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1. INTRODUCTION 

The significant contribution of completely primary finite rings with identity 1 0  in the classification of finite rings 

cannot be underscored in the field of algebraic structures. Since every finite ring is expressible as a direct sum of 

completely primary finite rings, several authors have constructed completely primary finite rings whose Jacobson radical

( )J R yield particular structures. The results due to Raghavendran [1] on the structure of the unit groups of the Galois 

ring ( )0 ,kr kR GR p p=  stirred up the research on the classification of unit groups in the finite extension of these rings. 

In [1,6,7], the authors have given a construction of completely primary finite rings satisfying ( )( ) ( )
2

0J R =  whose 

structures are well classified for characteristic p  and 
2p . Chikunji [2], provided a construction of a class of completely 

primary finite rings R  whose Jacobson radical satisfy ( )( ) ( )
3

0J R = and ( )( ) ( )
2

0J R  . The structure of the 
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group of units of these rings for characteristic ,p
2p and 

3p  were later determined and classified by Chikunji in [3,4,5]. 

In [8], Oduor and Ojiema gave a construction of completely primary finite rings R  satisfying the conditions 

( )( ) ( ) ( )( ) ( )
4 3

0 ; 0J R J R=   and determined the structure of the unit groups of these rings for characteristic ,p

2 ,p 3p and
4p . Later in [10], the authors provided a construction of completely primary rings whose Jacobson radical 

( )J R satisfies the condition ( )( ) ( ) ( )( ) ( )
5 4

0 ; 0J R J R=  . The classification of the unit groups of these rings for 

characteristic ,p
2 ,p 3 ,p 4p and 

5p  based on variant orders of first and second Galois ring module generators  were 

outlined in [11,12]. Authors including Raghavendran [9] and Wilson [14] having extensively studied finite rings, although 

the classification of these rings into well-known structures is incomplete despite the fact that the tools necessary for 

describing the completely primary finite rings had been there for some time. This has triggered the construction of a 

specific class of the general construction of completely primary finite rings in which ( )( ) ( ) ( )( ) ( )
6 5

0 ; 0Z R Z R= 

and classification of its group of invertible elements for the characteristic p .  This construction involved the idealization 

of 0R  modules whose choice was based on Wilson [14].  

Throughout this paper, R  shall denote a completely primary finite ring, ( )Z R  the set of zero divisors of R , ( )J R  

Jacobson radical, and ( )U R  multiplicative group of units of R . 

The rest of this paper is organized as follows; in section 2, we give preliminary results and definitions that are important 

in this paper. In section 3, we provide a specific construction of the general construction of completely primary finite 

rings with six nilpotent subsets of zero divisors of characteristic p and investigate as well as determine its structure of 

the group of invertible elements. This is supplemented using an illustrative example at the end of the main results. Finally 

in section 4, we give a conclusion of this research and some areas in which this research may focus on in future.   

2. PRELIMINARIES 

The following definitions and theorems are fundamental and their proofs can be obtained from the cited references. 

Theorem 2.1 ([9], Theorem 2): Let R  be a finite ring with multiplicative identity 1 0 , whose set of zero divisors 

form an additive group ( )J R . Then: 

(i) ( )J R  is the Jacobson radical of R ;  

(ii) ,krR p=  and ( ) ( )1k r
J R p

−
= , for some prime p  and some positive integer , ;k r   

(iii)  ( )( ) ( )0 ;
n

J R =   

(iv)  The characteristic of the ring R  is 
np  for some integer n  with 1 n k   and 

(v)  If the characteristic is 
kp , then R  will be commutative. 
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Theorem 2.2 ([14], Proposition 2.2): Let R  be a completely primary finite ring of characteristic 
kp  with radical J  

such that ( )R J GR F . Then there exists an independent generating set 1,..., hu u J  of U  as an 0R  module 

such that each 0 , 1,...,iR u i h=  is an 0R  submodule of U  and 0 0 0 1 0 hR R U R R u R u=  =   . 

Theorem 2.3 ([13]): Let ( ),kr kR GR p p=  be the Galois ring of characteristic 
kp  and of order 

krp , that is 

𝐺𝑅(𝑝𝑘𝑟 , 𝑝𝑘) =
ℤ
𝑝𝑘
[𝑥]

(𝑓)
 where 𝑓 ∈ ℤ𝑝𝑘[𝑥] is a monic polynomial of degree r  whose image in  p x  is irreducible. Then 

R  has a coefficient subring 0R  of the form ( ),kr kGR p p  which is clearly a maximal Galois subring of R . The 

0Char R Char R=  and 0 0R pR  same as ( )R J R . Moreover 0R  is a Galois ring of the form 

( ), , 1kr kGR p p k n  .  

Definition 2.4 ([1]): A completely primary finite ring is a ring in which the set of all zero divisors form a unique 

maximal ideal. For more information on these rings, the reader is referred to [9]. 

Definition 2.5 ([6], section 4): Let R  be a finite ring. Then there is no distinction between left and right zero 

divisors(units) and every element in R is either a zero divisor or a unit. 

3. MAIN RESULTS 

Construction 3.1: We give a specific case of the general construction of a completely primary finite ring with six 

nilpotent subsets of zero divisors.  

For a prime integer p and a positive integer ,r let 0R  be a Galois ring of order
rp and of characteristic p . Let 

( ), , , ,i j k l mu v w x y Z R  for  1 ,i d   1 ,j e   1 ,k f   1 ,l g   1 m h    and ,U ,V ,W ,X

Y be finitely generated 0R  - modules by the generators   ,iu  ,jv   ,kw   ,lx and  my  respectively such that 

0R R U V W X Y=       is an additive abelian group. Additionally, the generators satisfy the conditions 

0,ipu = 0,jpv = 0,kpw = 0,lpx = 0mpy =  and ' '' ''' '''' ''''' 0i i i i i iu u u u u u = .  

Let 0

1 1 1 1 1

f gd e h

i i j j k k l l m m

i j k l m

r ru s v t w b x z y
= = = = =

+ + + + +     and  

' ' ' ' ' '

0

1 1 1 1 1

f gd e h

i i j j k k l l m m

i j k l m

r r u s v t w b x z y
= = = = =

+ + + + +      be any two elements of R . Then on R , define multiplication 

by  

' ' ' ' ' '

0 0

1 1 1 1 1 1 1 1 1 1

f g f gd e h d e h

i i j j k k l l m m i i j j k k l l m m

i j k l m i j k l m

r ru s v t w b x z y r r u s v t w b x z y
= = = = = = = = = =

  
+ + + + + + + + + +  

  
           
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( ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

' ' ' ' ' ' ' ' '

0 0 0 0 0 0 0 0

1 1 1 ,

' ' ' ' ' ' ' '

0 0 0 0

1 , 1

' ' ' '

,

fd e

i i i j j i i j k k i j

i j i k i j

g h

j i k l l i k k i j j l m m

l i k j m

i l l i j k k j

i j k

r r r r r r u r s s r r r v r t t r r s

s r w r b b r r t t r s s x r z z r

r b b r s t t s

= = =

= =

 
 = + + + + + + + + +  

  

 
 + + + + + + + +  

 

+ + +

    

   


,

m

l

y

 

 


 

We verify that the given multiplication turns R  into a ring with identity ( )1,0,0,0,0,0 .  

First, we demonstrate that this multiplication is associative. Suppose 

' ' ' ' ' '

0 0

1 1 1 1 1 1 1 1 1 1

, ,
f g f gd e h d e h

i i j j k k l l m m i i j j k k l l m m

i j k l m i j k l m

r ru s v t w b x z y r r u s v t w b x z y
= = = = = = = = = =

   
+ + + + + + + + + +   

   
         

'' '' '' '' '' ''

0

1 1 1 1 1

f gd e h

i i j j k k l l m m

i j k l m

r r u s v t w b x z y
= = = = =

 
+ + + + + 

 
      are elements of R where 

' ''

0 0 0 0, ,r r r R , then  

' ' ' ' ' '

0 0

1 1 1 1 1 1 1 1 1 1

'' '' '' '' '' ''

0

1 1 1 1 1

f g f gd e h d e h

i i j j k k l l m m i i j j k k l l m m

i j k l m i j k l m

f gd e h

i i j j k k l l m m

i j k l m

r ru s v t w b x z y r r u s v t w b x z y

r r u s v t w b x z y

= = = = = = = = = =

= = = = =

   
+ + + + + + + + + +   

    

 
+ + + + + 

 

         

    

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

' ' ' ' ' ' ' ' '

0 0 0 0 0 0 0 0

1 1 1 ,

' ' ' ' ' ' ' '

0 0 0 0

1 , 1

' ' ' '

,

fd e

i i i j j i i j k k i j

i j i k i j

g h

j i k l l i k k i j j l m m

l i k j m

i l l i j k k j

j k

r r r r r r u r s s r r r v r t t r r s

s r w r b b r r t t r s s x r z z r

r b b r s t t s

= = =

= =

  
  = + + + + + + + + +    

 

 
 + + + + + + + +  

 

+ + +

    

   

'' '' '' '' '' ''

0

, 1 1 1 1 1

f gd e h

m i i j j k k l l m m

i l i j k l m

y r r u s v t w b x z y
= = = = =

  
+ + + + +  

  
      

 

( ) ( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

( )

' '' ' '' ' '' ' '' ' '' ' '' ' ''

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

1 1

' '' ' '' ' '' ' '' ' '' ' '' ' '' ' ''

0 0 0 0 0 0 0 0 0 0 0

1 ,

' ''

0 0

d e

i i i i j j j

i j

f

i i i i i i j k k k i j j i

i k i j

i j i

r r r r r r r r r r r r u r r s r s r s r r

r r r r r r r r r v r r t r t r t r r r s r s r r

r r s r r

= =

=

  = + + + + + + +
  

 + + + + + + + +
 

+

 

  

( ) ( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( )

' '' ' '' ' '' ' '' ' '' ' '' ' ''

0 0 0 0 0 0 0 0

1

' '' ' '' ' '' ' '' ' '' ' '' ' '' ' '' ' ''

0 0 0 0 0 0 0 0 0

,

' '' ' '' '

g

j j i j i i i i k l l l

i l

i k k i i k i k k i k i j j j j j j

i k j

i j i j i i i i

s r s r s r r r r r w r r b r b r b r r

rt r t r r r r t r r t r t r t r r s s r r s s s r s

r s r s r r r r s

=

 + + + + + + +
 

+ + + + + + + +

+ +

 

 

( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( )

'' ' '' ' '' ' '' ' '' ' ''

0 0 0 0 0 0 0 0

, 1 ,

' '' ' '' ' '' ' '' ' '' ' '' ' '' ' '' ' ''

0 0 0 0 0 0 0 0 0

,

' '' ' '' ' ''

0

h

j l m m m i l l i

i j m i l

i l i l l i l i j k k j j k j k k j

j k

k j i k i k i i i

x r r z r z r z r r rb r b r r

r r b rr b r b r b r r s t r t s r r s t s r t r t s

t r s rt r t r r r

=


+ + + + + + 



+ + + + + + + + +

+ + +

  



( ) ( ) ( ) ( )' '' ' '' ' '' ' ''

, ,

i k j j i i j j j i j m

i k i j

r t s s r r s s s r s y+ + +
 
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( ) ( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )(

( )

' '' ' '' ' '' ' '' ' '' ' '' ' ''

0 0 0 0 0 0 0 0 0 0 0 0 0 0

1 1

' '' ' '' ' '' ' '' ' '' ' '' ' '' ' ''

0 0 0 0 0 0 0 0 0 0 0

1 ,

' ''

0 0

d e

i i i i i j j j

i j

f

i i i i i i j k k k i j j i

i k i j

i j i

r r r r r r r r r r r r u r r s r s r s r r

r r r r r r r r r v r r t r t r t r r r s r s r r

r r s r r

= =

=

  = + + + + + + +
  

 + + + + + + + +
 

+

 

  

( ) ( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

( ) ( )

' '' ' '' ' '' ' '' ' '' ' '' ' ''

0 0 0 0 0 0 0 0

1

' '' ' '' ' '' ' '' ' '' ' '' ' '' ' '' ' ''

0 0 0 0 0 0 0 0 0

,

' '' ' '' '

g

j j i j i i i i k l l l

i l

i k k i i k i k k i k i j j j j j j

i k j

i j i j i i i i

s r s r s r r r r r w r r b r b r b r r

r t r t r r r r t r r t r t r t r r s s r r s s s r s

r s r s r r r r s

=

 + + + + + + +
 

+ + + + + + + +

+ +

 

 

( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( )

'' ' '' ' '' ' '' ' '' ' ''

0 0 0 0 0 0 0 0

, 1 ,

' '' ' '' ' '' ' '' ' '' ' '' ' '' ' '' ' ''

0 0 0 0 0 0 0 0 0

,

' '' ' '' ' ''

0

h

j l m m m i l l i

i j m i l

i l i l l i l i j k k j j k j k k j

j k

k j i k i k i i i

x r r z r z r z r r r b r b r r

r r b r r b r b r b r r s t r t s r r s t s r t r t s

t r s r t r t r r r

=


+ + + + + + 



+ + + + + + + + +

+ + +

  



( ) ( ) ( ) ( )' '' ' '' ' '' ' ''

, ,

i k j j i i j j j i j m

i k i j

r t s s r r s s s r s y+ + +
 

 

( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

' '' ' '' ' '' ' ''

0 0 0 0 0 0

1 1 1 1 1 1 1

' '' ' '' ' '' ' '' ' '' ' '' ' '' ' ''

0 0 0 0 0

1 ,

f gd e h d e

i i j j k k l l m m i i i j

i j k l m i j

f

j i i j k k i j j i k l l

i k i j

r ru s v t w b x z y r r r r r r u r s

s r r r v r t t r r s s r w r b b r

= = = = = = =

=

  
  = + + + + + + + + +     

 

 
+ + + + + + + + 

  

      

  

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

1

' '' ' '' ' '' ' '' ' '' ' '' ' '' ' '' ' ''

0 0

, 1 , ,

g

l

h

i k k i j j l m m i l l i j k k j m

i k j m i l j k

r t t r s s x r z z r r b b r s t t s y

=

=




 
+ + + + + + + + 

 



    

 

' ' ' ' '

0 0

1 1 1 1 1 1 1 1 1

' '' '' '' '' '' ''

0

1 1 1 1 1 1

f g f gd e h d e

i i j j k k l l m m i i j j k k l l

i j k l m i j k l

f gh d e h

m m i i j j k k l l m m

m i j k l m

r ru s v t w b x z y r r u s v t w b x

z y r r u s v t w b x z y

= = = = = = = = =

= = = = = =

  
= + + + + + + + + + +  

  

 
+ + + + +  

 

        

     


 

 

Secondly, we show that this multiplication is distributive over addition 

 

' ' ' ' '

0 0

1 1 1 1 1 1 1 1 1

' '' '' '' '' '' ''

0

1 1 1 1 1 1

f g f gd e h d e

i i j j k k l l m m i i j j k k l l

i j k l m i j k l

f gh d e h

m m i i j j k k l l m m

m i j k l m

r ru s v t w b x z y r r u s v t w b x

z y r r u s v t w b x z y

= = = = = = = = =

= = = = = =

  
+ + + + + + + + + +  

  

 
+ + + + + +  

  

        

     


 

 

( )' '' ' '' ' ''

0 0 0

1 1 1 1 1 1 1

' '' ' '' ' ''

1 1 1

f gd e h d e

i i j j k k l l m m i i i j j j

i j k l m i j

f g h

k k k l l k m m m

k l m

r ru s v t w b x z y r r r r u s s v

t t w b b w z z y

= = = = = = =

= = =

  
   = + + + + + + + + + +      

 


     + + + + +      



      

  
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( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

' ' ' ' ' ' ' ' '

0 0 0 0 0 0 0 0

1 1 1 ,

' ' ' ' ' ' ' '

0 0 0 0

1 , 1

' ' ' '

,

fd e

i i i j j i i j k k i j

i j i k i j

g h

j i k l l i k k i j j l m m

l i k j m

i l l i j k k j

j

r r r r r r u r s s r r r v r t t r r s

s r w r b b r r t t r s s x r z z r

r b b r s t t s

= = =

= =

  
 = + + + + + + + + +   

  

 
 + + + + + + + +  

 

+ + +

    

   

( ) ( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

,

'' '' '' '' '' '' '' ''

0 0 0 0 0 0 0 0

1 1 1

'' '' '' '' '' '' '' '' ''

0 0 0 0

, 1 ,

m

i l k

fd e

i i i j j i i j k k

i j i k

g

i j j i k l l i k k i j j l m m

i j l i k j

y

r r r r r r u r s s r r r v r t t r

r s s r w r b b r r t t r s s x r z z r

= = =

=



 

+

  
  + + + + + + + +    

 

 
+ + + + + + + + + 

 

 

   

   

( ) ( ) ( ) ( )

1

'' '' '' ''

, ,

h

m

i l l i j k k j m

i l j k

r b b r s t t s y

=





+ + + 

 



 
 

 

' ' ' ' ' '

0 0

1 1 1 1 1 1 1 1 1 1

''

0 0

1 1 1 1 1

f g f gd e h d e h

i i j j k k l l m m i i j j k k l l m m

i j k l m i j k l m

f gd e h

i i j j k k l l m m

i j k l m

r ru s v t w b x z y r r u s v t w b x z y

r ru s v t w b x z y r r

= = = = = = = = = =

= = = = =

   
= + + + + + + + + + +   
    

+

 
+ + + + + + 

 

         

     '' '' '' '' ''

1 1 1 1 1

f gd e h

i i j j k k l l m m

i j k l m

u s v t w b x z y
= = = = =

 
+ + + +  

 
    

 

 

Similarly, it can be shown that   

 

' ' ' ' ' '

0 0

1 1 1 1 1 1 1 1 1 1

'' '' '' '' '' ''

0

1 1 1 1 1

f g f gd e h d e h

i i j j k k l l m m i i j j k k l l m m

i j k l m i j k l m

f gd e h

i i j j k k l l m m

i j k l m

r ru s v t w b x z y r r u s v t w b x z y

r r u s v t w b x z y

= = = = = = = = = =

= = = = =

    
+ + + + + + + + + + +    

     

 
+ + + + +

 

         

    

'' '' '' '' '' ''

0 0

1 1 1 1 1 1 1 1 1 1

' ' ' ' ' '

0

1 1 1 1 1

f g f gd e h d e h

i i j j k k l l m m i i j j k k l l m m

i j k l m i j k l m

f gd e h

i i j j k k l l m m

i j k l m

r ru s v t w b x z y r r u s v t w b x z y

r r u s v t w b x z y

= = = = = = = = = =

= = = = =



   
= + + + + + + + + + +   
    

+


+ + + + +



         

     '' '' '' '' '' ''

0

1 1 1 1 1

f gd e h

i i j j k k l l m m

i j k l m

r r u s v t w b x z y
= = = = =

  
+ + + + +  

   
    

 

 

Next, we show that ( )1,0,0,0,0,0  is the identity under this multiplication on R .  

Let 0

1 1 1 1 1

,
f gd e h

i i j j k k l l m m

i j k l m

r ru s v t w b x z y R
= = = = =

 
+ + + + +  

 
     then we need to find  

' ' ' ' ' '

0

1 1 1 1 1

,
f gd e h

i i j j k k l l m m

i j k l m

r r u s v t w b x z y R
= = = = =

 
+ + + + +  

 
      where 

'

0 0 0,r r R such that  
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' ' ' ' '

0 0

1 1 1 1 1 1 1 1 1

' ' ' ' ' ' '

0 0

1 1 1 1 1 1 1

f g f gd e h d e

i i j j k k l l m m i i j j k k l l

i j k l m i j k l

f gh d e h d

m m i i j j k k l l m m i i

m i j k l m i

r ru s v t w b x z y r r u s v t w b x

z y r r u s v t w b x z y r ru

= = = = = = = = =

= = = = = = =

 
+ + + + + + + + + + 

 

 
= + + + + + + + 

  

        

      
1 1

' ' ' ' ' '

0

1 1 1 1 1 1 1

fe

j j k k

j k

g f gh d e h

l l m m i i j j k k l l m m

l m i j k l m

s v t w

b x z y r r u s v t w b x z y

= =

= = = = = = =


+ +




+ = + + + + +



 

      

( ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

' ' ' ' ' ' ' ' '

0 0 0 0 0 0 0 0

1 1 1 ,

' ' ' ' ' ' ' '

0 0 0 0

1 , 1

' ' ' '

, ,

fd e

i i i j j i i j k k i j

i j i k i j

g h

j i k l l i k k i j j l m m

l i k j m

i l l i j k k j

i j k

r r r r r r u r s s r r r v r t t r r s

s r w r b b r r t t r s s x r z z r

r b b r s t t s

= = =

= =

 
   + + + + + + + + +   

 

 
 + + + + + + + +  

 

+ + +

    

   

 ' ' ' ' ' '

0

1 1 1 1 1

f gd e h

m i i j j k k l l m m

l i j k l m

y r r u s v t w b x z y
= = = = =

  
= + + + + +   

  
     

 

This implies that  
' '

0 0 0 ;r r r=    ( ) ( )' ' '

0 0

1 1

;
d d

i i i i i

i i

r r r r u r u
= =

 + =
  

( ) ( ) ( ) ( ) ( ) ( ) ( )' ' ' ' ' ' ' ' '

0 0 0 0

1 1 1 , 1

; ;
f fe e

j j i i j j j k k i j j i k k k

j i j k i j k

r s s r r r v s v r t t r r s s r w t w
= = = =

  
+ + = + + + =  

   
     

( ) ( ) ( ) ( ) ( )' ' ' ' ' '

0 0

1 , 1

;
g g

l l i k k i j j l l l

l i k j l

r b b r r t t r s s x b x
= =

 
+ + + + = 

 
   

( ) ( ) ( ) ( ) ( ) ( )' ' ' ' ' ' '

0 0

1 , , 1

;
h h

m m i l l i j k k j m m m

m i l j k m

r z z r r b b r s t t s y z y
= =

 
+ + + + + = 

 
     

Upon solving the above set of equations, we find that  0 1,r =  0,ir =  0js = ,  0,kt =   0,lb =  0mz = .  

Showing that  ( )0

1 1 1 1 1

1,0,0,0,0,0
f gd e h

i i j j k k l l m m

i j k l m

r ru s v t w b x z y
= = = = =

+ + + + + =     . Therefore R  is a unital 

finite ring.  

The ring 0 0 0 0 0 0

1 1 1 1 1

f gd e h

i j k l m

i j k l m

R R R u R v R w R x R y
= = = = =

=           has the set of zero divisors as 

( ) 0 0 0 0 0

1 1 1 1 1

f gd e h

i j k l m

i j k l m

Z R R u R v R w R x R y
= = = = =

=         . It is worth noting that an element in the 

constructed ring R  is either a zero divisor or a unit. From the definition of multiplication, it follows that 

( )( ) ( )( ) ( )R Z R Z R R Z R=   so that ( )Z R  is an ideal. Suppose there exists another ideal T  in the ring R  

such that ( )Z R  is contained in T , then by definition 2.5,  T  contains an invertible element x R  such that 

1 1 1xx x x− −= =  so that T R= . Thus ( )Z R  is the only set in the ring R  containing all the zero divisors hence the 

unique maximal ideal in R since any maximal ideal that is distinct from ( )Z R  contains a unit. Therefore ( )Z R  

coincides with the Jacobson radical ( )J R thereby implying that the ring R  is completely primary.  
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Proposition 3.2:  The ring R  constructed in section 3.1 is completely primary of characteristic p with Jacobson 

radical ( )Z R :  

( ) 0 0 0 0 0

1 1 1 1 1

f gd e h

i j k l m

i j k l m

Z R R u R v R w R x R y
= = = = =

=          

( )( ) ( )( )
2 3

0

1

e

j

j

Z R R v Z R
=

=   

( )( ) ( )( )
3 4

0

1

f

k

k

Z R R w Z R
=

=   

( )( ) ( )( )
4 5

0

1

g

l

l

Z R R x Z R
=

=   

( )( )
5

0

1

h

m

m

Z R R y
=

=  

( )( ) ( )
6

0Z R =  

Proof: In order to show that the set of zero divisors is given by  

( ) 0 0 0 0 0

1 1 1 1 1

f gd e h

i j k l m

i j k l m

Z R R u R v R w R x R y
= = = = =

=         , we demonstrate that any element not contained in 

( )Z R  is invertible. Let ( )
1 1 1 1 1

1
f gd e h

i i j j k k l l m m

i j k l m

ru s v t w b x z y Z R
= = = = =

+ + + + +       be an element in R .  

Suppose 

1 1 1 1 1

1
f gd e h

i i j j k k l l m m

i j k l m

ru s v t w b x z y
= = = = =

+ + + + +      is the inverse of  

' ' ' ' ' '

0

1 1 1 1 1

f gd e h

i i j j k k l l m m

i j k l m

r r u s v t w b x z y
= = = = =

+ + + + +     , then  

( )

' ' ' ' ' '

0

1 1 1 1 1 1 1 1 1 1

1

1,0,0,0,0,0

f g f gd e h d e h

i i j j k k l l m m i i j j k k l l m m

i j k l m i j k l m

ru s v t w b x z y r r u s v t w b x z y
= = = = = = = = = =

  
+ + + + + + + + + +  

  

=

         

 

 

( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( ) ( )

( ) ( )

' ' ' ' ' ' ' ' ' '

0 0 0 0

1 1 1 ,

' ' ' ' ' ' ' ' '

0 0

1 , 1 ,

' '

,

1,0

fd e

i i i j j i i j k k i j j i k

i j i k i j

g h

l l i k k i j j l m m i l l i

l i k j m i l

j k k j m

j k

r r r r u s s r r r v t t r r s s r w

b b r r t t r s s x z z r r b b r

s t t s y

= = =

= =

  
  + + + + + + + + + +   

   

 
 + + + + + + + + + 




+ =



    

    

 ( ),0,0,0,0
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Giving 
'

0 1;r = ( )' '

0

1

0;
d

i i i

i

r r r u
=

 + =
  ( ) ( )' ' '

0

1

0;
e

j j i i j

j i

s s r r r v
=

 
+ + = 

 
 

( ) ( ) ( )' ' ' '

0

1 ,

0;
f

k k i j j i k

k i j

t t r r s s r w
=

 
+ + + = 

 
  ( ) ( ) ( ) ( )' ' ' ' '

0

1 ,

0;
g

l l i k k i j j l

l i k j

b b r r t t r s s x
=


 + + + + =


  

( ) ( ) ( ) ( ) ( )' ' ' ' ' '

0

1 , ,

0;
h

m m i l l i j k k j m

m i l j k

z z r r b b r s t t s y
=

 
+ + + + + = 

 
    

This implies that  
'

0 1,r =  
' ,i ir r= −  

' 2 ,j j i

i

s s r= − +  
' 3

,

2 ,k k i j i

i j i

t t r s r
 

= − + − 
 

 

' 2 4 2 4

, ,

2 2 ,l l i k i j i j j i

i k i j i j i

b b rt r s r s s r
    

= − + − − − − +    
    

    

' 2 3 5 2 2

, , ,

2 3 2

, , ,

2 2 2

2 2

m m i l i k i j i i j j i

i l i k i j i j i

j k i j j i k i

j k i j i i k

z z rb r t r s r r s s r

s t r s s r t r

     
= − − − + − − − − + −           

  
− + − +  

  

     

   

 

So  
1

2

1 1 1 1 1

3 2 4 2 4

, , ,

1 1

2 2 2

f gd e h

i i j j k k l l m m i i j i j

i j k l m i

k i j i k l i k i j i j j i l

i j i i k i j i j i

m

ru s v t w b x z y ru s r v

t r s r w b rt r s r s s r x

z

−

= = = = =

    
+ + + + + = − + − + +    

  

         
− + − + − + − − − − + +                   

− −

     

      

2 3 5 2 2

, , ,

2 3 2

, , ,

2 2 2

2 2

i l i k i j i i j j i

i l i k i j i j i

j k i j j i k i m

j k i j i i k

rb r t r s r r s s r

s t r s s r t r y

      
− + − − − − + −             

  
− + − +       

     

   

 

Thus, all the elements outside ( )Z R  are invertible. 

The product of any two elements in the set ( )Z R is given by  

( ) ( ) ( ) ( ) ( ) ( )

' ' ' ' '

1 1 1 1 1 1 1 1 1 1

' ' ' ' ' '

1 1 , ,

0 0

0 0

f g f gd e h d e h

i i j j k k l l m m i i j j k k l l m m

i j k l m i j k l m

fe

i i j i j j i k i k k i j j

j i k i j i k j

ru s v t w b x z y r u s v t w b x z y

r r v r s s r w r t t r s s

= = = = = = = = = =

= =

  
+ + + + + + + + + +  

  

   
= + + + + + + +   

   

         

     

( ) ( ) ( ) ( )

1

' ' ' '

1 , ,

g

l

l

h

i l l i j k k j m

m i l j k

x

r b b r s t t s y

=

=

 
+ 

 

 
+ + +   

  



  

       

 Thus ( )( ) ( )( ) ( )( )
2

Z R Z R Z R V W X Y= =    . 

The product of any three elements in the set ( )Z R is given  
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( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

' ' ' ' ' '

1 1 , 1 ,

' ' ' ' '' '' '' '' ''

1 , , 1 1 1 1

0 0

0

f ge

i i j i j j i k i k k i j j l

j i k i j l i k j

f gh d e

i l l i j k k j m i i j j k k l l m m

m i l j k i j k l m

r r v r s s r w r t t r s s x

r b b r s t t s y r u s v t w b x z y

= = =

= = = = = =

     
+ + + + + + + +     

     

 
+ + + + + + + +  

  

      

      
1

h 
 
 



 

( ) ( ) ( )( ) ( )

( ) ( )( ) ( ) ( ) ( )( )

'' ' '' ' '' ' '' '

1 , 1 , ,

'' ' '' ' '' ' '' ' '' '

1 , ,

0 0 0
f g

i i i k i i j i j i j i i l

k i j i l i k i j j i

h

i i k i k i i j j j i j j j i k

m i l i k j

r rr w r r s r s r s rr x

r rt r t r r s s s r s s s r t

= =

=

        
= + + + + + + +                 

   
+ + + + +    

   

       

    ( )'' '

, ,

i i m

j k i j i

rr y
  
      

  

 

Thus ( )( ) ( )( ) ( )( )
3 2

Z R Z R Z R W X Y= =    

The product of any four elements in the set ( )Z R is given  

( ) ( ) ( )( ) ( )

( ) ( )( ) ( ) ( ) ( )( )

'' ' '' ' '' ' '' '

1 , 1 , ,

'' ' '' ' '' ' '' ' '' ' '

1 , ,

0 0 0
f g

i i i k i i j i j i j i i l

k i j i l i k i j j i

h

i i k i k i i j j j i j j j i k

m i l i k j

r r r w r r s r s r s r r x

r rt r t r r s s s r s s s r t

= =

=

        
+ + + + + + +                 

   
+ + + + +    

   

       

    ( )' '

, ,

''' ''' ''' ''' '''

1 1 1 1 1

0

i i m

j k i j i

f gd e h

i i j j k k l l m m

i j k l m

r r y

r u s v t w b x z y
= = = = =

  
  
   

 
+ + + + + 



  

    

 

( ) ( ) ( )( )

( ) ( )

''' '' ' ''' '' ' ''' '' '

1 , , 1 , , ,

'' '' ' ''' '' '

,

0 0 0 0
g h

i i i i l i i i j i i j i

l i k i j i m i l i k i j

j i i i j i i i

j i i j i

r r rr x r r r s r r s r

s r rr s r rr

= =

        
= + + + + + + +                   

       
+                

       

   
,

m

j k

y


 



 

Thus ( )( ) ( )( ) ( )( )
4 3

Z R Z R Z R X Y= =   

The product of any five elements in the set ( )Z R is given  

( ) ( ) ( )( )

( ) ( )

''' '' ' ''' '' ' ''' '' '

1 , , 1 , , ,

'' '' ' ''' '' '

,

0 0 0 0
g h

i i i i l i i i j i i j i

l i k i j i m i l i k i j

j i i i j i i i

j i j i j i

r r rr x r r r s r r s r

s r rr s r rr

= =

        
 + + + + + + +                   

       
+                

       

    '''' '''' '''' '''' ''''

, 1 1 1 1 1

0
f gd e h

m i i j j k k l l m m

k i j k l m

y r u s v t w b x z y
= = = = =

  
 + + + + +  
   

     

 

     ( )'''' ''' '' '

1 , , ,

0 0 0 0 0
h

i i i i i m

m i l i k i j i

r r r rr y
=

     
 = + + + + +             

      

Thus ( )( ) ( )( ) ( )( )
5 4

Z R Z R Z R Y= =  

The product of any six elements in the set ( )Z R is given  
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( )

( )

'''' ''' '' ' ''''' ''''' '''''

1 , , , 1 1 1

''''' '''''

1 1

0 0 0 0 0 0

0

fh d e

i i i i i m i i j j k k

m i l i k i j i i j k

g h

l l m m

l m

r r r rr y r u s v t w

b x z y

= = = =

= =

      
 + + + + + + + + +              


+ =



       

 

 

Since ( )Z R  is an ideal and ( )( ) ( )( )
5

Z R ann Z R , we have 

( )( ) ( )( ) ( )( ) ( )( ) ( )( ) ( )
6 5 5

0Z R Z R Z R Z R Z R= = =  

 

Lemma 3.3: Let R  be a ring constructed in section 3.1. Then the unit group 

                                          ( ) ( )( ) ( )( )1 1U R a Z R a Z R=    +     + . 

This is a direct product of the normal subgroup ( )1 Z R+ of the ring R  by a cyclic group a   of order 1rp − .  

A complete classification of ( )U R  requires that the structure of ( )1 Z R+  be determined completely. We will 

therefore incorporate the ideas of Raghavendran [9], and Chikunji [3], to determine the generators and to classify the 

group of invertible elements of the ring R  for characteristic p . This lemma will be fundamental in outlining the 

structure. 

Lemma 3.4: The multiplicative group ( )U R  of R  is defined by ( ) ( )U R R Z R= − , and since  

( )1
,

d e f g h r
R p

+ + + + +
= ( ) ( )

,
d e f g h r

Z R p
+ + + +

= and ( ) ( )
1

d e f g h r
Z R p

+ + + +
+ = , it follows that  

( ) ( ) ( ) ( ) ( )1
1

d e f g h r d e f g h r d e f g h rrU R p p p p
+ + + + + + + + + + + + +

= − = − which resonates well with the fact that  

𝑈(𝑅) ≅ ℤ𝑝𝑟−1 × (1 + 𝑍(𝑅)). 

Proposition 3.5: Let R  be a ring constructed  above and of characteristic p  with 0,ipu = 0,jpv = 0,kpw =

0lpx =  and 0mpy = . Then the unit group ( )U R  is a direct product of cyclic groups as follows: 

                            𝑈(𝑅) ≅

{
 
 

 
 ℤ2𝑟−1 × (ℤ23

𝑟 )
𝑑
× (ℤ2

𝑟)𝑓 × (ℤ2
𝑟)ℎ, 𝑝 = 2

ℤ3𝑟−1 × (ℤ32
𝑟 )

𝑑
× (ℤ3

𝑟)𝑒 × (ℤ3
𝑟)𝑔 × (ℤ3

𝑟)ℎ, 𝑝 = 3

ℤ5𝑟−1 × (ℤ52
𝑟 )

𝑑
× (ℤ5

𝑟)𝑒 × (ℤ5
𝑟)𝑓 × (ℤ5

𝑟)𝑔, 𝑝 = 5

ℤ𝑝𝑟−1 × (ℤ𝑝
𝑟)
𝑑
× (ℤ𝑝

𝑟)
𝑒
× (ℤ𝑝

𝑟)
𝑓
× (ℤ𝑝

𝑟)
𝑔
× (ℤ𝑝

𝑟)
ℎ
, 𝑝 > 5

 

Proof: Let 1, , r   be the elements of 0R  with 1 1 =  so that ( )1 0 0, , r

r R pR GR p     form a basis for 

( )rGF p  regarded as a vector space over its prime subfield ( )GF p . We consider the following four cases separately: 

( ): 2Case i p = . For each 1 t r  , we see that for the elements 1 t iu+ , 1 t kw+  and 1 t my+ in ( )1 Z R+ , 

( )
8

1 1,t iu+ = ( )
2

1 1t kw+ = and ( )
2

1 1t my+ = . For nonnegative integers ,t t and t such that 8,t 

2t  and 2t  , we assert that the equation  

       ( )  ( )  ( )   
1 1 1 1 1 1

1 1 1 1t t t

fd r r h r

t i t k t m

i t k t m t

u w y
  

  
= = = = = =

+  +  + =   ,  
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implies that 8,t = 2t = and 2t =  for 1 t r  .  

Suppose 

                  ( ) 1 : 1, ,8; 1 ,ti t iA u t r


 = + =      

                 ( ) 1 : 1,2; 1tk t kB w t r


 = + =    , and 

                ( ) 1 : 1,2; 1tm t mC y t r


 = + =    ,  

we see that , ,ti tkA B and tmC  are all subgroups of ( )1 Z R+  with their precise orders as indicated in their definition. 

Since the product of the ( )d f h r+ +  subgroups equal to 
( )d f h r

p
+ +

 and the intersection of any pair of the cyclic 

subgroups gives the identity group, the product by the ( )d f h r+ +  subgroups is direct and exhausts ( )1 Z R+ .  Thus  

                        ( )
1 1 1 1 1 1

1 1 1 1
fd r r h r

t i t k t m

i t k t m t

Z R u w y  
= = = = = =

+ =  +    +    +     

                                          ≅ (ℤ23
𝑟 )

𝑑
× (ℤ2

𝑟)𝑓 × (ℤ2
𝑟)ℎ 

( ): 3Case ii p = . For each 1 t r  , we see that for the elements 1 t iu+ , 1 t jv+ , 1 t lx+   and 1 t my+  in 

( )1 Z R+ , ( )
9

1 1,t iu+ = ( )
3

1 1t jv+ = , ( )
3

1 1t lx+ =  and ( )
3

1 1t my+ = . For nonnegative integers ,t

,t t  and t such that 9,t  3,t  3t  and 3t  , we assert that the equation  

       ( )  ( )  ( )  ( )   
1 1 1 1 1 1 1 1

1 1 1 1 1
tt t t

gd r e r r h r

t i t j t l t m

i t j t l t m t

u v x y
  

   
= = = = = = = =

+  +  +  + =    , 

implies that 9,t = 3,t = 3t = and 3t =  for 1 t r  . 

Suppose 

                 ( ) 1 : 1, ,9; 1 ,ti t iA u t r


 = + =      

                 ( ) 1 : 1,2,3; 1tj t jB v t r


 = + =    ,  

                 ( ) 1 : 1,2,3; 1tl t lC x t r


 = + =    and 

                ( ) 1 : 1,2,3; 1tm t mD y t r


 = + =    ,  

we see that ,tiA ,tjB tlC and tmD  are all subgroups of ( )1 Z R+  with their precise orders as indicated in their 

definition. Since the product of the ( )d e g h r+ + +  subgroups equal to 
( )d e g h r

p
+ + +

 and the intersection of any pair 

of the cyclic subgroups gives the identity group, the product by the ( )d e g h r+ + + subgroups is direct and exhausts 

( )1 Z R+ . Thus  
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( )
1 1 1 1 1 1 1 1

1 1 1 1 1
gd r e r r h r

t i t j t l t m

i t j t l t m t

Z R u v x y   
= = = = = = = =

+ =  +   +    +    +      

                  ≅ (ℤ32
𝑟 )

𝑑
× (ℤ3

𝑟)𝑒 × (ℤ3
𝑟)𝑔 × (ℤ3

𝑟)ℎ 

( ): 5Case iii p = . For each 1 t r  , we see that for the elements 1 t iu+ , 1 t jv+ , 1 t kw+   and 1 t lx+  in 

( )1 Z R+ , ( )
25

1 1,t iu+ = ( )
5

1 1t jv+ = , ( )
5

1 1t kw+ =  and ( )
5

1 1t lx+ = . For nonnegative integers ,t

,t t  and t such that 25,t  5,t  5t  and 5t  , we assert that the equation  

       ( )  ( )  ( )  ( )   
1 1 1 1 1 1 1 1

1 1 1 1 1
tt t t

f gd r e r r r

t i t j t k t l

i t j t k t l t

u v w x
  

   
= = = = = = = =

+  +  +  + =     

implies that 25,t = 5,t = 5t = and 5t =  for 1 t r  . 

Suppose 

                 ( ) 1 : 1, , 25; 1 ,ti t iA u t r


 = + =      

                 ( ) 1 : 1,...,5; 1tj t jB v t r


 = + =    ,  

                 ( ) 1 : 1,...,5; 1tk t kC w t r


 = + =    and 

                ( ) 1 : 1,...,5; 1tl t lD x t r


 = + =    ,  

we see that ,tiA ,tjB tkC and tlD  are all subgroups of ( )1 Z R+  with their precise orders as indicated in their 

definition. Since the product of the ( )d e f g r+ + +  subgroups equal to 
( )d e f g r

p
+ + +

 and the intersection of any pair 

of the cyclic subgroups gives the identity group, the product by the ( )d e f g r+ + +  subgroups is direct and exhausts 

( )1 Z R+ . Thus  

( )
1 1 1 1 1 1 1 1

1 1 1 1 1
f gd r e r r r

t i t j t k t l

i t j t k t l t

Z R u v w x   
= = = = = = = =

+ =  +   +    +    +      

                  ≅ (ℤ52
𝑟 )

𝑑
× (ℤ5

𝑟)𝑒 × (ℤ5
𝑟)𝑓 × (ℤ5

𝑟)𝑔 

( ): 5Case iv p  . For each 1 t r  , we see that for the elements 1 t iu+ , 1 t jv+ , 1 t kw+ , 1 t lx+  and 

1 t my+  in ( )1 Z R+ , ( )1 1,
p

t iu+ = ( )1 1
p

t jv+ = , ( )1 1
p

t kw+ = , ( )1 1
p

t lx+ =  and 

( )1 1
p

t my+ = . For nonnegative integers ,t ,t t , t  and t such that ,t p  ,t p  ,t p  t p   

and t p  , we assert that the equation  
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( )  ( )  ( ) 

( )  ( )   

1 1 1 1 1 1

1 1 1 1

1 1 1

1 1 1 ,

tt t

t t

fd r e r r

t i t j t k

i t j t k t

g r h r

t l t m

l t m t

u v w

x y

 

 

  

 

= = = = = =

= = = =

+  +  + 

+  + =

  

 

 

implies that ,t p = ,t p = ,t p = t p =  and t p =  for 1 t r  . 

Suppose 

                ( ) 1 : 1, , ; 1 ,ti t iA u p t r


 = + =      

                ( ) 1 : 1, , ; 1tj t jB v p t r


 = + =     ,  

                ( ) 1 : 1, , ; 1tk t kC w p t r


 = + =      

                 ( ) 1 : 1, , ; 1tl t lD x p t r


 = + =     and 

               ( ) 1 : 1, , ; 1tm t mE y p t r


 = + =     ,  

we see that ,tiA ,tjB tkC , tlD and tmE  are all subgroups of ( )1 Z R+  with their precise orders as indicated in their 

definition. Since the product of the ( )d e f g h r+ + + +  subgroups equal to 
( )d e f g h r

p
+ + + +

 and the intersection of 

any pair of the cyclic subgroups gives the identity group, the product by the ( )d e f g h r+ + + +  subgroups is direct 

and exhausts ( )1 Z R+ . Thus  

                      

( )
1 1 1 1 1 1

1 1 1 1

1 1 1 1

1 1

fd r e r r

t i t j t k

i t j t k t

g r h r

t l t m

l t m t

Z R u v w

x y

  

 

= = = = = =

= = = =

+ =  +   +    +  

 +    + 

  

 

 

                                       ≅ (ℤ𝑝
𝑟)
𝑑
× (ℤ𝑝

𝑟)
𝑒
× (ℤ𝑝

𝑟)
𝑓
× (ℤ𝑝

𝑟)
𝑔
× (ℤ𝑝

𝑟)
ℎ
 

Example: Let 𝑅 = 𝐺𝑅(2,2) ⊕ ℤ2⊕ ℤ2⊕ ℤ2⊕ ℤ2⊕ ℤ2  for 2,p = 1,r = 1d e f g h= = = = = Then 𝑍(𝑅) =

0⊕ ℤ2⊕ ℤ2⊕ ℤ2⊕ ℤ2⊕ ℤ2 . Clearly from lemma 3.3,𝑈(𝑅) ≅ ℤ𝑝−1 × (1 + 𝑍(𝑅)) where 1 + 𝑍(𝑅) = 1⊕ ℤ2⊕

ℤ2⊕ ℤ2⊕ ℤ2⊕ ℤ2. Now the generators of the subgroup ( )1 Z R+  are 1 u+  of order 8, 1 w+  of order 2 and 

1 y+ of order 2 as shown below. 

( ) ( )
2

2

0

2
1 y y



 =

 
+ =  

 
  

      ( ) ( ) ( )
0 1 22 2 2

0 1 2
y y y

     
= + +     
     

   

21 2y y= + +  
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21 (sin 2 0 0)ce y and y= = =  

( ) ( )
2

2

0

2
1 w w



 =

 
+ =  

 
  

 ( ) ( ) ( )
0 1 22 2 2

0 1 2
w w w

     
= + +     
     

 

 
21 2w w= + +  

 
21 (sin 2 0 0)ce w and w= = =  

( ) ( )
8

8

0

8
1 u u



 =

 
+ =  

 
  

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )
0 1 2 3 4 5 6 7 88 8 8 8 8 8 8 8 8

0 1 2 3 4 5 6 7 8
u u u u u u u u u

                 
= + + + + + + + +                 
                 

 

2 3 4 5 6 7 81 2 28 56 70 56 28 8u u u u u u u u= + + + + + + + +  

( ) ( ) ( ) ( ) ( )1 4 2 14 2 28 2 35 2 28 2 0 0 0u v w x y= + + + + + + + +  

1 (sin 2 0, 2 0, 2 0, 2 0, 2 0)ce u v w x and y= = = = = =  

 Considering nonnegative integers ,  and  such that 8,  2  and 2  , so that   

( )  ( )  ( )   1 1 1 1u w y
  

+  +  + = , clearly  8, = 2 = and 2 = . Suppose  

( ) 1 : 1, ,8 ,A u

= + =  ( ) 1 : 1,2B w


= + = , and ( ) 1 : 1,2C y


= + = ,  

we see that , ,A B and C  are all subgroups of ( )1 Z R+  with their precise orders as indicated in their definition. Since 

1 1 1 1u w y+  +  + = , it follows that 

                        1 + 𝑍(𝑅) =< 1 + 𝑢 >×< 1 + 𝑤 >×< 1 + 𝑦 > 

                                         = ℤ8 × ℤ2 × ℤ2 

4. CONCLUSION 

This article has constructed a completely primary finite ring whose Jacobson radical is of nilpotent index six of 

characteristic p and it has lane bare a unique structure of group of invertible elements via characterization. A set of 

linearly independent generators for ( )1 Z R+ has been established by connecting those generators to the basis ( )GF p  

over its prime field. The relation amongst these generators played essential role in determining the structure of this class 

of rings. The results obtained in this study contributes significantly to the existing literature on the classification of finite 

rings. Since for such rings, , 1 6kChar R p k=    and this work has only considered a case for 1k = , future 

researchers may develop the construction for 2 6k   and investigate as well as determine their structures. Studying 

the automorphism groups of these rings will as well expose the symmetries of these groups.  
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