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In this research, a new concept (small quasi-primary submodules) has
been presented, which is a generalization of a previously studied concept
(quasi-primary submodules) and a comprehensive study of it in terms of

features and properties. We have also given some examples and
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observations about it. Its relationship with previously studied concepts
was studied, and the equivalence, under certain conditions, between
these concepts and the new concept was demonstrated.
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1. Introduction

The concept of primary submodules has been
previously studied by several researchers and is
presented in sources [1], [2]. This concept was
generalized by a group of researchers, for example, A.
J. Abdul-Alkalik in 2005 [ 2]. A generalization was
presented called quasi-primary submodules. And the
second generalization by the same researcher was
called small primary submodules. In this research,
we have generalized the concept of quasi-primary
submodule, and its definition is as follows: we call a
non-zero submodule L of K is small quasi-primary if
[L: < k >] is a primary ideal of Q, for each submodule
< k > « K.In the third section of this research, we
have demonstrated important issues and theorems
that describe the most important properties of this
type of partial measurements.

2. Basics of Research

Definition (2.1) [2]: A proper submodule L of Q-
module K is called a quasi-primary if [L:K] is a
primary ideal of Q, for each submodule L of K.
Definition (2.2) [3]: a submodule L of Q-
module K small primary submodule if whenever
ecQ, k€K, <k>is small in K and ek €L, then

either k e L or e € \/[L: K].

Definition (2.3)[4]: A submodule L of K is called small
(notationally, L « K) if L + H = K for all submodules
H of K implies H = K.

Definition (2.4) [5]: A proper submodule L of an Q-
module K is called a quasi-small prime if [L: < [ >] is
a prime ideal of Q, for each submodule < [ > « K.

Definition (2.5) [6]: An Q-module K is called a hollow
module if every non-zero submodule of K is small in
K.

Definition (2.6) [7]: A proper submodule C of an Q-
module K i1s called a small prime if whenever
a €Q,l € K with <l >« K such that al € C implies
either l e Cora € [C:K].

Definition (2.7) [9]: An Q -module K is called a
multiplication if for each submodule L of K there is
an ideal I of Q such that L = IK.

Proposition (2.8) [9]: A module M of R is
multiplication if every non-empty submodule B of M
such that B = (B:zM) M.

3. Small Quasi Primary Submodules

Definition (3. 1): A proper L of Q- module K is small
quasi primary if [L: < I >] is primary ideal of Q, for
each small submodule <1> ; that is whenever
xyleL for x,y € Q and Il € K such that <l><«K,
then either xl e L or y™ le L for someme Z, .

A proper ideal C of Q is small quasi-primary if C is a
small quasi-primary submodule of an Q-module Q.

Remarks And Examples (3.2):
1. Every quasi-small prime submodule is small
quasi-primary, but the converse is not true,
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for example: (0) is small quasi-primary in
Zg, but not a quasi-small prime because
(2) K Zgand [(0):(2)] = 4 Z is not a prime
ideal of Z.

2. (0) is small quasi-primary in Zs, , as (8) «
Z3, and [(0): (8)] = 4Z, a primary ideal .

3. Assume K = Zis a Z-module; then each non-
zero submodule L of Z is small quasi-
primary. Since <0 > is the only small
submodule of Z.

4. All primary submodules are small quasi-
primary. However, the converse is not true.
For example, if we consider L = 30Z, it is
evident that L is not primary. But it is a small
quasi-primary by (3).

5. Every quasi-primary submodule is small
quasi-primary. However, the converse is not
true. For example, consider K = Z;, as a Z —
module, L= (6) is small quasi-primary
(since L is quasi-small prime by [5]. However
L is not quasi quasi-primary submodule of ,
since 2.3.1 €L, but2.1¢L and3™.1 ¢ L,
for eachme€ Z,.

6. If Kis a hollow Q-module, then every small
quasi primary submodule L of a module K is
quasi-primary submodule.

Proof:

As Lisasmall quasiprimaryinK, [L:< >]
isaprimary ideal for each submodule ,<I[> <«
K.Since K is a hollow Q-module, each submodules is
small and hence [L:< [ >]is a primary ideal for each
submodule of an Q-module K. Thus, L is quasi-
primary submodule, [2].

7. If C is a small prime submodule of an Q-
module K, then C is a small quasi primary
submodule in K .

Proof:

Because C is a small prime submodule, it is also a
quasi-small prime submodule, [5 ]. Therefore, C is a
small quasi-primary submodule, (3.2, 1).

8. If C i1s a small primary submodule of a Q-
module K, then it is a small quasi-primary
submodule in K .

Theorem (3.3):

Assume that L is a non-zero submodule of module
K .These are comparable:

Il L It is a small quasi-primary.

II] for each submodule U « K where H, G are
ideals of Q, HGU < L, implies either HU € L or G™U
¢ L forsomemc€ Z,.

Proof:

i. —— (ID:LetHGU € L.If HU ¢ L and G™U
¢ L then3 [, teU,acH,beG andalgl,
b"tzL. Since <[> U KK and <t>¢&
U KK, it follows <>« K and <t><«K
as well. However, L is a small quasi-primary,
therefore ablel and algl imply
that b™leL. Also, ab t €L and b™tgL
indicate that at € L. Therefore, HU < L or
G"U< L for somemE€ Z,.

11. ——>M:Leta,b eQ, <>« K suchthatabl
e L Since. ab < 1 > & L, it follows that either
a<l>%Lor b <Il>¢% L. This means that
al €L or b™lelL. Hence, L is small quasi
primary.

Corollary (3.4):
Assume that L is a non-zero submodule of module
K .These are comparable:

Il L is small quasi primary.
II] V a,beQ, UK K such that abU € L
eitheralU S Lor b™US L for somem € Z,.

implies

Corollary (3.5):

Assume that L be a non-zero submodule of a module
K .These are comparable:
Il L is a small quasi primary.

Il If (u) <K and H,G is are ideals of Q such that
HGu € L, implies either Hu S L or G™"u < L for
some me€ Z,. We may now deliver the following
result.

Theorem (3.6):
Let L be a non-zero submodule of a Q - module
K .These are comparable:
1. Lis a small quasi-primary
2. J[L: <qgk>] =[L: <k>].Forall <k><
K, k € K, there exists q €Q such that q¢

JIL: <k >l

Proof:

(1) —(2): It is obvious that /[L: <k>]¢&
JIL: <qgk>] . Let ae,[L:<qgk>] for all q ¢
JIL: <k>] and k € K, <k >« K, therefore

a™qgk ¢ L for some meZ, . It follows that
a"qe[L:< k>] is a primary ideal of Q and q ¢

m . Hence (@™ )" e[L: <k >].forsomen €
Z,. Thus, a Em So m ¢
m . Therefore [L: < qk >] =
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(20 ——(1): Suppose that a,q € Q,k € K and < k >«
K such that € [L: <k >],and qg# /[ L: <k >]. Then

ael[l:<qk>] S[L: <qgk>]. But.[L: <qgk>]
=/[L: <k >]by (2). Thus, a€ /[L: <k >]. ThenL

is small quasi-primary .

Proposition (3.7):

Assume K is an Q-module and let I is an ideal of Q
with I € annK.Then L is a small quasi-primary Q-
submodule of K, iff L is a small quasi-primary Q/I —
submodule of K.

Proof:

Leta € Q/I, ke K, <k >« K and ak € L. But ak =
ak, since I € annK. As a result, we obtain the
desired outcome.

Proposition (3.8):

Assume u:K——>H be a Q-epimorphism. If L is a
small quasi primary submodule of a module H, then
u - U(L) is a small quasi primary submodule of K.

Proof:

We need to show that [u- 1(L): < k >] is a primary
ideal if 0 # <k >« K. Lett andr € Q, with t re
[u- (L) : <k >]. And thus t r <k > p1(L). Since
putr <k>) < u(u (L)), it follows that t r [u (<
k >] € L. Sice p is an epimorphism, u (u- (L) ) = L.

But<k>«K ,sou<k> « HI8 .L is small
quasi-primary submodule of a module H . Thus, tr
[L: u( < k >)] which is a primary ideal. Hence either
telL:pu(<k>)]orr™e [L u(<k>)] for some
meZ+ and so tu(<k>)SLorr™ u(<k><L.
Therefore, either u(t <k >)GLor u(rm<k>)&
L. Thus, either t<k > uI@) or ™ <k>Cu-
I(L). thatis either t € [pu~UL) : <k >]or r™e [u~UL)
:<k>]. Hence [u~UL):<k>]is a primary ideal
V0 # < k > « K. Therefore u — (L) is a small quasi-
primary submodule of K.

We may now deliver the following result:

Proposition (3. 9):

Assume K is a Q-module, S a multiplicative subset
of Q, and L is a small quasi-primary of K. Then Ls is
a small quasi-primary submodule of Ks .

Proof:

Assume that a/s € Qs and x/t eKs with ax/
st e Ls such that (x/t) <<Ks . So 3ue S such that
uax € L. However, because (x/t) « Ks, [7] concludes
that (x) € K. So that (ux) << K. Since L is small
quasi-primary of K. Then either ux € L or
(a)me [L: K] where m e Z+. Therefore. either ux /ut =
x/tels or (a/ s)m e [LiKls ¢ [Ls : K sl for some

meZ +. Therefore. Ls is a small quasi-primary
submodule of Ks.

Proposition (3.10):

Assume L is a submodule of Q-module K. Then L is a
small quasi-primary submodule of K if and only if
[L:x I] is a small quasi-primary submodule of K for
each ideal I of Q .

Proof:

To prove [L:x I]is a small quasi- primary submodule
of K, we must show that [ [L:x I]: (k)] 1is a primary
ideal, VO# (k) K K . If ab €Q and ab €
[[L:x I]: (k)] and suppose a & [[L:x I]: k)], then
abkl €L and akl €L Hence, abl < [L:(k)].
However, is a primary ideal, which means thata I &
[L: (k)] . Thus, bme [L: (k)] for somem € Z, and
bk L & [L: 1] .So,bm € [[Li Il : (k)] and hence
[L:g II is a small quasi-primary submodule of K . To
get the opposite, take = Q .

Remark (3. 11):

If L is a small quasi-primary submodule of K, then
[L : K] is not a primary ideal of Q. For [L: (k)]
example: K = Z,, as a Z —module , L = (6) is small
quasi-primary. But 6Z = [ L:K] is not primary ideal
of Z.

Proposition (3.12):

Let L be a non-zero submodule of a faithful finitely
generated multiplication Q- Q-module K. Then L is
small quasi-primary submodule of K iff [L:K] is a
small quasi-primary ideal of Q.

Proof:

= Let abc €[L: K] where a,b,c € Q such that (¢) «
Q. Then <abc > K< L. But (¢) € @, s0 < abc >K
Q, [8l. Since K is a finitely generated faithful
multiplication module, so cK <<K [8]. But L is a
small quasi-primary submodule, it follows that either
acX € Lor b™ cK ¢ L for some me Z,. .Thus,
either ac €[L: K] or b™c €[L:K]. Hence [L:K] is a
small quasi-primary ideal of Q.

& ] Let abeQkeK,<k><« K such that
abk €L , thus, ab<k> & L. Since K is a
multiplication module, so < k > = IK for some idael I
of Q. Hence abIK & L and so abl& [L:K]. But IK «
K, then I « Q. Since [L: K] is a small quasi-primary
ideal of Q, so either Ia € [L:K] or b™I & [L:K] for
some m € Z,. Hence either IaK & [L:K]K or b™IK &
[L:K] X for some m € Z,. Since K a multiplication
module, so either ak €L or b™ke L. Then L is a small
quasi-primary submodule of K.
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Proposition (3.13):

Let L be a non-zero submodule of a faithful finitely
generated multiplication Q- module K. Then [L:K]is
a small quasi-primary ideal of Q iff L = IK for some
small quasi primary ideal I of Q.

Proof:

= Since [L:K] is a small quasi-primary ideal of Q
and K multiplication Q- Q-module, then L= [L:K]K, it
follows that L = IK and I= [L: K] is a small quasi-
primary ideal of Q.

&; Suppose that L. = IK for some small quasi-
primary ideal I of Q. Since K is a multiplication Q- Q-
module, so we have L= [L:K]K=IK. But K is a faithful
finitely generated multiplication, then I= [L:K], [9].
Then [L:K]is a small quasi-primary ideal of Q.

Theorem(3.14):

Let L be a non-zero submodule of a faithful finitely
generated multiplication Q- Q-module K,.These are
comparable:

1. L is small quasi-primary.
2. [L:, Kl is a small quasi primary ideal of Q.
3. L = IK for some ideal I of Q.

Proof :

(1) & (2), by Proposition (2.1.9).
(2) & (3), by Proposition (2.139).

Proposition (3.15):

Let Q be a ring and U,V be two submodules of an Q —
module K such that U is not contained in V. If Nis a
small quasi- primary submodule of K then U Visa
small quasi-primary submodule of U .

Proof:

Since U ¢ N ,U n V is a proper submodule of U . Let
a,q € Q, u e U, (u) « U such that aqu € UV, then
aqu € V. But V is a small quasi-Primary submodule
of K and (u) « K ,so0 either au € V or g™ ue V. Since
u e U, so eitherau €e Un Vorque Un V. Thus, V
N U is a small quasi-primary submodule of U .

Remark (3.16 ):

Let K, ,K, be two Q-modules and let K = K;®K, . If
L1, L, are small quasi-primary submodules of K;, K,
so it is not necessary L = L;®L, is a small quasi-
primary submodule of K. For example, Let K = Z®Z
as a Z —module, L = 2Z ®3Z 1is not a small quasi-
primary since (0) « K and [L : (0)] = 6Z, which is not
a primary ideal of Z. But 2Z ,3Z are small quasi-
primary.

Proposition (3.17):
Let L, ,L, be two Q-modules, and define L as L,®L, .

1- L, is a small quasi-primary of K iff L, @K, is a
small quasi-primary submodule of K.

2- L, is a small quasi-primary of K iff K;®L, is a
small quasi-primary submodule of K.

Proof: 1) :

= Assume a,q €Q, k€ K,,< k>« K, and aqgk €L .
Thus, aq(k + 0) € L;®K,, and since < k >«K K;, then
<k +0><K, [8]. However, since L;®K, is a small
quasi-primary submodule of K, either a(k+0) €
Li®K, or q™(k + 0) € L,®K, for somem € Z,. Thus,
either a k € L, or q™ (k € L; . Therefore, L, is a
small quasi-primary of K.

—; Assume a,beQ, k€K, and <k>=<p>0 <
y>&KK ,p€L;and y €L, so that ab e [L;®K,: <
k >]. Since k = p+y, ab((p+y) € L;®K,. Hence, abp +
aby = g+ z, for some q€ L; and z € K, . Thus, abp _ q
=z_aby €K, "K, =0, so abp =q €L; and <p >&
L,, which is a direct summnd of K, then < p >« K.
But L, is a small quasi-primary ofK; , then either a p
€L, or b™p € L, . So, either ak = a (p+y) € L;®K, or
b™k =b"™(p+y) €L ®K, for somemeZ,. Hence,
K ®L, is a small quasi-primary submodule of K. A
similar method can be used to show (2).

Proposition (3.18):

Let K; and K, be two Q -modules, and set K =
Ki®K,. If L=L,®L, is a small quasi-primary
submodule of K, then L, and L, are small quasi-
primary of K; and K, ..

Proof:
Assume t,y€Q, k€ K,, <k >K K, and ty<k>%
L. Then ty<k>@®0 £L,®L, and so tyE€

[Li®L,: <k >&0]. However, since (k) < K; and
(0) K K, , states that (k,0) < K;®K, by [8]. But
L,®L, is a small quasi-primary submodule of K.
Therefore, t € [L{®L,: <k > ®0] or y™ € [L;BL,: <
k > @0] for somem € Z,.. Thus, either t (< k > ®0) &
Li®L, or y™ (< k > ®0) & L;®L, and thus either (tk,
0) € L,®L, or (y"k,0) € L;®L, . Thus, either tk € L,
or y™k € L, implying that t € [L;: k] or y™ € [L: k]
for some m € Z,. Hence, [L; : k] is a small quasi-
primary ideal. Therefore L; is a small quasi-primary
of K;.

L, 1s a quasi-small primary of K, by a similar proof.
4. Conclusions

The most important findings in this research are the
following properties and theorems: All (primary -
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quasi-small prime quasi primary - small primary)
submodules are small quasi primary. And L is small
quasi primary iff for each submodule U « K where
H, G are ideals of Q, HGU & L, implies either HU <
Lor GM"US L for somem€ Z,. Also, Lis a small
quasi-primary iff \/[L: < gk >] =./[L: <k >] .For
all <k >« K, k € K, there exists g € Q such that

qe J[L: <k >
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