e

D°F (Es, w5) (Vs, Vs) = [€n]ax1.
Where

€11 = -2 +m1)ws [(1 +n11) X + 19 (1 + 2%3)] — 4ng (1 + ny1) waXy
2+ n1)?w? (=1 + %)% 21 +n)wy (mof +ng (=1 + 2%,)) _2n9 (n9 + nyo)
(14 w1 (X3 + %4))° (1 +wy (F3 + %4))> 14wy (X3 4 X4)
210 (1 + my) wowsXy 2n9niowo
(1 +ws (X3 +%4))° 1+ws(Xz+3)

2n10 (1 4 ny1) wawsky 2n9n1oWo

€21 = —2n10 (1 + n11)wa (1 + 2X3) — 4n10 (1 + ny1) waxXs —

WgWg

Wo 1 22)° + canio (1 + n11) we (1 + 2X5 + 2X4)
9 + X4

€31 = 2 |:—T111W7 -

+c1 (1 +m)we [(1 +n11) X1 +no (1 + 2X3 + 2X4)]] .

WgWg
€41 = 2 (Tl11W7 + —~3) .
(Wo + X4)

Then, when condition 64 is met, it is obtained that
Us" D’F (Es, w5) (Vs, Vs) = €21 # 0.
Thus, a TB near PDFEP takes place. Otherwise, by using Eq. (58), it is obtained that

DF (Es, w3) (Vs, Vs, Vs) = [1i1]4x1

(1 + w3 (%3 + %4))? 1+ ws (X3 +%4)
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Where

1 +m1)*ws (-1 + %)% a4+ n11) wi (MoX; + no (—1 + 2%7))

ni1 =61 +ni11) |:—n9 (A +n1)ws +

(1 +wy (% +%4))* (1 +wy (% +%4))°
ng (no +mo)wi Mo +my) Waw3Xy NoN oWaWs3 ]
A+w (B +%))?  A+wsF+5))° QA +ws (G +%))2]

6n10 (1 4+ n11) [nowaws (1 + ws (F3 + %4)) + (1 + n11) (—wawdgy + wa(l + ws (X3 + %4))°)]

H21 = — - -
(14 ws (%3 + %4))°
6wgw.
31 = 6 (cing + camio) (1 + n11)*we + %.
(wo + X4)
6W8W9

M4y = ————.

(wo + %4)*

Then, when condition 65 is met, it is obtained that
Us"DF (Es, w; = 0

5 (Es, w3) (Vs, Vs, Vs) = g1 # 0.

Thus, a PB near HPEP takes place.

Theorem 11: Assume that conditions 47-52 are met, and then system 2 undergoes a saddle-node bifurcation (SNB)
near CEP when the parameter wg passes through the value w}j that is given below provided that the following conditions
are met.

ny —1 #* 0. (66)
misbi; + mebl, + nizb%; + bl #O. (67)
Where all the new symbols are defined in the proof and that:

Sia(Wo + X3)” [(575554551 + S145315%2 — S1153452) — StaSh1 (—W + we (1] + €ox3) (1 + 2x5 + 2x3))]

Wi =
8 k %k 3k %k % * % * k k k %k k * k k
(572533551 + 573531559 — 57155355, — 572551553) X + Wos},5%, 54

Proof: From Eq. (45) with wg = wj the JM becomes

Jo = (Es.wj) = [s7)]

4x4’
Where sfj foralli, j =1, 2,3, 4, are given in Eq. (45) with s}, (w§) = —wx} + % + we(c1x; + cax3)(1 +
2x5 + 2x3) and s3,(wg) = % Thus, depending on the above-mentioned conditions, the determinant of J¢
9Ty

that is given by A4 in the Eq. (46) becomes A4 = 0. Thus, J¢ has a zero eigenvalue represented by Ae4(w§) = 0.
Hence, CEP is a non-hyperbolic point at wg = w}.

Let Vo = (Ve1, Vo2, Vo3, Ves) . and Ug = (Ug1, Usz, Uss, Uss)® are the eigenvectors conjugate with the eigenvalue
rea(wy) of J¢ and JgT respectively. Now, direct computation determined that

T
Ve = (n12, m3, n14, 1),

Where
% ok ok % ok ok % ok ok % ok o
fyy = 512523534 — $12524533 T 513594532 — 514523532
* ok ok ¥ o¥ oX ¥ o¥  oX * ok ok
$7152353p — $712553531 — 513521532 T 57252533
% * * * * k k * k %k k * k k k
My = —531 (553554 — 554533) — 551 (513554 — 574533) + 551 (573534 — 574533)

k k k k k 3 > 3k *k *k k k
511523532 — $712523531 — $13521532 Tt 512521533
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Kk ok ok Kok ok ¥ ok ok Kk ok ok
—511524532 1 512524531 1 514521532 — 512591534

M4 = .
* ok ok % ok ok * ok ok * ok o
511523832 — $12523531 — 513521532 1 872521533

While
Us = (1115, Mg, 117, 1)7,
Where

k k *
$21532543
* ok ok * ok ok * ok ok * ok ok
$11523532 — $712523531 — $13521532 1 512521533
* * ok * ok
Si3 (572531 — 571552
* ok ok ¥ o¥ oX ¥ o¥ oX * ok ok
$7152383p — $712533531 — 513521532 1 87252533

nis =

nie =

* ok ok
512521543

¥ o¥ oX * ok oX * ok ok ¥ o¥ o¥

511523530 — $12523531 — 513521532 1 572521533

n7 =-—

Now, applying Sotomayor’s theorem gives that:

0 0

aF(Xw) = aF(E wg) 0
A s W8 ) = X a. 6, Wg) = X4
8W8 W9£X4 8W8 Wo+x3
_ X4 x5
Wo+X4 _WQ:XX

Therefore, due to condition 66, Us'F,, (Es, W) = % £ 0.
4
As a result, the first condition for the occurrence of transcritical bifurcation is met. Moreover, following the

Eq. (57), it yields that

D?F (Es. w5) (Ve. V6) = [bi ],

Where b}; = b;; (Es, wg) fori =1, 2, 3, 4. Hence, direct computation using condition 67 gives that:
Us" [D?F (Ee, w) (V6. Ve)] # 0.

Hence, SNB near CEP when wg = wjj, which completes the proof.

From the above theorem it can be concluded that, in biological systems, a saddle-node bifurcation denotes
a critical threshold at which a significant shift in the system’s behavior occurs. This kind of bifurcation occurs
when a parameter is changed, causing two equilibrium points an unstable saddle point and a stable node to
clash and eventually annihilate one another. This may cause abrupt changes in the system’s condition. Saddle-
node bifurcations are frequently used to characterize circumstances in which slow alterations in environmental
characteristics or conditions can result in sudden shifts in ecosystem states or population sizes.

Numerical solution

In this section, system 2 is solved numerically to confirm the previously obtained findings and predict the con-
trol set of parameters. Several sets of initial conditions are adopted in this investigation which are given by py; =
(0.9,0.9,0.9,0.9), po2 = (0.75,0.75, 0.75, 0.75), pos = (0.5, 0.5, 0.5, 0.5), pos = (0.25, 0.25, 0.25, 0.25), and
Pos = (0.1,0.1, 0.1, 0.1) with the following set of hypothetical biologically feasible parameters.

To predict the control set of parameters and validate the previously obtained results, system 2 is numerically
solved in this section. In this inquiry, many initial condition sets are used, with the following set of hypothetical
biologically feasible parameters assigned to po1, Po2, Po3, Po4, and pos. MATLAB R2021a is used to solve and
present the results in projections of phase portraits and the time series of the obtained trajectories. The blue
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Fig. 1. The trajectories of system 2 using dataset 68. (a) 3D projection of phase portrait for trajectories starting from pg2 and pos, which are
approaching Eg. (b) 2D projection of phase portrait for trajectories starting from po; and po4, which are approaching Es. (c) 2D projection of
phase portrait for trajectory starting from pos that approaches Es. (d) Time series of trajectories starting from pg2 and pos. (€) Time series
of trajectories starting from po1 and po4. (f) Time series of trajectory starting from pos.

dots refer to the initial conditions, while the red dots refer to the attracting equilibrium points.

wi =05 w,=2, w3=05 w4 =02, w5 =0.01, wg = 0.4, w;, =0.75
wg = 01, Wg = 01, Wi0 = 005, wi1 = 01, 1 = 03, Cy = 0.3.

(68)

It is observed that the trajectories of system 2 converge asymptotically to three different equilibrium points,
which are given by E, = (0.005, 0.331, 0,0), E3 = (0.19,0, 1,17, 0), and Es = (0.199, 0.139, 0, 433, 0.343),
simultaneously, indicating the existence of tri-stable dynamic behavior, see Fig. 1.
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Fig. 2. The trajectories of system 2 using the dataset 68 with w; = 0.05. (a) 3D projection of phase portrait for trajectories starting from
DPoi:i=1,2,...,5, which are approaching Es. (b) 2D projection of phase portrait in the x;x2—plane. (c) 2D projection of phase portrait in
the x1x3—plane. (d) 2D projection of phase portrait in the x;x4—plane.

According to Fig. 1, system 2 has no globally stable behavior and persistence. There is a basin of attraction for
each equilibrium point, and the attracting point is dependent on the initial point. This is due to the possibility of
the existence of multiple equilibrium points in the 3D and 4D spaces, which complicates the dynamic behavior
around them.

Now, the influence of varying the parameter value on the dynamic behavior of system 2 is investigated.
It is observed that for the values w; < 0.1 all the trajectories starting from the above different initial values
approach Es as shown in Fig. 2. For the range 0.1 < w; < 0.37 the trajectories approaches E3, and Es that is
indicating bi-stable behavior as presented in Fig. 3. For, the values 0.37 < w; < 0.4 the system approaches
Es, Es, and Eg as given in Fig. 4, which indicates tri-stable behavior. Now, for the range 0.4 < w; < 0.43 the
solutions of the system 2 approach asymptotically E,, E3, Es, and Eg, which refers to four-stable behavior as
explained in Fig. 5. However, the system 2 undergoes a tri-stable behavior as their solutions starting from
different initial points approach asymptotically to E,, E3, and Eg, for 0.43 < w; < 0.6 see Fig. 1. It is observed
that the CEP becomes unstable and system 2 undergoes tri-stable behavior among E,, E3, and 4D-periodic for
the range 0.6 < w; < 0.64 as shown in Fig. 6. The system 2 loses its possibility of persistence at the 4D-periodic
attractor and undergoes a bi-stable behavior between E», and E3 for the range 0.64 < w; < 1.53 as explored
in Fig. 7. Finally, system 2 approaches asymptotically to E, starting from different initial points as explored in
Fig. 8 for the range 1.53 < wj.

Similarly, the influence of varying other parameters is investigated and the obtained results are summarized
in Table 2.

Results and discussion

In this paper, a prey-predator model that considers hunting cooperation and fear is created when infectious
diseases exist in both populations. The idea of applying these biological factors in the case of the existence of
the disease in both species is biologically realistic and new to our knowledge. The goals are to identify how
hunting cooperation contributes to the anxiety that is created by the predation process and to comprehend the
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Fig. 3. The trajectories of system 2 using the dataset 68 with w; = 0.25. (a) 3D projection of phase portrait for trajectories starting from
DPoi;i=1,2,...,5,which are approaching E3 and Es. (b) 2D projection of phase portrait in the x; x2—plane. (c) 2D projection of phase portrait
in the x;x3—plane. (d) 2D projection of phase portrait in the x;x4—plane.

w039

w039

Fig. 4. The trajectories of system 2 using the dataset 68 with w; = 0.39. (a) 3D projection of phase portrait for trajectories starting from
Poi;i=1,2,...,5, which are approaching Es, Es and Eg. (b) 2D projection of phase portrait in the x;x2—plane. (c) 2D projection of phase
portrait in the x;x3—plane. (d) 2D projection of phase portrait in the xjx4—plane.
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Fig. 5. The trajectories of system 2 using the dataset 68 with w; = 0.42. (a) 3D projection of phase portrait for trajectories starting from
Poi:i=1,2,...,5,which are approaching Es, E3, Es and E¢. (b) 2D projection of phase portrait in the x;x3—plane. (c) 2D projection of phase
portrait in the x;x3—plane. (d) 2D projection of phase portrait in the x;x4—plane.
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Fig. 6. The trajectories of system 2 using the dataset 68 with w; = 0.62. (a) 3D projection of phase portrait for trajectory starting from pos
that approaches 4D-periodic attractor. (b) Time series of the trajectory starting at pos. (c) 3D projection of phase portrait for trajectories
starting from po1, po2 and po4, which are approaching Es. (d) Time series of the trajectories starting from po1, po2 and po4. (€) 3D projection
of phase portrait for trajectory starting at pos that approaches E;. (f) Time series of the trajectories starting at pos.
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Table 2. Dynamical behavior regarding to parameters ranges using dataset 68.

Parameter varying Ranges Approaches to the attractors
wo wy < 1.84 Es, Es
1.84 <wy < 1.89 Es, Es5, Eg
1.89 <wy < 1.97 E3, Eg
1.97 <wy < 2.1 E,, E3, Eg
2.1 <wy; <215 E, Es, 4D-periodic
2.15 <wy Ey, E3
w3 wg < 0.38 Ey, Es
0.38 <ws < 0.42 Ea, E3, 4D-periodic
0.42 <ws < 0.60 Es, E3, Eg
0.60 <wsz < 0.62 E,, E3, Es5, Eg
0.62 <ws < 0.65 E3, Es, Eg
0.65 < ws Es, Es
wy wy < 0.03 3D-periodic, Es, Eg
0.03 <wy < 0.06 Es
0.06 <wy < 0.11 Es, Eg
0.11 <wy < 0.14 E,, Es5, Eg
0.14 <wy < 0.16 E,, E3, Es5, Eg
0.16 <wy < 0.3 E,, E3, Eg
0.3 < wy E,, Es3
Wws ws < 0.03 E,, Es, Es, E6
0.03 < ws Es, Es5
We wg < 0.29 E,
0.29 <wg < 0.39 E,, Es3
0.39 <wg < 0.42 E,, E3, Eg
0.42 <wg < 0.43 E3, Es5, Eg
0.43 < Wg Es, Es
C1 c; < 0.13 E,
0.13 <c; < 0.28 Es, E3
0.28 <c; < 0.29 Es, Es, 4D periodic
029 <c; <034 E,, E3, Eg
0.34 < c; Es, Es5
C2 c2 < 0.17 E,
0.17 <c2 < 0.27 Ey, E3
0.27 <cy < 0.31 E, Es, 4D periodic
0.31 <cz E3, Eg
wy wy < 0.54 E, E3
0.54 <wy; < 0.64 E,, E3, E5
0.64 <wy; < 0.85 E,, Es3, Eg
0.85 < wy Ey, E3, 4D periodic
wg wg < 0.03 E,
0.03 <wg < 0.07 Ej3, 4D periodic
0.07<wg < 0.09 E, Es, 4D periodic
0.09 <wg < 0.14 E,, E3, Eg
0.14 <wg Ey, Es
Wo Wo < 0.02 E,, Es3
0.02 <wg < 0.13 Es, Es, Eg
0.13 <wg < 0.7 Ej, Eg
0.7 <wg < 0.83 Es, 4D periodic
0.83 < wo E,
Wio wio < 0.04 Ej, Es5
0.04 <wjp < 0.05 E3, Eg
0.05 <wjp < 0.06 Es, E3, Eg
0.06 < wyy < 0.09 Ey, E3
0.09 < wjo E,
Wwi1 wi; < 0.1 E,, E3, E5
0.1 <wjp; <0.12 Es, E3, Eg
0.12 < wy; Ey, E3
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Fig. 7. The trajectories of system 2 using the dataset 68 with w; = 1. (a) 3D projection on the space x;x2x3 of phase portrait for trajectories
starting from po;;i=1, 2, ..., 5, which are approaching E», and Es. (b) 3D projection on the space x;x3x4 of phase portrait for trajectories
starting from po;; i =1, 2, ..., 5 which are approaching E;, and Es.

Fig. 8. The trajectories of system 2 using the dataset 68 with w; = 1.6. (a) 3D projection of phase portrait for trajectories starting from
DPoi;i=1,2,...,5, which are approaching E,. (b) 2D projection of phase portrait in the x;xz2—plane.

dynamic behavior of such a system. The suggested system contains six boundary equilibrium points, whilst
the coexistence point may or may not exist. All potential equilibrium points were computed together with the
parameters governing their presence. The coexistence point’s multiplicity of existence forced us to focus only
on its local stability. Consequently, its global stability cannot be studied because its number is not known.
As a result, each of them will have a basin of attraction, which precludes the existence of global stability.
Furthermore, it was not possible to investigate the permanence of the suggested system because the conditions
for the cohabitation and border points’ existence overlapped with the prerequisites for those points’ stability.
Finally, as a future work, it can be thought about the role of delayed disease transition on the dynamic behavior
and persistence of the system.

Conclusion

The presence of cooperative hunting and induced fear in the prey-predator system, coupled with the presence
of infectious disease in both species greatly complicated the dynamics of the system. As a result of this
complexity, there is a loss of global stability in the system, as well as persistence, since the dynamic behavior
changes rapidly with changing parameter values. According to the numerical results shown in Fig. 1 to Fig. 8
and those presented in Table 2, the system has very multiple dynamics, including locally stable equilibrium
points, periodic dynamics, and multiple stability. Also, the conversion rate from infected prey to healthy
predator is the only parameter that keeps the system locally stable at the point of coexistence, while all other
parameters lead to a loss of persistence in the system and the dynamic behavior prevailing over the system is
multiple stability.
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