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1. Introduction  

The concept of primary submodules has been 

previously studied by several researchers and is 

presented in sources [1], [2]. This concept was 

generalized by a group of researchers, for example, A. 

J. Abdul-Alkalik in 2005 [ 2]. A generalization was 

presented called quasi-primary submodules. And the 

second generalization by the same researcher was 

called small primary submodules. In this research, 

we have generalized the concept of quasi-primary 

submodule, and its definition is as follows: we call a 

non-zero submodule 𝑳 of 𝑲  is 𝐬𝐦𝐚𝐥𝐥 quasi-primary if 

[𝑳: < 𝒌 >] is a primary ideal of Q, for each submodule 

< 𝒌 > ≪ 𝑲. In the third section of this research, we 

have demonstrated important issues and theorems 

that describe the  most important properties of this 

type of partial measurements.  

 

2. Basics of Research  

Definition (2.1) [2]: A proper submodule 𝐿 of  Q-

module K is called a quasi-primary  if [𝐿: 𝐾]  is a 

primary ideal of Q, for each submodule L of 𝐾.  

Definition (2.2) [3]: a submodule 𝐿  of 𝑄 −
𝑚𝑜𝑑𝑢𝑙𝑒 𝐾 small primary submodule if whenever 

𝑒Î 𝑄, 𝑘 ∈ 𝐾, < 𝑘 >  is small in 𝐾   and  𝑒𝑘 Î 𝐿 , then 

either 𝑘 Î 𝐿 or 𝑒 ∈ √[𝐿: 𝐾].  

Definition (2.3)[4]: A submodule 𝐿 of 𝐾 is called small 

(notationally, 𝐿 ≪ 𝐾) if 𝐿 + 𝐻 = 𝐾 for all submodules 

𝐻 of 𝐾 implies 𝐻 = 𝐾. 

Definition (2.4) [5]: A proper submodule 𝐿 of  an 𝑄-

module 𝐾 is called a quasi-small prime if [𝐿: < 𝑙 >] is 

a prime ideal of 𝑄, for each submodule < 𝑙 > ≪ 𝐾. 

Definition (2.5) [6]: An 𝑄-module 𝐾 is called a hollow 

module if every non-zero submodule of 𝐾 is small in 

K .  

Definition (2.6) [7]: A proper submodule 𝐶 of  an 𝑄-

module 𝐾 is called a small prime if whenever 

𝑎 Î 𝑄, 𝑙 ∈ 𝐾 with < 𝑙 >≪  𝐾  such that  𝑎𝑙 Î 𝐶 implies 

either 𝑙 Î 𝐶 or 𝑎 Î [𝐶: 𝐾]. 
Definition (2.7) [9]: An 𝑄 -module 𝐾  is called a 

multiplication if for each submodule 𝐿 of 𝐾 there is 

an ideal 𝐼 of 𝑄 such that 𝐿 = 𝐼𝐾.  

Proposition (2.8) [9]: A module M of R is 

multiplication if every non-empty submodule 𝐵 of M 

such that 𝐵 = (𝐵:𝑅M) M. 

 

3. Small Quasi Primary Submodules 

Definition (3. 1): A proper 𝑳 of Q- module 𝑲  is 𝐬𝐦𝐚𝐥𝐥 
quasi  primary if [𝑳: < 𝒍 >] is  primary ideal of 𝑸, for 

each 𝒔𝒎𝒂𝒍𝒍 𝒔𝒖𝒃𝒎𝒐𝒅𝒖𝒍𝒆 < 𝒍 >  ; that is whenever 

𝒙𝒚𝒍Î 𝑳 for 𝒙, 𝒚 ∈ 𝑸  and 𝒍 ∈ 𝑲 such that  < 𝒍 > ≪ 𝑲, 
then either 𝒙𝒍 Î 𝑳 or  𝒚𝒎 𝒍Î 𝑳 for some 𝒎 ∈ 𝒁+ . 

A proper ideal 𝑪 of 𝑸 is small quasi-primary if 𝑪 is a 

small quasi-primary submodule of 𝒂𝒏 𝑸-module 𝑸. 

 

Remarks And Examples (3.2):  

1. Every quasi-small prime submodule is small 

quasi-primary, but the converse is not true, 
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for example: (0̅)  is small quasi-primary in 

𝑍8 ,  but not a quasi-small prime because 

(2̅) ≪ 𝑍8 and  [(0̅):(2̅) ] = 4 Z is not a prime 

ideal of 𝑍.   

2. (0̅)  is  small quasi-primary in 𝑍32 , as (8̅) ≪
𝑍32  and [(0̅): (8̅)]  =  4𝑍, a primary ideal .     

3. Assume  𝐾 =  𝑍 is a 𝑍-module; then each non-

zero submodule 𝐿 of 𝑍  is small quasi-

primary. Since < 0  >  is the only small 

submodule of 𝑍.   
4. All primary submodules are small quasi-

primary. However,  the converse is not true. 

For example, if we consider 𝐿 = 30𝑍 , it is 

evident that 𝐿 is not primary. But it is a small 

quasi-primary by (3).  

5. Every quasi-primary submodule is small 

quasi-primary. However,  the converse is not 

true. For example, consider 𝐾 =  𝑍12 as a 𝑍 –

module, 𝐿 =  (6̅)  is small quasi-primary 

(since 𝐿 is quasi-small prime by [5]. However 

𝐿 is not quasi quasi-primary submodule of  , 

since 2. 3. 1̅ ∈ 𝐿,  but 2. 1̅ ∉ 𝐿  and 3𝑚  . 1̅  ∉  𝐿,  
for  each 𝑚 ∈ 𝑍+. 

6. If  𝐾 is a hollow 𝑄-module, then every small 

quasi primary submodule L of a module K is 

quasi-primary submodule.  

Proof: 

As   L is a small  quasi primary in K, [L: < 𝑙 >] 
is a primary ideal  for each submodule , < 𝑙 > ≪
𝐾. 𝑆𝑖𝑛𝑐𝑒  K  is a hollow Q-module, each submodules is 

small and hence [L: < 𝑙 >]is a primary ideal  for each 

submodule of an Q -module K.   Thus, L is quasi-

primary submodule, [2].  

 

7. If 𝐶  is a  small prime submodule of an 𝑄 -

module 𝐾, then 𝐶  is a  small quasi primary 

submodule in 𝐾 . 

Proof:  

Because 𝐶 is a small prime submodule, it is also a 

quasi-small prime submodule, [5 ]. Therefore, 𝐶 is a 

small quasi-primary submodule, (3.2, 1). 

8. If 𝐶  is a small primary submodule of a 𝑄 -

module 𝐾,  then it  is a small quasi-primary 

submodule in 𝐾 .  

Theorem (3.3): 

Assume that 𝐿  is a non-zero submodule of module  

𝐾.These are comparable:   

I] 𝐿 It is a small quasi-primary. 

II]  for each submodule  𝑈 ≪ 𝐾   where  H,  G are 

ideals of 𝑄,  𝐻𝐺𝑈 ⊊  𝐿, implies either 𝐻𝑈 ⊊  𝐿 or 𝐺𝑚U 
⊊  𝐿  for some 𝑚 ∈ 𝑍+. 

Proof:  

i.  (II): Let 𝐻𝐺𝑈 ⊊ 𝐿. If  𝐻𝑈 ⊈  𝐿  and  𝐺𝑚U 

⊈  𝐿  then ∃  𝑙, 𝑡Î 𝑈 , aÎ 𝐻 , bÎ G   and 𝑎𝑙Ï 𝐿, 

𝑏𝑚𝑡Ï 𝐿.   Since  < 𝑙 >⊊  𝑈 ≪ 𝐾    and  < 𝑡 > ⊊
 𝑈 ≪ 𝐾, it follows  < 𝑙 > ≪ 𝐾    and  < 𝑡 > ≪ 𝐾 

as well. However,  𝐿 is a small quasi-primary, 

therefore 𝑎𝑏 𝑙 Î 𝐿  and 𝑎𝑙Ï 𝐿  imply  

that  𝑏𝑚𝑙Î 𝐿 .   Also, ab t Î 𝐿  and 𝑏𝑚𝑡Ï 𝐿 

indicate that 𝑎𝑡 ∈ 𝐿 . Therefore,   𝐻𝑈 ⊊  𝐿  or 

𝐺𝑚U ⊊  𝐿  for some 𝑚 ∈ 𝑍+. 

ii.   (I): Let 𝑎, 𝑏 Î 𝑄 , < 𝑙 > ≪ 𝐾    such that abl 

Î L Since. 𝑎𝑏 < 𝑙 > ⊊ 𝐿,  it follows that either 

𝑎 < 𝑙 > ⊊ 𝐿  or  𝑏𝑚 < 𝑙 > ⊊ 𝐿 . This means that 

𝑎𝑙 ∈ 𝐿  or  𝑏𝑚𝑙Î 𝐿 .    Hence, 𝐿  is small quasi 

primary. 

Corollary (3.4):  

 Assume that 𝐿 is a non-zero submodule of module 

𝐾.These are comparable:   

I] 𝐿 is small quasi primary. 

II]  ∀  𝑎, 𝑏Î 𝑄, 𝑈 ≪ 𝐾    such that 𝑎𝑏𝑈 ⊊  𝐿   implies 

either 𝑎𝑈 ⊊ 𝐿 or 𝑏𝑚U ⊊  𝐿   for some 𝑚 ∈ 𝑍+. 

Corollary (3.5): 

 Assume that 𝐿 be a non-zero submodule of a module 

𝐾.These are comparable:  

I] 𝐿 is a small quasi primary. 

II] If  (𝑢 ) ≪ 𝐾   and  𝐻 , 𝐺 is are ideals of 𝑄 such that 

𝐻𝐺𝑢 ⊊  𝐿,  implies either Hu ⊊  𝐿   or 𝐺𝑚 u ⊊  𝐿   for 
some  𝑚 ∈ 𝑍+ . We may now deliver the following 

result. 

Theorem (3.6): 

Let 𝐿  be a non-zero submodule of a 𝑄 - module 

𝐾.These are comparable:  

1. 𝐿 is a small quasi-primary  

2. √[𝐿: < 𝑞𝑘 >]  = √[ 𝐿: < 𝑘 > ] .For all < 𝑘 > ≪

 𝐾, 𝑘 ∈   𝐾,  there exists 𝑞 Î 𝑄  such that qÏ 

√[ 𝐿: < 𝑘 >]. 

Proof: 

 (1) (2): It is obvious that √[ 𝐿: < 𝑘 > ] ⊊

√[𝐿: < 𝑞𝑘 >]  . Let 𝑎 Î √[L: < qk >] for all q Ï 

√[ 𝐿: < 𝑘 >]  and k ∈   K, < 𝑘 >≪  K, therefore  

𝑎𝑚 𝑞𝑘 ⊊  𝐿  for some 𝑚 ∈ 𝑍+ . It follows that 

𝑎𝑚 𝑞 𝜖 [ 𝐿: <  𝑘 >]  is a primary ideal of 𝑄  and qÏ 

√[ 𝐿: < 𝑘 >] . Hence (𝑎𝑚  )𝑛 𝜖 [ 𝐿: < 𝑘 >]. for some 𝑛 ∈

𝑍+.     Thus, 𝑎 Î √[L: < k >].  So  √[𝐿: < 𝑞𝑘 >] ⊊

√[ 𝐿: < 𝑘 > ] .  Therefore  √[𝐿: < 𝑞𝑘 >]   = 

√[ 𝐿: < 𝑘 > ]. 

http://www.anjs.edu.iq/
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(2)  (1): Suppose that 𝑎, 𝑞 ∈ 𝑄, 𝑘 ∈ 𝐾 and < 𝑘 >≪

𝐾 such that ∈  [𝐿: < 𝑘 >] , and qÏ √[ 𝐿: < 𝑘 >]. Then 

𝑎 Î  [ 𝐿: < 𝑞𝑘 >] ⊊ √[ 𝐿: < 𝑞𝑘 > ] .  But √[𝐿: < 𝑞𝑘 >]  

= √[ 𝐿: < 𝑘 > ] by (2). Thus, a∈ √[𝐿: < 𝑘 >] . Then 𝐿 

is small quasi-primary . 

Proposition (3.7): 

Assume  𝐾 is an 𝑄-module and let 𝐼 is  an ideal of 𝑄 

with 𝐼 ⊊  𝑎𝑛𝑛𝐾. Then 𝐿 is  a small quasi-primary 𝑄-

submodule of 𝐾, iff 𝐿 is a small quasi-primary 𝑄/𝐼 − 

submodule of 𝐾. 

 

Proof:  

 Let 𝑎̅  ∈ 𝑄/𝐼,  𝑘 ∈ 𝐾, < 𝑘 > ≪ 𝐾 and 𝑎̅𝑘 ∈ 𝐿. But 𝑎̅𝑘 =
𝑎𝑘,  since 𝐼 ⊊ 𝑎𝑛𝑛𝐾.    As a result, we obtain the 

desired outcome. 

 

Proposition (3.8): 

Assume  𝜇: 𝐾 𝐻  be a Q-epimorphism. If L is a 

small quasi  primary submodule of a module H, then 

𝜇 – 1(L) is a small quasi primary submodule of K.  

Proof:   

We need to show that [𝜇– 1(L): < 𝑘 >] is a primary 

ideal if  0 ≠ < 𝑘 > ≪ K. Let t  and r Î Q, with  t rÎ  

[𝜇– 1(L) : < 𝑘 >]. And thus t r < 𝑘 >⊊ μ–1(𝐿).  Since  

𝜇 (t r < 𝑘 > )  ⊊  𝜇 (𝜇– 1(L) ), it follows that t r [𝜇 (<
𝑘 >] ⊊ 𝐿. Sice 𝜇 is an epimorphism, 𝜇 (𝜇– 1(L) ) =  L. 

But < 𝑘 > ≪ K   , so 𝜇 < 𝑘 >  ≪  H,[8] . L is small 

quasi-primary submodule of a module H . Thus, tr Î 

[L : 𝜇( < 𝑘 >)] which is a primary ideal. Hence either 

t Î [L : 𝜇( < 𝑘 >)] or 𝑟𝑚 Î [L  : 𝜇( < 𝑘 >)]  for some 

mÎZ+ and so   t 𝜇( < 𝑘 >) ⊊ 𝐿 or 𝑟𝑚  𝜇( < 𝑘 >) ⊊ 𝐿 .  

Therefore, either 𝜇( 𝑡 < 𝑘 >) ⊊ 𝐿 or   𝜇( 𝑟𝑚 < 𝑘 >) ⊊
𝐿 . Thus, either  𝑡 < 𝑘 >⊊ 𝜇– 1(L)  or   𝑟𝑚 < 𝑘 >⊊ 𝜇– 

1(L) . that is either t Î  [𝜇– 1(L)  : < 𝑘 >] or 𝑟𝑚Î [𝜇– 1(L) 

: < 𝑘 >]. Hence  [𝜇– 1(L) : < 𝑘 >] is a primary ideal 

∀ 0 ≠ < 𝑘 > ≪ K . Therefore 𝜇 – 1(L) is a small quasi-

primary submodule of K. 

We may now deliver the following result: 

Proposition (3. 9):  

Assume  K is a Q-module, S a multiplicative subset 

of Q, and L is a small quasi-primary of K. Then Ls is 

a small quasi-primary submodule of  KS  . 

Proof:  

Assume that 𝑎 / 𝑠  Î QS  and 𝑥 / 𝑡 Î 𝐾 S with 𝑎𝑥 /
 𝑠𝑡 Î 𝐿S  such that ( 𝑥/𝑡) ˂˂ 𝐾S . So ∃ 𝑢Î 𝑆 such that 

𝑢𝑎𝑥 Î 𝐿. However, because (𝑥/𝑡)  ≪  𝐾S , [7] concludes 

that (𝑥)  ≪  𝐾  . So that (𝑢𝑥)  ˂˂ 𝐾 . Since L is small 

quasi-primary of  K. Then either ux Î L or  

(a)mÎ [𝐿: 𝐾] where m Î Z+. Therefore. either 𝑢𝑥 /𝑢𝑡 =
 𝑥/𝑡Î 𝐿S or  (a / s)m Î [L:K]S ⊊ [LS : K S] for some 

𝑚Î 𝑍 + .  Therefore. LS is a small quasi-primary 

submodule of KS.  

Proposition (3.10): 

𝐴𝑠𝑠𝑢𝑚𝑒  𝐿 is a submodule of 𝑄-module 𝐾. Then L is a  

small quasi-primary submodule  of K if and only if 

[𝐿:𝐾  𝐼] is a small quasi-primary submodule of 𝐾 for 

each ideal I of 𝑄 . 

Proof: 

To prove [𝐿:𝐾   𝐼] is a small quasi- primary submodule 

of K , we must show that [ [𝐿:𝐾   𝐼] ∶  (𝑘) ] is a primary 

ideal, ∀ 0 ≠  (𝑘)  ≪  𝐾 . If 𝑎, 𝑏 ∈ 𝑄  and  𝑎 𝑏 ∈
 [ [𝐿:𝐾   𝐼] ∶  (𝑘) ]  and suppose a ∉ [ [𝐿:𝐾  𝐼] ∶ 𝑘) ] , then 

𝑎𝑏𝑘𝐼 ⊊ 𝐿  and 𝑎𝑘𝐼 ⊈ 𝐿  . Hence, 𝑎𝑏𝐼  ⊊ [ 𝐿: (𝑘)].   
However, is a primary ideal, which means that a I ⊈
[ 𝐿: (𝑘)]  . Thus, bm ∈  [ 𝐿: (𝑘) ]  for some 𝑚 ∈  𝑍+  and   

𝑏𝑚 𝑘 ⊊ 𝐿 ⊊ [L:𝐾  I]  .So, bm  ∈ [ [L:𝐾 I] : (k)]  and hence 

[L:𝐾 I]  is a small quasi-primary submodule of 𝐾 .  To 

get the opposite, take  =  𝑄 . 

 

Remark (3. 11): 

 If L is a small quasi-primary submodule of K, then  

[L : K] is not a primary ideal of Q. For [ 𝐿: (𝑘)]  
example: 𝐾 =  𝑍24 as a 𝑍 –module , 𝐿 =  ( 6̅ ) is small 

quasi-primary. But 6𝑍 =  [ 𝐿: 𝐾] is not primary ideal 

of 𝑍.  
 

Proposition (3.12):     

Let 𝐿 be a non-zero submodule of a faithful finitely 

generated multiplication Q- Q-module 𝐾 . Then 𝐿 is 

small quasi-primary submodule of K iff  [L:K] is a 

small quasi-primary ideal of Q. 

 

Proof:  

 ⟹  Let 𝑎𝑏𝑐 Î[𝐿: 𝐾]  where 𝑎, 𝑏, 𝑐 Î 𝑄 such that (𝑐)  ≪
 𝑄. Then < 𝑎𝑏𝑐 >  𝐾 ⊊  𝐿. But (𝑐)  ≪  𝑄, so < 𝑎𝑏𝑐 >≪
 𝑄 , [8].   Since 𝐾  is a finitely generated faithful 

multiplication module, so 𝑐𝐾 ˂˂ 𝐾  [8]. But L  is a 

small quasi-primary submodule, it follows that either 

𝑎𝑐𝑋 ⊊  𝐿 or  𝑏𝑚  cK ⊊ L  for some m ∈ Z+ .  .Thus, 

either 𝑎𝑐 Î[𝐿: 𝐾]   or bmc  Î[𝐿: 𝐾] .  Hence  [𝐿: 𝐾]  is a 

small quasi-primary ideal of Q. 

⟸  ] Let 𝑎, 𝑏 Î 𝑄, 𝑘 Î 𝐾, < 𝑘 >  ≪  𝐾  such that 

𝑎𝑏𝑘 Î 𝐿 ,  thus, 𝑎𝑏 < 𝑘 >  ⊊  𝐿.  Since 𝐾  is a 

multiplication module, so < 𝑘 > =  𝐼𝐾 for some idael 𝐼 

of 𝑄. Hence 𝑎𝑏𝐼𝐾 ⊊  𝐿 and so abI⊊ [L:K]. But 𝐼𝐾 ≪
 𝐾 , then 𝐼 ≪  𝑄.  Since [𝐿: 𝐾] is a small quasi-primary 

ideal of Q, so either Ia ⊊ [L:K] or  𝑏𝑚𝐼 ⊊  [𝐿: 𝐾] for 

some m ∈ Z+. Hence  either 𝐼𝑎𝐾 ⊊  [𝐿: 𝐾]𝐾 or  bmIK ⊊ 

[L:K] X for some m ∈ Z+ . Since K a multiplication 

module, so either 𝑎𝑘  Î 𝐿 or b mkÎ L. Then L is a small 

quasi-primary submodule of K. 
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Proposition (3.13): 

 Let 𝐿 be a non-zero submodule of a faithful finitely 

generated multiplication 𝑄- module K. Then   [𝐿: 𝐾] is 

a small quasi-primary ideal of 𝑄 iff 𝐿 =  𝐼𝐾 for some 

small quasi primary ideal I of Q.  

 

Proof:  

⟹  Since [L:K] is a small quasi-primary ideal of Q 

and K multiplication Q- Q-module, then L= [L:K]K, it 

follows that  L = IK  and I= [L: K] is a small quasi-

primary ideal of Q. 

⟸;  Suppose that L = IK for some small quasi-

primary ideal I of Q. Since K is a multiplication Q- Q-

module, so we have L= [L:K]K= IK. But K is a faithful 

finitely generated multiplication, then I= [L:K], [9]. 

Then   [L:K] is a small quasi-primary ideal of Q. 

Theorem(3.14): 
 Let L be a non-zero submodule of a faithful finitely 

generated multiplication Q- Q-module K,.These are 

comparable:  

1. 𝐿 is small quasi-primary.  

2. [L:𝑄 K] is a small quasi primary ideal of Q. 

3. 𝐿 =  𝐼𝐾 for some ideal I of Q. 

Proof : 

  (1) ⟺ (2) , by Proposition (2.12). 

            (2) ⟺  (3) ,  by Proposition (2.13). 

Proposition (3.15):  

Let Q be a ring and U,V be two submodules of an Q – 

module K such that U is not contained in V. If N is a 

small quasi- primary submodule of K then U  V is a 

small quasi-primary submodule of U .  

 

Proof:  

Since U  N ,U  V is a proper submodule of U . Let 

a,q Î Q, u Î U, (u) ≪ U such that aqu Î U  V, then 

aqu Î V. But V is a small quasi-Primary submodule 

of K and (u) ≪ K ,so either 𝑎u Î V or 𝑞𝑚 uÎ V. Since 

u Î U, so either 𝑎u Î U  V or 𝑞 uÎ U  V. Thus, V 

 U is a small quasi-primary submodule of U . 

 

Remark (3.16 ):  

Let 𝐾1 , 𝐾2  be two 𝑄 -modules and let 𝐾 = 𝐾1⨁𝐾2 .  If 
 𝐿1, 𝐿2 are  small quasi-primary submodules of 𝐾1, 𝐾2 

so it is not necessary 𝐿 = 𝐿1⨁𝐿2  is a  small quasi-

primary submodule of 𝐾. For example, Let 𝐾 =  𝑍⨁𝑍 

as a 𝑍 –module, 𝐿 =  2𝑍 ⨁3𝑍  is not a small quasi-

primary since (0) ≪ K and  [L : (0)] = 6Z, which is not 

a primary ideal of Z. But 2Z ,3Z are small quasi-

primary. 

 

Proposition (3.17): 

Let 𝐿1 , 𝐿2 be two 𝑄-modules,  and define  𝐿 𝑎𝑠 𝐿1⨁𝐿2 . 

1- 𝐿1  is a small quasi-primary of 𝐾  iff 𝐿1⨁𝐾2  is a 

small quasi-primary submodule of 𝐾. 

2- 𝐿2  is a  small quasi-primary of 𝐾  iff  𝐾1⨁𝐿2  is a 

small quasi-primary submodule of 𝐾. 

 

Proof: 1) : 

⟹ 𝐴𝑠𝑠𝑢𝑚𝑒 𝑎, 𝑞 ∈ 𝑄, 𝑘 ∈ 𝐾1, < 𝑘 > ≪ 𝐾1 and  𝑎𝑞𝑘 ∈ 𝐿 . 

Thus, 𝑎𝑞(𝑘 + 0) ∈ 𝐿1⨁𝐾2,  and since < 𝑘 >≪ 𝐾1,  then 

< 𝑘 + 0 >≪ 𝐾, [8]. However, since  𝐿1⨁𝐾2 is a small 

quasi-primary submodule of 𝐾,   either 𝑎(𝑘 + 0) ∈
𝐿1⨁𝐾2  or 𝑞𝑚(𝑘 + 0) ∈ 𝐿1⨁𝐾2  for some 𝑚 ∈ 𝑍+ . Thus, 

either a 𝑘 ∈ 𝐿1 or 𝑞𝑚  ( 𝑘 ∈ 𝐿1   . Therefore,  𝐿1  is a  

small quasi-primary of 𝐾. 

 ⟸; Assume  a, b ∈ Q, k ∈ K, 𝑎𝑛𝑑 < 𝑘 > = < 𝑝 > ⨁  <
𝑦 >≪ 𝐾  , p ∈ L1 and y ∈ L2  so that  ab ∈ [L1⨁K2 : <
𝑘 >]. Since k =  p+y,  ab( (p+y) ∈ L1⨁K2. Hence, abp + 

aby = q+ z, for some q∈ L1 and z  ∈ K2 . Thus, abp _ q 

=z_ aby  ∈ K1  K2 = 0 , so abp =q ∈ L1  and  < 𝑝 >⊊
𝐿1, which is a direct summnd of 𝐾, then < 𝑝 >≪ 𝐾. 

But 𝐿1 is a  small quasi-primary of𝐾1 , then either a p 

∈ L1 or 𝑏𝑚𝑝 ∈ 𝐿1 . So, either ak =  a (p+y)  ∈ 𝐿1⨁𝐾2   or 

𝑏𝑚 𝑘 = 𝑏𝑚(𝑝 + 𝑦) ∈ 𝐿1⨁𝐾2 for some 𝑚 ∈ 𝑍+.   Hence, 

𝐾1⨁𝐿2  is a small quasi-primary submodule of 𝐾 . A 

similar method can be used to show (2). 

Proposition (3.18): 

 Let 𝐾1  𝑎𝑛𝑑  𝐾2  be two 𝑄 -modules,  and set 𝐾 =
𝐾1⨁𝐾2 .  If 𝐿 = 𝐿1⨁𝐿2  is a small quasi-primary 

submodule of 𝐾 , then 𝐿1  and  𝐿2  are small quasi-

primary of 𝐾1 and 𝐾2 .. 

Proof: 

 Assume 𝑡, 𝑦 ∈ 𝑄, 𝑘 ∈ 𝐾1, < 𝑘 >≪ 𝐾1  and  𝑡𝑦 < 𝑘 >⊊
𝐿1 . Then  𝑡𝑦 < 𝑘 > ⨁0 ⊊ 𝐿1⨁𝐿2 and  so 𝑡𝑦 ∈
[𝐿1⨁𝐿2 : < 𝑘 > ⨁0] . However, since (𝑘) ≪ 𝐾1  and 

(0) ≪ 𝐾2  , states that  (𝑘, 0) ≪ 𝐾1⨁𝐾2  by [8]. But 

𝐿1⨁𝐿2  is a small quasi-primary submodule of 𝐾. 
Therefore, 𝑡 ∈ [𝐿1⨁𝐿2 : < 𝑘 > ⨁0]  or 𝑦𝑚 ∈ [𝐿1⨁𝐿2 : <
𝑘 > ⨁0] for some 𝑚 ∈ 𝑍+. Thus, either t (< 𝑘 > ⨁0) ⊊
𝐿1⨁𝐿2 or 𝑦𝑚 (< 𝑘 > ⨁0) ⊊ 𝐿1⨁𝐿2  and thus either (tk, 

0) ∈ 𝐿1⨁𝐿2 or (𝑦𝑚𝑘, 0) ∈ 𝐿1⨁𝐿2 . Thus, either tk ∈ 𝐿1 

or 𝑦𝑚𝑘 ∈ 𝐿1  implying that  t ∈ [𝐿1 ∶  𝑘] or 𝑦𝑚 ∈ [𝐿: 𝑘] 
for some 𝑚 ∈ 𝑍+ . Hence, [𝐿1 ∶  𝑘]   is a small quasi-

primary ideal. Therefore  𝐿1 is a small quasi-primary 

of 𝐾1. 

𝐿2 is a quasi-small primary of 𝐾2   by a similar proof. 

4. Conclusions  

The most important findings in this research are the 

following properties and theorems: All (primary - 
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quasi-small prime quasi  primary - small primary)  

submodules  are small quasi primary. And 𝐿 is small 

quasi primary  iff  for each submodule  𝑈 ≪ 𝐾   where  

H,  G are ideals of 𝑄,  𝐻𝐺𝑈 ⊊  𝐿, implies either 𝐻𝑈 ⊊
 𝐿 or 𝐺𝑚U ⊊  𝐿  for some 𝑚 ∈ 𝑍+. Also,  𝐿 is a small 

quasi-primary iff  √[𝐿: < 𝑞𝑘 >]  = √[ 𝐿: < 𝑘 > ] .For 

all < 𝑘 > ≪  𝐾, 𝑘 ∈   𝐾,  there exists 𝑞 Î 𝑄 such that 

qÏ √[ 𝐿: < 𝑘 >].   
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