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ABSTRACT: The study of finite extension of Galois rings in the recent past have given rise to commutative
completely primary finite rings that have attracted much attention as they have yielded important results towards
classification of finite rings into well-known structures. In this paper, we give a construction of a class of completely

primary finite ring R of characteristic p whose subsets of zero divisors Z (R) satisfy the condition
(Z(R))6 2(0); (Z(R))S ;t(O) . The ring R is constructed over its subring R, =GR(pr,p) as an

idealization of the R, - modules. A thorough determination and classification of the structure of the group of

invertible elements using fundamental theorem of finitely generated abelian groups is given.
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1. INTRODUCTION

The significant contribution of completely primary finite rings with identity 1 # 0 in the classification of finite rings
cannot be underscored in the field of algebraic structures. Since every finite ring is expressible as a direct sum of

completely primary finite rings, several authors have constructed completely primary finite rings whose Jacobson radical
pletely p ry g pletely p ry g

J (R) yield particular structures. The results due to Raghavendran [1] on the structure of the unit groups of the Galois

ring R, = GR ( pkr R pk ) stirred up the research on the classification of unit groups in the finite extension of these rings.

2
In [1,6,7], the authors have given a construction of completely primary finite rings satisfying (J (R )) = (0) whose
structures are well classified for characteristic p and p2 . Chikunyji [2], provided a construction of a class of completely

primary finite rings R whose Jacobson radical satisfy (J (R))3 = (0) and (J (R))2 #* (0) The structure of the
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group of units of these rings for characteristic p, p2 and p3 were later determined and classified by Chikunji in [3,4,5].

In [8], Oduor and Ojiema gave a construction of completely primary finite rings R satisfying the conditions
4 3
(J (R)) = (O) ; (J (R)) #* (0) and determined the structure of the unit groups of these rings for characteristic p,

p2 5 p3 and p4 . Later in [10], the authors provided a construction of completely primary rings whose Jacobson radical

J (R) satisfies the condition (J(R))5 = (0) ; (J(R))4 #* (O) . The classification of the unit groups of these rings for

characteristic p, p2 , p3 , p4 and p5 based on variant orders of first and second Galois ring module generators were

outlined in [11,12]. Authors including Raghavendran [9] and Wilson [14] having extensively studied finite rings, although
the classification of these rings into well-known structures is incomplete despite the fact that the tools necessary for

describing the completely primary finite rings had been there for some time. This has triggered the construction of a
specific class of the general construction of completely primary finite rings in which (Z (R))6 = (O) ; (Z (R))S #* (0)
and classification of its group of invertible elements for the characteristic p . This construction involved the idealization
of R, modules whose choice was based on Wilson [14].

Throughout this paper, R shall denote a completely primary finite ring, Z (R) the set of zero divisors of R, J (R)

Jacobson radical, and U (R) multiplicative group of units of R .

The rest of this paper is organized as follows; in section 2, we give preliminary results and definitions that are important
in this paper. In section 3, we provide a specific construction of the general construction of completely primary finite

rings with six nilpotent subsets of zero divisors of characteristic p and investigate as well as determine its structure of

the group of invertible elements. This is supplemented using an illustrative example at the end of the main results. Finally

in section 4, we give a conclusion of this research and some areas in which this research may focus on in future.

2. PRELIMINARIES
The following definitions and theorems are fundamental and their proofs can be obtained from the cited references.

Theorem 2.1 ([9], Theorem 2): Let R be a finite ring with multiplicative identity 1# 0, whose set of zero divisors

form an additive group J (R) . Then:

(i) J(R) is the Jacobson radical of R ;

(ii) |R| = pkr, and |J(R)| = p(kfl)r, for some prime p and some positive integer k,7;

i (/(R))"=(0);
(iv) The characteristic of the ring R is p" for some integer 7 with 1<n <k and

(v) If the characteristic is pk ,then R will be commutative.
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Theorem 2.2 ([14], Proposition 2.2): Let R be a completely primary finite ring of characteristic pk with radical J
such that R/J = GR(F ) Then there exists an independent generating set u,,...,4, €J of U as an R, module
such that each Ryu;, i=1,...,h isan R, submodule of U and R=R QU =R @ Ru, ®---® Ryu, .

Theorem 2.3 ([13]): Let R= GR(pkr,pk) be the Galois ring of characteristic pk and of order pkr, that is

Zpklx]

GR(p"",p") = =7

where f € Z «[x] is a monic polynomial of degree 7 whose image in p [x] is irreducible. Then
R has a coefficient subring R, of the form GR( P, pk) which is clearly a maximal Galois subring of R . The
Char R,=Char R and R,/pR, same as R/J(R) . Moreover R, is a Galois ring of the form

GR(pkr,pk), 1<k<n.

Definition 2.4 ([1]): A completely primary finite ring is a ring in which the set of all zero divisors form a unique
maximal ideal. For more information on these rings, the reader is referred to [9].
Definition 2.5 ([6], section 4): Let R be a finite ring. Then there is no distinction between left and right zero

divisors(units) and every element in R is either a zero divisor or a unit.

3. MAIN RESULTS

Construction 3.1: We give a specific case of the general construction of a completely primary finite ring with six

nilpotent subsets of zero divisors.

For a prime integer p and a positive integer 7, let R, be a Galois ring of order p’ and of characteristic p . Let
Uy Viy Wy X, ¥,y €Z(R) for 1<i<d, 1< j<e, 1<k<f, 1<i<g, 1<m<h andU, V, W, X,
Y be finitely generated R, - modules by the generators {ul} , {V_ j} , {Wk}’ {x,} , and { ym} respectively such that

R=R QUOVOW @ X DY is an additive abelian group. Additionally, the generators satisfy the conditions

pu, =0, pv, =0, pw, =0, px, =0, py, =0 and wuuumttmitim =0.
d e S g h

Let 7 +z;;ui +Zsjvj +Ztkwk +Zb,x] +szym and
i=1 Jj=1 k=1 I=1 m=1

d e S g h
1+ Z ru, + Zsjvj + Z Lw, + Z blxl + Z z,y, beanytwoelementsof R .Thenon R, define multiplication
i=l j=1 k=1 1=1 m=1

by

d e f g h ol e S g b
(ro +Zriul. +Zsjvj +Ztkwk +Zb,x, +ZZmymj(r0 +Zriui +Zsjvj "'Ztka +Zblxl +szymj
i=1 j=1 k=1 1=1 m=1 i=1 Jj=1 k=1 1=1 m=1
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We verify that the given multiplication turns R into a ring with identity (1, 0,0,0,0 0) )
First, we demonstrate that this multiplication is associative. Suppose

r0+i:riui+ze:s +Zt Wk+2bxl+22 Yo | r0+Zru +st +Zl wk+2bx,+22mym
i=1 Jj=1

m=1 m=1

d e f g h
r, + Zr} u +ZSJ.VJ. +Zl‘kwk + Zblxl +szym are elements of R where 7,,7,,7, € R, then
i=1 =1 k=1 I=1 =

[ d e s g h d e ro g no
Ty + Zriui + ZSjVj + Ztkwk + Zblx, + szym 1+ Zrivul. + ZS;'Vj + Ztkwk + szxz + szym
| i=1 j=1 k=1 I=1 m=1 i=1 j=1 k=1 I=1 m=1
. d . e S/ . g h .
Ty + z;;. u, + ZSJV./ +Ztkwk +Zb,x, +22mym
i=1 Jj=1 k=1 I=1 m=1

- i S0 () +z{ro( Vs, (7 )+z,;(r;)}_,+ﬁ[r0(t;)+tk(r(;)+zr.(s-_)+

i

[roro s + ro )r0+(sjr0)r0+

)r +(tr)r +Z(rs )r +(s r) o

(roi;')s;Jr(rrO)s +(r0 )r +(s ro)r +z rr ]wk+2[ roro)b +(r0b) (;+(b]r0')r0"+
(rlt,;)ro +(tki;')r0"+(roi;)t' +(rr0)t +(r0 ) ( )r +Z( ) (Os;)S;+(SjF(;)S;

h

;(’?S})’?"+(Sjr,-')7”,-“+(1;i;')sj x,+2[(rr)z +(rzm)r +(Z ,,),, +Z( )r +(b )r“+

R R ERO S AR KR PRt A B
L )s +Z(rt )r +(tr)r +(, )t,';+;j(sjs;)r["+(};s;)s;+(Sjr[')s;}ym

ik

roun
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i=1
o o o f o ' " rton ' " o
Zrl. (riro )+r0 (”i’? )""? (rorl. )]vj + Z[’”o (rotk)+r0 (tkro )+tk (roro )+ Z(rl (sjr0 )+s_}. (rl.ro )+
i k=1 ij

r( )+r(r0' ")+r0( ST, )+s (ro ")+Zr[(r['r[“)]wk+i[r0(r(;b;')+r0(b;r(;')+bl(r(;ro")Jr

1

Zk:r[(t,;r(;)+tk(rl.'ro")+r0(rl.'t,';)+rl.(ro't,i)+r0(t,;rl.")+tk(r ) ZS (s r0)+r0(ss )+S ( ' )

=r0(r0'r(;)+zd:[r (1 )+r0(rr0)+r(r0'r0")}ui+jZ:[rO(r0' ")+r0 (s r0)+s (ro'r(;')+

Zrl. (S'j];.")+ s; (rl.'rl.")+ v (rl. sj) X, +i[r0 (r()'Z:n)+ 7, (z;nrou)+ z, (r(;rou)+2ri (bl'r(;)+b, (rl.'rou)+
_— il
+2.5; (t,;ro")+ t (s;.r(;')+ 7 (s;.t;)+sj (F(;t;)+r0 (t,;s;)+

Jok
t, (rosj ) + ) r (l‘l;l’;")-f- t, (ri'r[")Jr 7 (r,,'t,'; ) + ZSj (sjrl ) +7 (sjsj ) + S; (rlsj )} Vo
i ij

e

h

d 3 S/ g d e
= r0+Zriul.+ sV +Ztkwk +Zb,x, +szym {roro + [ro (rl. )+r. (r ):|ui+2[r (s )+
i k=1 =1 m=1 i=1

i=l1 Jj=1

s}(rou)+21;'(lg")}vj+kzz; ro(tk)-i-tk(ro)-i-z ZV(S])-I-S (i;) wk+§:[r0'(b;')+b;(r(;')+

ij

h
S () 5906 3 A2 2 06+ S ) ) S5, ) v ()

J m=1 il

d e S g h d e S g
=1+ Zriui + ZSJ.vj + Ztkwk + Zb,xl + szym r,+ Zri'ul. + Zs;.vj + Zt,;wk +Zb;x, +
i=lI j=1 k=l I=1 m=1 i=l1 j=1 k=1 I=1

S g h
Zyj i3 DI WIS RS s
m=1 k=1 =1 m=1
Secondly, we show that this multiplication is distributive over addition

d e f g h ' d ' e f ' g
A "‘Z’?—”f +Zs_].vj +Ztkwk +Zb,xl +ZZmym 7, +Zriul. +Zsjvj +Ztkwk +Zb,xl +
i=1 Jj=1 k=1 =1 m=1 i=1 Jj=1 k=1 =1
h . . d . e . f . g \ h .
szym] + rO+Zrl.ul.+Zsjvj+2tkwk+2blxl+22mym
m=1 i=1 Jj=1 k=1 =1 m=1

d

/ ,
7+ rl.ul.+Ze:sjvj+Ztkwk+iblxl+zh:zmym [(r +7; )+Zd:[r +7 Ju, +Z[s +s) v,
i=1 k=1 I=1 m=1

i Jj=1 i=l1

[z » ]wk+2[b+b]wk+2[z R }

m=l
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| s B0 a3 s s e B ) o+ 3 ), () + )
5 ()] (B )+ T ) X, ) o 30 (2) 2 (1)
(5 )+ e (1) 5.
N () (7)o + { (5)+5,()+ (r;)} +kz:[ro (£) () +
)+, ) S 000+ S )17 o, 5 o+ S )
)0+ S e )

[ s : s :
= (ro + irjui + ze:sjvj + Ztka + ib,x, + Zhlzmym j(lfo + zd:rivu,. + is}vj + Zt,;wk +ib;x, + iz;ymﬂ
L i=1 Jj=1 k=1 I=1 i=1 j=1 k=1 I=1

m=1 m=1

_l’_

i d e f g h d . e . f . g . h .
(ro +Zrl.u[ +Zs_ivj +ZZka +Zb1x] +szymj[ro +Zr,. u, +ZS_/.V/. +2tkwk +Zb1x, +szym]
L i=1 j=1 k=1 I=1 m=1 i=1 =1 k=1 I=1

m=1

Similarly, it can be shown that
d e ! g h d e ! g h
Kro + Zr,.ui + Zsjvj + ZIka + Zb,xl + szyijr[r(; + Zrl.'ui + Zs'jvj + ZI,;wk + Zb,'x, + Zzinym H
i=I Jj=1 k=1 I=1 m=1 i=1 Jj=1 k=1 I=1 m=1
d e S g h
(ron + Zl: rl."ul. + Zl: s;vj + kz:‘ t,iwk + [Zl:b,"xl + Z‘f Z,"nym J
i= Jj= = = m=

S/ /
= Kro + Zd:r;ui + Ze:sjvj + Ztkwk + zg:b,x, + Zhlzmme{r(; + zd:r,."ul. + Zels;.vj + Zt,:wk +Zg:b,"x, +Zhlz;ym ):I
i=1 Jj=1 k=1 =1 i=1 Jj=1 k=1 =1 m=1

m=1

+
) d . e . f . g . h . . d . e . f . g . h .
I +Zriu,. +ZSjvj + Ztkwk +Zb,x, +szym A +Zrl. u, +2sjvj +Ztkwk +Zb,xl +szym
i=1 Jj=1 k=1 I=1 m=1 i=1 Jj=1 k=1 =1 m=1
Next, we show that (1, 0,0,0,0, 0) is the identity under this multiplication on R .

d e / g h
Let | 7, + Zlfiui + ZS].V]. + Ztkwk +Zb1x, +szym € R, then we need to find
k=1 =)

i=1 j=1 m=1

d e S/ g h
Ty + Zri u, + ZSJ.vj + Ztkwk + Zb,x, + Z z. ¥, | €R, where 1,7, € R such that
i=1 =1 k=1 I=1 m=1
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e

d e f g h d X f i g :
(ro + Zrl.ui + Zsjvj + Ztkwk + Zb,x[ + ZZmym ](ro + Z nu+ D s+ Ztkwk + Zb,x, +
= - - = i=1 j=1 k=1 I=1

i=1

e f
Zhlz;nymj = [ ir, ,+Zs +Zt wk+bel+Zh:zmymj(r0+zd:r[ui+ZSjvj+Ztkwk+
m=1 i=1 Jj=1 i j=1 k=1
ib,xl+izmme = r0'+ii;'ui+23 +ZI wk+2bxl+22mym
1=1 m=1 i=l1 Jj=1

m=l1

= (i + S0 )+r(r0)}u+z{ro( Vs, (s )+zr[(ri')}vj+ﬁ[ro(t,;)+tk(r(;)+zn(s;)+

S,<,,;>jwk+g@0<b,->+b,<n;>]+§() OB )
;@(b;)w,(,g)gsj(4)+fk(s;.)}yer(;+; e S S+ S, j

d d
This implies that 7,7, =7, ; Z[ro (rl.' ) +r (ro )] u, =y rug;

g_ro(s})ﬂj(%’)ﬂZ@(%’)}w=Zs;-v_j; ﬁ{ro(t;)”k(r()')in(s}) (n)} wak,
>

A (bl')+b,(r(;)+21;(t,;)+tk (r[.')+2sj (s})}x, =ib,'x,;

ik J

/

h

Z ro( )+z ( )+Z’/;'(b;)+bl(’?')+;Sj(tl;)+tk(s;’)

m=1 i,

I |
NS
s
Il
iv=
N
N
NS
3

Upon solving the above set of equations, we find that 7, =1, ,=0, 5, =0, 7, =0, 5, =0, z,=0.

Showing that 7, +Zl’u +ZS V. +zt w, +Zb X +szym 1,0,0,0,0 0) Therefore R is a unital

finite ring.

Thering R =R, ® ZROM @ ZR v, ® ZR w, ® ZRO)C, ® ZROy has the set of zero divisors as

i=l1 Jj=1 m=1

ZRM @ZRV @ZR Wk@ZR xz@zRoy . It is worth noting that an element in the

m=1
constructed ring R is either a zero divisor or a unit. From the definition of multiplication, it follows that

R(Z(R)) = (Z(R))R C Z(R) so that Z(R) is an ideal. Suppose there exists another ideal T in the ring R
such that Z (R) is contained in 7' , then by definition 2.5, 7 contains an invertible element X € R such that
xx'=x"x=1sothat T =R. Thus Z(R) is the only set in the ring R containing all the zero divisors hence the
unique maximal ideal in R since any maximal ideal that is distinct from Z (R) contains a unit. Therefore Z (R)

coincides with the Jacobson radical J (R) thereby implying that the ring R is completely primary.
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Proposition 3.2: The ring R constructed in section 3.1 is completely primary of characteristic p with Jacobson

radical Z(R):
_ Z R @3 Ry, @ kZ::ROwk ©3 Ry 6 ZRy
(£(R) =2k, @(2(R))
(2(R) =X ko, ©(2(R)
(#(R) =T 5 @(2(R))
(2(0) =3 o,
(2(®) =(0)

Proof: In order to show that the set of zero divisors is given by

Z Rju. @ Z Ry, ® Z Rw, ® Z Rx, @ Z R,y, .we demonstrate that any element not contained in

i=1 Jj=1 m=1

Z(R) is invertible. Let 1+Zru +ZS v, +Zt w, +Zb X +szym %Z(R) be an element in R .

i=1 j=1 =1 m=1

Suppose 1+Z u, +ZS v, +Zt W, +Zb X, +szym is the inverse of

d /
5 +Zri'ui +Zs;.vj +Zt,;wk +Zb;xl +Zz;nym , then

i=1 j=1 k=1 I=1 m=1

d e f g h . d ' e . f ' g h '
(1+Zrl.ui +ZS./V.1‘ +Ztkwk +Zb,xl +szym][ro "‘Z’?“i +Zsjvj +Ztkwk +Zb,x, +szme

i=1 j=1 k=1 I=1 m=1 i=1 j=1 k=1 1=1 m=1

=(1,0,0,0,0,0)

j=1 i k=1 ij

lzgl[b;+bl(r(;)+zk:n(t;)+tk (ri')+2sj (S'j)}c, +Zh:[z;n +z, (r()')+21’i(b[')+bl(lfi’)+

i, J m=l il

:>r0+2[ +r (ro)}u +Z[s +s, (r0)+zfg(ri')}vj+Zfl{t}(+tk(r(;)+2ri(s})+sj(;;')}wk+

s (t)+t, (s;.)}ym =(1,0,0,0,0,0)
J.k

26
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sz;:tkﬂ( ) ;C(Sj)+sj(r,)}wk: ; i[b}+b,(r0')+§1;(tk)+tk(;;)+ZJ:S](SJ)}CI_O’
z - ')+;r,.(b,)+b,(,;)+]zksj(t,;)+tk(s;)}ym: ,

-1
d e f g h
_ 2
(1"'2’?”% "‘ZS_;V_; +Ztkwk +Zb,xl +szymj = {l—riui +(—sj +Zrl. jvj +
i=1 Jj=1 k=1 I=1 m=1

(o3l oo o303

Z
(—zm—Z[—2@bl+§{2n2tk—2(2rs -3 j} > (_sgs‘,zr;]]_

il

Zk: [—23}1,{ + z {2rl.s]2. - Z:sjri3 } + Zk:tkriz D Vo }
Js i,j i i,

Thus, all the elements outside Z (R) are invertible.

The product of any two elements in the set Z (R) is given by

O+§:l;ui+ze_;sjvj+itkwk+ib,xl+izmym 0+3 i+ 35, + o + 3053+ Xz,
| oL |
(0003 S+ E Zol) o ) o B Taleen )+ o 5)

i k=1 \_1i,j =1 \_ ik
h
zl(zl,g(b;)w,(g)@ksj ()1 (S;)]ym]
m= i, J>

Thus (Z(R)) =(Z(R))(Z(R))=V @W ©@X DY .

The product of any three elements in the set Z (R) is given
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g
< 1
]
TN
g
1
M
—_
—~
N—
—
N—
L
N

d " e . A " g h "
(O‘FZ’? u, +Zsjvj +Ztk w, +Zb, X, +szme

i=1 Jj=1 k=1 =1 m=1

m

( ( sy ) (nsn)) ||+
I=1| ik i,j i m=1| il ik | i,j
J i Js LJ i
SIS b bl bl ) ) |
m=1{ il ik i,j i

s (2(R) =(2(R))' (2(R)) =
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e f
RO S o o bttt [ (SRS S v
ik i=1 Jj=1 k=1

m=1| i, i\ i

5

Since Z(R) is an ideal and (Z(R) C ann(Z(R)) , we have

(2(R))' =(2(R)) (2(R))=(2(R))(2(R)) =(0)

Lemma 3.3: Let R be a ring constructed in section 3.1. Then the unit group
U(R)= <a>-(1+Z(R))=<a>x (1+Z(R)).
This is a direct product of the normal subgroup 1+ Z (R) of the ring R by a cyclic group <a > of order p" —1.

A complete classification of U (R) requires that the structure of 1+ Z (R ) be determined completely. We will

therefore incorporate the ideas of Raghavendran [9], and Chikunji [3], to determine the generators and to classify the
group of invertible elements of the ring R for characteristic p . This lemma will be fundamental in outlining the

structure.
Lemma 3.4: The multiplicative group U (R) of R is defined by U(R) =R-7 (R) , and since

|R| _ p(1+d+e+f+g+h)r

Z(R)| Zp(d+e+‘f+g+h)r, and |1 +7Z (R)| :p(d+e+‘f+g+h)r , it follows that

9

|U (R)| :p(Hd%H}g”)r - p(d”*f*g*h)r = (pr - l)p(d+e+f+g+h)r which resonates well with the fact that
UR) = Z,r_y X (1 + Z(R)).

Proposition 3.5: Let R be a ring constructed above and of characteristic p with pu;, =0, pv = 0, pw, =0,

px, =0 and py, = 0. Then the unit group U (R) is a direct product of cyclic groups as follows:

Zyr_y % (20:)" x (@5 x (Z5)',p = 2

Zar_y x (Z52)" X (Z5)° x (Z5)9 x (Z5)",p = 3

Zor_y % (Z52)" X (Z)° x (Z) x (ZD)%,p =5

Zyra X (25)" x (7) % (25) % (75)" x (73)'p > 5

UR) =

Proof: Let @, -+, @, be the elements of R, with ¢, =1 so that @,,-*~, &, € R,/ pR, = GR(pr) form a basis for
GF ( p ) regarded as a vector space over its prime subfield GF ( p) . We consider the following four cases separately:
Case (i): p =2 .Foreach ] <t <7, we see that for the elements 1 + ,u;, | + @, w, and 1+, y, in 1+ Z(R),

(1+au, )8 =1, (I+aw, )2 =land (1+0a,, )2 =1. For nonnegative integers ¢, 6, and 0, such that ¢, <8,

0, <2 and 0, <2, we assert that the equation

| (1 o) T am) VT

d r
i=1
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implies that ¢, =8, 6, =2 and 0, =2 for 1<t <7.

Suppose

124

A, :{(l+at”,»)¢:¢=l,--',8; v IStSr},
Btk :{(1+atwk)9:9:1,2; \v4 lﬁtﬁl"},and

C

tm

:{(l+atym)6 o=12; V lStSr},

we see that A, B, , and C, are all subgroups of 1+ Z (R) with their precise orders as indicated in their definition.

(d+f+n)r

Since the product of the (d +f+ /’l)l’ subgroups equal to p and the intersection of any pair of the cyclic

subgroups gives the identity group, the product by the (d +f+ h) 7 subgroups is direct and exhausts 1+ Z (R ) . Thus
d r foor h r
1+Z(R) =TI < 1+aw > <[] [<1+aw. > <[ [I <1+ oy, >
i=1 1=l k=1 1=1 m=l 1=1
= (25:)" x (Z5)f x (Z5)"

Case (ii): p=3.Foreach | <t <r, we see that for the elements 1+ au,, l+av,, 1+a,x, and 1+@a,y, in

1+Z(R), (1+alui )9 =1, (1+0{tvj )3 =1, (1+ale )3 =1 and (1+a,ym )3 =1. For nonnegative integers ¢,

0., v, and 0, suchthat ¢, <9, 6 <3, y, <3 and 0, <3, we assert that the equation

d r 4 e r 0 g r v, h r o
1._1[1_1[{(1+a’ui) }-1—1[1_1[{(1+atvj) }-1]_1[1_1[{(1+a,x1) }-Hl_l[{(pratym) }:{1},
i=l t= j=1 t= =l t= m=1 t=

implies that ¢, =9, 0, =3, w, =3 and 0, =3 for IS¢ <r.

Suppose

A, :{(1+atui)¢:¢:1,---,9; v IStSr},

B,

4

1+ay,) :0-123 vi<i<r|.
c, ={(1+atx,)w w=1,23 V ISISr}and
D, ={(1+atym)a o=1,23 V 1szsr},
we see that 4, B,, C,and D,, are all subgroups of 1+ Z(R) with their precise orders as indicated in their

(d+e+g+h)r

definition. Since the product of the (d +te+g+ h) 7 subgroups equal to p and the intersection of any pair

of the cyclic subgroups gives the identity group, the product by the (d +et+g+ h) 7 subgroups is direct and exhausts

1+Z(R). Thus
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1+Z(R):ﬁﬁ< 1+ au, >x ﬁﬁ< I+ay, >x ﬁﬁ< I+ ax, > x ﬁﬁ< l+a,y, >

i=1 t=1 J=1 t=1 =1 t=1 m=1 t=1
da
= (252) x (Z)° x (Z3)7 x (Z3)"

Case (iii): p =5.Foreach 1 <t <r, we see that for the elements 1 + o,u;, 1+ v, l+a,w, and 1+ x, in

1+Z(R), (1+0{tui)25 =1, (1+atvj)5 =1, (1+atwk )5 =1 and (1+atxl )5 =1. For nonnegative integers ¢,

0, v, and 0, suchthat ¢, <25, 6 <5, y, <5 and o, <5, we assert that the equation

[TT{0+ee) FITLT0+an)' TITT{0 @) FTTTT{0 @)} =10

S oor
i=1 =1 j=1 t=1 k=1 =1 =1 =1

implies that ¢, =25, 0, =5, w, =5 and 0, =5 for I<t<7.

Suppose

4, ={(1+au) :p=1,-25 v1<i<r,

4
Bgl.={(1+atvj) 0=1,....5; VlStSr},
C,k:{(1+atwk)w:l//:l,...,S; VIStSr}and
D[,={(1+atx,)010'=1,...,5; VlStSr},

we see that 4,, B,, C, and D, are all subgroups of 1+Z (R) with their precise orders as indicated in their

(d+e+f+g)r

definition. Since the product of the (d +e+ f+ g) 7 subgroups equal to p and the intersection of any pair

of the cyclic subgroups gives the identity group, the product by the (d +e+f+g ) 7 subgroups is direct and exhausts
1+7 (R) . Thus

r e r foor r
1+Z(R):ﬁH< l+au >x [[[I<1+av, > <[] < 1+awm >xﬁH< l+a,x, >

i=1 1=l =1 1=l k=1 =1 =1 =1
d
= (Zg) x (ZD)° x (Z5) x (ZB)*
Case (iv): p>5. For each | <t <7, we see that for the elements 1+, u,, l+ayv,, l+aw,, 1+a,x, and

l+ay, in 1+Z(R) . (1+au) =1, (1+ay) =1 . (I+aw,) =1 . (I+ax) =1 and

(1+a,y, )" =1. For nonnegative integers ¢,, 6,, y,, &, and o, such that ¢, <p, 6,<p, w,<p, §,<p

and 0, < p, we assert that the equation
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d r e r

[

i=1 =1 j=1 =1 k=l =1

ﬁ {1+ax] } T {(1+atym)0’}:{l},

=1 t=1 m=1 t=1

I

impliesthat = p, 0, =p, W, =p, 6, =p and o, =p for 1<t <7.
Suppose

={0vau) ip=1p; Vi<e<s],
B, = {(1+gv) :0=1---,p; Vlétﬁr},

C, :{(1+5twk)w ww=L-,p; V IStSr}

D,={(1+&x) :6=1,p; ¥ 1£t£r}and

Etm :{(l—l_gtym)o- :Gzla"',p; v 1Stgl"},

we see that A,;, B, C;, D, and E, are all subgroups of 1+Z (R) with their precise orders as indicated in their

definition. Since the product of the (d +e+f+g+ h)l’ subgroups equal to p(d+e+‘f e and the intersection of

any pair of the cyclic subgroups gives the identity group, the product by the (d +e+f+g+ h) 7 subgroups is direct
and exhausts 1+ Z (R) . Thus

e r S r
1+Z(R) =[] I<1+au ><[[[[<1+av, > < [[[]<1+aw, > x

i

[T I<1+ax >x ﬁﬁ< l+a,y, >

=1 t=1 m=1 t=1
= ()" x (23)" x () x(23)° x (23’
Example: Let R=GRQ22)DZ, D7, D Z, D Z, D7, for p=2,r=1,d=e=f =g=h=1Then Z(R) =
0Pz, D72, HZ,P7Z, P Z,. Clearly from lemma 3.3,U(R) =

d r

1 t=1 j=1 =1 k=1 t=1

~

Zp1 X (1+Z([R)) where 1 +Z(R) =1 Z, ®
Z, ®Z, ®Z, ®Z, Now the generators of the subgroup 1+ Z(R) are <1 + u> of order 8, <l + W> of order 2 and

<1 + y> of order 2 as shown below.

(o3 =3[ 2oy

a=0 o

= [ij(y)o +G](y)1 +@j(y)2
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=1 (since 2y=0 and y*=0)

=1+2w+w’
=1 (since 2w=0 and w* =0)

o =32y

a=0 o

ot o Qoo {21 o

=1+ 2u+28u” +56u’ +70u* +56u° +28u’ +8u” +u®
=1+4(2u)+14(2v)+28(2w)+35(2x)+28(2y)+0+0+0
=1 (since 2u=0, 2v=0, 2w=0, 2x=0, and 2y=0)

Considering nonnegative integers ¢, @ and o such that ¢ <8, <2 and o <2, so that

()} { (e w)” {14 9)T} = (1), clearty §=8, 9=2 and & =2. Suppose

a={(1+u) :g=1-8), B={(1+w) :0=12} ana C={(1+) ;0 =12},

we see that A, B, and C are all subgroups of 1+ Z (R) with their precise orders as indicated in their definition. Since

(I+uy(1+wyn(1+ y) =1, it follows that

1+Z(R)=<1+u>X<1l4+w>x<1l+y>
=TZg X Zy X 7,

4. CONCLUSION

This article has constructed a completely primary finite ring whose Jacobson radical is of nilpotent index six of

characteristic p and it has lane bare a unique structure of group of invertible elements via characterization. A set of

linearly independent generators for 1+ Z (R ) has been established by connecting those generators to the basis GF' ( p)

over its prime field. The relation amongst these generators played essential role in determining the structure of this class

of rings. The results obtained in this study contributes significantly to the existing literature on the classification of finite
rings. Since for such rings, Char R = p*, 1<k <6 and this work has only considered a case for k =1, future

researchers may develop the construction for 2 <k <6 and investigate as well as determine their structures. Studying

the automorphism groups of these rings will as well expose the symmetries of these groups.
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