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Article History: 
 The instability of regression models is one of the most prominent 

issues facing researchers when estimating the model. On the other 

hand, regularisation techniques (Lasso  and Rlasso   ) are some of 

the most notable techniques applied in the estimation of multiple 

regression models because of their ability to reach an explanatory 

regression model through which accurate predictions can be made. 

In this research, the simulation method was applied to conduct a 

comparison between a set of regression models estimated using the 

two regularisation techniques (Lasso  & Ro), where the Chow Test 

and CUSUM Test were used to test the stability of the estimated 

models and the presence of multicollinearity. The results showed 

that both techniques performed excellently in building a stable 

regression model. The results showed the superiority of the Rlasso    

technique, especially in the presence of multicollinearity. 
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1. Introduction  

The multiple linear regression model is one of the essential statistical models used to study and 

analyse the linear relationship between the response variables and a set of explanatory variables. The 

conditions for the fulfilment of the analysis assumptions, the most important of which is that the 

random errors are independently distributed in a normal distribution with a zero mean and a constant 

variance and that there is no strong linear relationship between the explanatory variables. The 

regression model is one of the most important and widely applied statistical tools in the field of 

scientific research. 

The multiple regression model can be expressed as [9] 

Whereas: 

Y: represents a vector (n×1) of observations of the response variable. 

X: is a matrix (n×(k+1)) of observations of the explanatory variables (the first column represents the 

constant term). 

𝜷 : is a vector (k+1) ×1) represents the parameters of the regression model, noting that the constant 

term of the model is the first element in this vector. 

𝑼: Represents a vector (n×1) of random errors.  

𝑌 = 𝑋𝛽 + 𝑈 (1) 
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As is known, the process of building a multiple regression model aims to use explanatory 

variables (independent) to predict the value of the response variable (dependent). Therefore, the 

process of selecting explanatory variables that have a tangible impact on the response variable is 

considered one of the essential steps in building a regression model due to its importance in improving 

the accuracy of prediction and reaching an explanatory model. Choosing essential and modern 

methods or techniques in estimating model parameters and selecting explanatory variables should be 

one of the main steps in building a regression model. On the other hand, testing the stability of the 

regression model is considered one of the most critical steps that should be carried out before applying 

the model in analysing the data for the study. Despite the importance of this step, we find that in many 

studies, the researcher’s interest is focused on choosing the appropriate methods for estimating the 

model without paying attention to the importance of ensuring the stability of the regression model.   

Many methods have been applied in selecting the essential variables for the multiple regression 

model, and perhaps the first of these methods was in 1974, when the researcher Akaike [1], and in 

1978, when the researcher Schwarz [16] selected the variables by comparing a group of candidate 

models.  

Recently, new methods have been introduced for selecting variables in the regression model, 

called regularisation techniques. These techniques can estimate the parameters of the regression 

model and choose the significant explanatory variables in the regression model, even in the case of 

high-dimensional or multicollinearity problems. Perhaps the most famous of these methods is the 

Lasso technique. (Least absolute shrinkage and selection operator) This technique was produced in 

1996 by researcher Tibshirani [19]. This method is essential in estimating the model parameters and 

choosing critical explanatory variables, in addition to improving the accuracy of prediction in the 

regression model; it can also deal with the problem of multicollinearity in the model [19]. After the 

Lasso technique, developments in the field of selecting variables for the multiple regression model 

included the elastic net technique, which was introduced by Zou and Hastie in 2005. This technique 

combines the Ridge Regression technique and the Lasso technique mentioned above [22]. The group 

Lasso technique was introduced by Yuan and Lin in 2006. This has great importance in many 

applications in machine learning and cancer prediction by removing the unimportant data set and 

choosing the important set of variables in the model [21]. 

The Rlasso technique introduced in 2015 by Song, Q., & Liang, F., is an improvement on the 

Lasso technique, as it uses a decreasing penalty for the model parameters instead of the increasing 

penalty applied in the Lasso technique [18]. 

On the other hand, the accuracy of the regression model and its ability to analyse the phenomenon 

and make accurate predictions are based primarily on assumptions, the most important of which is 

the stability of the model parameters from one sample to another. When the values of the estimated 

parameters of the regression model differ significantly from one sample to another in the phenomenon 

data, this is an indication of the instability of the model and that the results of the analysis of this 

model will be unreliable and cannot be generalised. The predictions resulting from this model will 

also be unreliable. Therefore, testing the stability of the model is considered one of the important 

pillars applied before using the model in analysing the phenomenon. 

Testing the stability of the regression model is one of the important statistical topics that has been 

recently applied in many studies and research. Reaching a stable regression model means that the 

model can predict consistently in different samples, whether for the same period or different periods. 

This means that the parameters of the regression model are consistent for different data [8]. Many 

tests have been presented in the field of stability testing, for example: The CUSUM test, developed 

by E.S.Page at Cambridge University in the early fifties of the last century, is an important statistical 

tool for testing statistical models, especially in the field of economic studies whose data are in the 

form of a time series, in which cumulative values are calculated over time based on the difference 

between the actual and estimated values of observations [14]. 

The Chow test in 1960, presented by the scientist Gregory Chow, is based on the analysis of the 

use of two different samples of the phenomenon's data to demonstrate the stability of the model's 
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parameter estimates [6]. If the parameter estimates differ in these two samples relatively significantly, 

then the regression model is considered unstable. This test is characterised by the possibility of 

applying it to cross-sectional data and time series data. Also, the Hausman test, presented by Jerry A. 

Hausman In 1978, based on the comparison of two types of models (constrained and unconstrained), 

A. Wald also presented the Wald test in 1983, which uses the comparison of multiple constraints on 

the parameters of the regression model[20], and in 1986, Ronald F. Engle presented the Lagrange 

Multiplier test, which compares a constrained and unconstrained model with the application of non-

linear constraints in the test. With the development of computer technology and software, many tests 

have been developed in recent years for the stability of the regression model. In 2014, researcher 

Mills, T. C., presented a study on testing the stability of a linear regression model estimated using the 

least squares method [14]. In 2022, Liao, J., Wan, A. T. K., & He, S. presented a study on choosing 

the optimal estimation for a multiple linear regression model based on the optimal model mean [13]. 

In section two (Lasso and Rlasso), the importance of estimating the parameters of the regression 

model was discussed. The Chow test and the CUSUM test were also discussed, as well as their 

importance in conducting a stability test for the regression model. 

In the third section, the simulation study was used to test the stability of two groups of regression 

models that were estimated using (Lasso and Rlasso), where the test was repeated (1000Times).  

2. The aim of the research: 

The research aims to reveal the importance of the Lasso  & Rlasso    techniques in estimating 

the regression model and to show the extent of their impact in maintaining the stability of the model 

in the presence of the multicollinearity problem. 

3. Theoretical aspect 

3.1 Lasso  (Least Absolute Shrinkage and Selection Operator) technique: in estimating a multiple 

regression model 

It is known that the basic method applied in estimating the parameters of the multiple linear 

regression model is the ordinary least squares (OLS) method, which is based on finding the values 

that make the sum of the squares of the deviations of the actual values of the response variable from 

its expected values as small as possible, as follows [4]: 
𝑚𝑖𝑛

𝛽
(𝑦 − 𝑦̂)ˊ(𝑦 − 𝑦̂) =

𝑚𝑖𝑛
𝛽

(𝑦 − 𝑋𝛽)ˊ(𝑦 − 𝑋𝛽) (2) 

This method, as proven by many studies, is inappropriate in many cases, including in the presence 

of multicollinearity, dimensional issues, or overfitting. Also, the model estimated by this method is 

often poor in the prediction process, especially when the number of explanatory variables is larger 

than the sample size (p>n), and the OLS estimators for multiple regression model parameters in the 

presence of the aforementioned issues often have a significant variance and are also unstable [2] In 

order to develop the process of estimating and selecting the parameters of the multiple regression 

model and overcoming the issues facing the estimation process, many techniques have been 

presented, perhaps the most famous of which is the Lasso  technique or( Least Absolute Shrinkage 

and Selection Operator), which is one of the important regularization techniques introduced by the 

scientist (Tibshirani) in (1996)  As a development of the ridge regression technique in the estimation 

of the multiple regression model and as an important tool in dealing with the issue of multicollinearity 

and dimensionality in the regression model, this technique works to make the insignificant regression 

coefficients equal to exactly zero, so it has the ability to improve the accuracy of prediction and access 

to an explanatory model[19] . 

The Lasso technique or L1-norm, reduces the parameters of the regression model and makes the 

unimportant parameters equal to zero completely through the restriction imposed in this method, 

which distinguishes this method by the possibility of reaching an explanatory model better than the 

ridge regression method (L2-norm), as the latter method, despite reducing the values of the 

unimportant regression parameters, does not make them equal to zero completely. 
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The parameters of a multiple linear regression model can be estimated by the Lasso technique as 

follows (Tibshirani 1996): 

𝛽̂ = (𝑦 − 𝑋𝛽)ˊ(𝑦 − 𝑋𝛽) + 𝜏 ∑|𝛽|

𝑝

𝑘=1

 (3) 

Where:  τ is the regularisation parameter 

Determining the value of the regularisation parameter τ is of great importance in estimating the 

model parameters. When this value is equal to zero, the estimation process becomes free of 

restrictions and is equivalent to the OLS estimation process. Also, its considerable value makes the 

model parameters approach zero more, which leads to the loss of independent variables that are 

important in the model, according to the researchers Alkenani and Yu. In 2013, it was mentioned that 

large values of this parameter lead to a greater reduction in the selection of explanatory variables in 

the model [3].  

Therefore, the cross-validation technique is used to choose the best value in the estimation 

process. 

Although the Lasso technique is of great importance in selecting variables, improving the 

accuracy of prediction, overcoming the problem of dimensions, and other important characteristics 

previously mentioned, the experimental aspect showed some disadvantages of this method, including 

that this technique neglects some important explanatory variables in the model, especially when the 

number of explanatory variables is greater than the sample size. This technique selects only one 

variable from a group of explanatory variables that are highly correlated with each other, some of 

which may be of great importance in the prediction process for this model (Zou & Hastie, 2005). 

3.2. Rlasso    (reciprocal Lasso) technique in estimating the multiple regression model: 

The Rlasso technique is considered one of the modern and effective techniques in estimating the 

multiple regression model, which was presented by the researchers (Song, Q. & Liang, F.) in 2015 

[18]. This technique is characterised by its ability to select critical explanatory variables in the model, 

maintain the stability of the model parameters, and improve the accuracy of prediction, especially 

when there is a problem with high dimensions [17]. The concept of this technique is based on 

modifying the loss function in a way that allows important parameters with small values to be 

preserved without eliminating them from the model. 

This technique uses the inverse of the Lasso technique, where the loss function is expressed as 

the sum of the squares of the residuals plus the inverse of the Lasso technique, as follows [10]: 

𝛽̂ = (𝑦 − 𝑋𝛽)ˊ(𝑦 − 𝑋𝛽) + 𝜏 ∑
1

|𝛽|
   𝛽 ≠ 0

𝑝

𝑘=1

 (4) 

3.3 Stability of Multiple Regression Model 

The process of building a regression model involves three important steps [6]. 

The first is to determine the explanatory variables and dependent variables that enter into the 

model. 

The second is estimating the model parameters using appropriate statistical methods. 

The third is testing the stability of the model or testing the stability of the model’s parameter 

estimates across different sets of data. 

The topic of regression model stability is considered one of the important topics of statistics, as it 

is closely related to the accuracy of the results of statistical analysis of different phenomena [8]. For 

the estimated model to be appropriate for the data of the problem under study, the estimation of the 

model parameters must be constant for the different groups of data specific to the study community 

[11]. Sometimes the researcher may find that the value of the estimated parameters of the model 

differs from one sample to another, which is an indicator of the instability of the model, which is 

reflected in the reliability of the results obtained from the model. Therefore, a model stability test 

must be conducted to ensure the development of an explanatory regression model that can be used to 

find accurate predictions about the phenomenon under study [12]. 
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To accurately test the stability of the model, it must first be taken into consideration that the 

sample is representative of the study community and sufficient size to estimate the model parameters 

and conduct the hypothesis test correctly. Sometimes, it may be necessary to draw successive random 

samples to ensure that the sample represents the community correctly. It is worth noting that there 

are many statistical techniques used in testing the stability of the model that differ from each other 

according to the methods of analysis and hypothesis testing, including cross-validation [15]. 

(Bootstrap, 

3.4. Chow Test for the stability of the multiple regression model: 

The Chow Test, or what is known as the Chow Breakpoint Test, is one of the important and widely 

applied statistical tests in demonstrating the stability or instability of the regression model parameters 

across different periods or for different sets of data. The Chow Test is a statistical tool to determine 

whether the relationship between the dependent variable and the explanatory variables changes with 

time or across different samples of the phenomenon’s community data. 

This test is based on the fact that a stable model corresponds to a small value of the test statistic 

[6]. Chow. The considerable value of this statistic is an indication of the instability of the model or 

that the estimates of the model parameters differ from one sample to another or from one time period 

to another. The Chow Test is a widely used tool in many fields such as economics, sociology, and 

others. 

Chow Test application mechanism: Chow, GC 1960,[6] showed that the test steps can be carried 

out by estimating three models: 

The first model: is the joint model, and the parameters are estimated using all the data of the 

phenomenon. 

The second model: In it, the parameters are estimated from the first group or sample of the 

phenomenon data. 

The third model: In it, the parameters are estimated from the second group or sample of the 

phenomenon data. 

Note that the sample in the second and third models is divided according to a breakpoint in the 

study data that is believed to have an impact on the relationship between the dependent variable and 

the independent variables. This breakpoint may represent a specific breakpoint after which there was 

a change in security stability, legal amendments, a change in economic policy, or other influencing 

factors. Furthermore, the size of each sample should preferably be large enough to ensure the accuracy 

of the estimation results. It is also preferable for the sample size to be approximately equal in both 

groups to reduce bias in estimating the parameters of each model [6]. 

The second step is to calculate the sum of squared errors (SSE) for each model. 

The test hypothesis can be written as 

H 0: There is no significant difference between the model parameters. 

H1: There is a significant difference between the model parameters. 

The third step is to calculate the test statistic and my agencies. (Chow, GC 1960) [6]: 

𝐹 =
(𝑆𝑆𝐸𝐶 − 𝑆𝑆𝐸1 − 𝑆𝑆𝐸2)/𝑘

(𝑆𝑆𝐸1 + 𝑆𝑆𝐸2)/(𝑁 − 2𝑘)
 (5) 

Whereas: F: represents the Chow statistic (F distribution)، SS C: represents the sum of squared 

errors of the joint model., SS 1: represents the sum of squared errors of the model for the first sample.، 

SS 2: represents the sum of squares of the error of the second sample.، K: represents the total number 

of parameters in the model (or number of explanatory variables + 1) ، N: represents the total number 

of observations (total number of observations of the first sample + total number of observations of 

the second sample) 

Decision: We reject the null hypothesis when the value of the F-statistic is greater than the table 

value F (k, N-k, α), or when the p-value is less than the value of α, and we conclude that the model is 

unstable across different sets (different samples) of data or different periods. 

3.5. CUSUM Test: 
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The CUSUM test, also known as the cumulative or increasing summation test, is one of the 

important statistical tests applied in testing the stability of the coefficient model across different 

periods. This test is characterised by its ease of use and its excellent performance in detecting the 

stability of the model coefficients. 

This test was first applied in the 1950s. It has many applications in the fields of economics, 

engineering, and others. 

The researchers Box & GEP in 2015] explained that this test is based on its analysis of the 

accumulation of differences between the expected values and the observed values of the data [5]. If 

these differences are significant and have a specific direction, then this is evidence of the instability 

of the parameters. However, if these differences are minor and change randomly (have no specific 

direction), then this is evidence of the stability of the parameters.  

Statistical hypothesis and CUSUM test statistic: 

H0: There is no significant difference between model parameters  

H1: There is a significant difference between the model parameters. 

The test statistic can be expressed as follows [8]: 

CU t =max {0, CU t-1 + (y t -  𝑦̂𝑡) } (6) 

Where: 

CU t: is the test statistic at time t, CU t-1: is the test statistic at time t-1, y t: Observed value of the 

dependent variable at time t, y t-1: Observed value of the dependent variable at time t-1 

Decision: We do not reject the null hypothesis and conclude that the model parameters are stable 

when the value of the test statistic is within certain limits (determined by the researcher and according 

to the accuracy of the test). 

We reject the null hypothesis and conclude that the model parameters are unstable when the test 

statistic is outside these limits. 

4. Simulation Studies 

In this section, the simulation method was used to compare the stability of multiple regression 

models estimated by using the Lasso (least absolute shrinkage and selection operator) technique with 

the stability of regression models estimated by using the Rlasso (reciprocal Lasso) technique [23].  

the programs were written using the R language by the researcher [7].  

The work steps can be  summarised  as follows: 

1. The simulation method was used to generate data for the multiple regression model referred to in 

equation (1). 

U~N (0, 𝜎𝑢
2In), X ~N (0, ∑) (7) 

𝐈n is the identity matrix, ∑ representing the Autocorrelation matrix assuming a strong correlation 

between the explanatory variables, such that 

  ∑ = 0.6|𝑖−𝑗|
𝑖𝑗    𝑓𝑜𝑟 𝑎𝑙𝑙  1 ≤ 𝑖 ≤ 𝑗 ≤ 𝑝 (8) 

2. We considered three cases for β   

Simulation 1: β= (1,1,0.5,0.2,0.3,0,5,6,7,0,1,1,1,2,2) 

Simulation 2: β= (1,2.4,0,0,0,1,0.3,0.002,11,12,0,0,1,3,0) 

Simulation 3: β= (2,2,1,1,0,0,1,1,0.04,0.001,1,1,2,3,2)  

We chose different size of sample (100, 50, 25)  

The parameter 𝜏 was estimated using (cross-validation), and it was 𝜏 = 0.02 for the Lasso 

technique and 𝜏 = 0.01 for Rlasso     

The multiple regression models were estimated using the Lasso method and the Rlasso method. 

Then the Chow Test and the CUSUM Test were used to compare the stability of the estimated model 

parameters in both methods. 

3. The previous steps were repeated 1000 times. 
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Figure (1): represents the actual values and estimated values for a set of models estimated using the Lasso  technique 

and in the presence of the multicollinearity problem and with different sample sizes 
 

 

Figure (2) represents the actual values and estimated values for a set of models estimated using the Rlasso technique 

and in the presence of the multicollinearity problem, and with different sample sizes. 

Note that the two figures (1,2) reflect the precision of the models' estimation.  
Table (1): The results of the stability test for the regression models are shown below in ascending order 

Results of the stability test for the models estimated 

using the Lasso technique 

Results of the stability test for the models 

estimated using the Rlasso  technique 

Index MSE BIC 
CUSUM(p) 

value 

CHOW(p) 

value 
Index MSE BIC 

CUSUM(P) 

value 

CHOW(P) 

value 

1 19.146 5.11 0.0042 0.0004 1 25.207 5.33 0.0102 0.0049 

2 23.469 5.33 0.0122 0.0008 2 25.396 5.4 0.0299 0.0057 

3 24.422 5.4 0.013 0.0058 3 25.991 5.5 0.0345 0.0071 

4 24.907 5.36 0.0138 0.0108 4 26.133 5.45 0.0411 0.009 

5 25.269 5.5 0.0155 0.0148 5 26.383 5.6 0.0426 0.0273 

6 25.698 5.6 0.0346 0.0394 6 26.493 5.7 0.0551 0.0273 

7 25.984 5.7 0.0453 0.0408 7 26.637 5.9 0.0578 0.0434 

8 26.521 5.77 0.0707 0.0427 8 27.035 5.88 0.0598 0.0435 

9 26.545 5.78 0.0724 0.0449 9 27.038 5.99 0.0652 0.0588 

10 26.85 5.9 0.0947 0.0504 10 27.124 6.3 0.0718 0.0708 
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11 26.895 5.89 0.1179 0.0552 11 27.147 6.34 0.0761 0.088 

12 27.083 5.99 0.1209 0.0581 12 27.211 6.29 0.0765 0.0882 

13 27.343 6.1 0.1653 0.0688 13 27.349 6.59 0.0816 0.1121 

14 27.456 6.12 0.1716 0.0757 14 27.364 6.7 0.0859 0.1401 

15 27.475 6.3 0.1791 0.0828 15 27.383 7.2 0.1176 0.155 

16 27.585 6.22 0.1821 0.0942 16 27.49 6.7 0.1287 0.1581 

17 27.687 6.4 0.1843 0.1016 17 27.529 6.8 0.1394 0.1614 

18 27.7 6.45 0.1933 0.1071 18 27.57 7.1 0.1435 0.1762 

19 27.772 6.8 0.2043 0.1167 19 27.636 7.4 0.1513 0.1789 

20 27.876 6.7 0.2053 0.1233 20 27.678 7.43 0.1528 0.1837 

21 27.9.2014 6.77 0.2331 0.1364 21 27.738 7.8 0.1672 0.1938 

22 27.93 6.9 0.2819 0.1371 22 27.79 7.67 0.1757 0.2056 

23 28.356 7.1 0.2822 0.1394 23 27.841 7.77 0.1765 0.2124 

24 28.842 7.2 0.315 0.147 24 27.866 7.4 0.1836 0.2134 

25 28.857 7.5 0.3199 0.1475 25 27.916 7.88 0.1905 0.2331 

From observing Table (1) and the test criteria, we find that the models estimated using the Rlasso 

method are more stable and less affected by structural changes, especially when there are sudden 

changes in the data. As for the accuracy of estimation and prediction, the Lasso technique is better in 

that it provides an accurate method for estimating the model parameters and reduces the effect of the 

independent variables that are not important in the model. 

 

5. Conclusions  

The results of the simulation studies demonstrated the significant role of estimation techniques 

(Lasso  & Rlasso) in enhancing model stability and improving prediction accuracy. The Rlasso 

technique exhibited superior performance when applied to complex data and high-dimensional 

problems. On the other hand, the Lasso technique has been proven to be an easy and fast 

implementation for less complex data. 
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 المستخلص 

 تواريخ البحث: 

 
استقرارية نماذج الانحدار تعتبر من ابرز المشاكل التي تواجه الباحثين ان مشكلة عدم   

تعد من ابرز   (   Lasso  & Rlasso)من جانب اخر تقنيتي التنظيم  .عند تقدير النموذج
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باستخدام  تقديرها  تم  الانحدار  نماذج  من  مجموعة  بين  مقارنة  المحاكاة لإجراء  اسلوب 

 & Chow Testحيث تم استخدام اختباري    (   Lasso  & Rlasso)تقنيتي التنظيم  

CUSUM Test)   (   وجود مشكلة التعدد الخطي و لاختبار استقرارية النماذج المقدرة و ب
اظهرت النتائج  ان كلا التقنيتين كان لها اداء متميز في بناء نموذج انحدار مستقر ، كما  
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