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Abstract

The first goal in this paper is using the definition of convex fuzzy normed space
to present the definition of convex fuzzy compact space. After that an example is
introduced to improve the existence of such space. The second aim is to introduce
important concepts and prove properties of convex fuzzy compact space. Moreover,
we proved if Z is convex fuzzy compact then Z is totally convex fuzzy bounded, as
well as we prove if Z is convex fuzzy compact then Z is convex fuzzy complete.
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1. Introduction

Katsaras’s type fuzzy norm is the first definition that introduced in 1984 on linear space
then its properties, topological structures, fixed point theorems were studied by many authors.
J. Z. Xiao and X.H. Zhu in 2002 [1] studied linearly topological structures and property of
fuzzy normed linear space. T. Bag and S. Samanta in 2003 [2] studied finite dimensional fuzzy
normed linear spaces. A. Amini and R. Saadati in 2004 [3] presented some properties of
continuous t-norm and s-norms. J. Xiao and X. Zhu in 2004 [4] introduce fuzzy normed spaces
of operators and its completeness.

T. Bag and S.K. Samanta in 2005 [5] studied fuzzy bounded linear operators. T. Bag and S.
Samanta in 2006 [6] proved fixed point theorems on fuzzy normed spaces. Again T. Bag and
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S.K. Samanta in 2007 [7] proved some fixed point theorems in fuzzy normed linear spaces. T.
Bag, S.K. Samanta in 2008 [8] presented a comparative study among several types of fuzzy
norms on a linear space defined by various authors has been made. [.Sadeqi and I. F. Kia. in
2009 [9] were first show that the two notations of fuzzy continuity and topological continuity
are equivalent, also they proved that fuzzy normed spaces are topological vector spaces.

I.Golet in 2010 [10] generalized fuzzy norms which is defined on a set of objects endowed
with a structure of linear space. Then he analyzed the relationships between these fuzzy norms
and the fuzzy metrics between these fuzzy norms and the topological structures on the base
linear space. M. Goudarzi and S. Vaezpour in 2010 [11] presentd best simultaneous
approximation in fuzzy normed spaces. D. Oregan, D. and R. Saadati in 2010 [12] present L-
Random and fuzzy normed spaces and classical theory.

A. Hasankhani. A. Nazari and M. Saheli in 2010 [13] introduced some properties of fuzzy
Hilbert spaces and norm of operators. C. Alegre, S. Romaguera in 2010 [14] presented
characterizations of fuzzy metrizable topological vector spaces and their asymmetric
generalization in terms of fuzzy (quasi) norms. M. Janfada, H. Baghani and O. Baghani in
2011[15] presented some properties of the space of all weakly fuzzy bounded linear operators.
After that Nadaban and Dzitac 2014 [16] studied the atomic decompositions of fuzzy normed
spaces. Again, Nadaban in 2015 [17] proved basic properties of fuzzy continuous mapping in
fuzzy normed spaces. Moreover, Nadaban introduced in [18] the notion fuzzy of Euclidean
normed spaces for data mining applications. After that Mohammed, Ahmed and Fadhel [19]
proved the fixed point theorem in fuzzy normed space. In this direction Nadaban with other
authors proved other properties of fuzzy normed space, see [20, 21, 22].

Sabri in 2021[23] studied the fuzzy convergence of sequence and fuzzy compact operators
on standard fuzzy normed spaces. Through 2023 [24] Sabri and Ahmed proved best proximity
point theorem for a— 1) —contractive type mapping in fuzzy normed space. Daher and Kider
[25] published a paper on line contains a study of convex fuzzy normed space. Finally, some
properties of fuzzy set appear in [26]. A Lot of research work has been done on fuzzy
topological spaces and their properties, see [27-30].

The main goal of this research is to prove properties of convex fuzzy compact space. This
research consists of three sections: in section two the convex fuzzy normed space and its basic
properties are recalled. In section three we proved the main results in this paper.

2. Properties of convex fuzzy normed spaces
In this section we recall some basic concepts, definitions and theorems for convex fuzzy
normed spaces that proved in [26], that will be needed in the section of results and discussion.

Definition 2.1 :

If Ar:R -[0, 1] satistying

(1) 0< Agr(d) <1, 8 #0.

(i) (i) Ag (¥) . Ar(S) = Ag (¥9).

(i)  Ar(y)=0 & y=0.

(iv) oAR(Y) tit Ar(6) = Ag(y + 6);

forall o,u €0, 1]with ¢ + u =1, and forall y, § € R.

Thus (R, Ap) is convex fuzzy absolute value space (or, c-FAVS)

Definition 2.2 :
Suppose that Z is a vector space over R. If NV': U —[0, 1] satisfying
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(1) 0<N(yg) <1,y #O0.

(11) N(ay) < Ar(a) N(y) for all 0+ a € R.

(i) N () =0 if and only if ¢=0.

iv) Ngt+d)<yN(y)+OIN(4), wherey + =1,

forall 4, d € Z. Hence, (Z, V) is convex fuzzy normed space (or, c-FNS).

Example 2.3:
Define V(%) = maxqepap) Ar[#(a)] for all £ € W where W=C[d, b]. Then, (W, N) is a
c-FNS.

Definition 2.4:

If (Z, V) is c-FNS and let (u;) be a sequence in Z then (1) is fuzzy converges to y if for
all 0< a < 1 there exists N satisfies N (ux —¢) < a, for all k=N. In this case we write
r111_r>£1o N(ux —¢),or lll_)n;no U=y Or Uy — 1.

Theorem 2.5:
If (2, V;) and (Z,, IV,) are two c-FNS then (Z, V') is c-FNS where 2= 2Z; X Z, and N'[(¢1,
Y2)[FY N1(y41) + N, (y) for all (¢4, ¢2) € Z wherey , § €[0, 1] with y + 5=1.

Corollary 2.6:
If (Z, V') is ¢c-FNS, then (2™, N3) is a ¢-FNS where Z™=2Z X Z X....X Z (m-times) and

Nz (%1, Y25 - Ym)]= 61N (Y1) 62 N'(g2) + ... +6; N (Yyy) for all (1, 42, ..., %m) €Z,
where 61, 05, ....,0k €[0, 1] with 6;+ &5+ ....+5,=1.

Corollary 2.7:
If (2, N7), (Z5, N3), ..., (Zm, Nyy) are c-FNS, then (Z, V') is c-FNS where Z=2; X Z, X ...

X Zy and N [(¢1, Y25 ---» Ym)IF 61 N1 (%1) 62 No(y2) + ... +6k Nop(ym) for all (¢4, 42,
,’y)m) € Z Where 61, 62, ""76k E[O, 1] Wlth 61+ 62+ +63:1

Definition 2.8:

Suppose that (Z, V') is c-FNS.

(i) cfb(y,a)={g€Z:N(y —q)<aj.

(i) cfbly, a]={g € U: N(y —q) < aj.

Then (i) is a convex open fuzzy ball and (i1) is convex closed fuzzy ball with centre ¢y € Z
and radius a, where 0< a < 1.

Definition 2.9:

If (Z, V) be c-FNS then (u;) is convex fuzzy Cauchy sequence in Z if for all € € (0, 1) there
exists N satisfies J(u; —u;) < e, forall j, 1 =N.

Definitions 2.10:

If (Z,N) isc-FNS and W € Z. Then

(1) W is convex fuzzy open set if ctb(w,a ) € W for all ww € W with 0< a < 1.

(2) Again F C Z is convex fuzzy closed set whenever F¢ is convex fuzzy open.

(3) Furthermore, P =N {F is convex fuzzy closed in Z and P C F}is the convex fuzzy closure
of P.

(4) If P=Z where P € Z then P is convex fuzzy dense set in 2.

Theorem 2.11:
If u, - ¢ € Z then (u;) is convex fuzzy Cauchy in the c-FNS (Z, NV).
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Definition 2.12:
Ifu, - ¢ € Z, forall () in Z which is convex fuzzy Cauchy then the c-FNS (Z, V) is

convex fuzzy complete set.

Theorem 2.13: [9]

In c-FNS (Z, V) if W © ‘U then weW if and only if there exists (wy) € W with wi— w.
3. Results and discussion

In this section we proved the main results for convex fuzzy compact spaces.

Definitions 3.1:

If (Z,V)is ac-FNS and I' ={8B: k€K where B}, is convex fuzzy open} so

(D) If Z < Ug, erBy then T'is called a convex fuzzy open cover of Z.

Q) IfZ =U]’-‘=1 B, then {B;, B;, Bs,..., By} € I' is called a finite convex fuzzy open sub
cover.

Definition 3.2:
A ¢-FNS (Z,V) is called convex fuzzy compact space if Zc Ug, By, then there is

{81, B,, Bs,..., By} such that Z = UK B;.

Example 3.3:
An open interval (0, 1) in a ¢-FNS (R, A|)), where A, (o) =

lo|
1+|o|

is not a convex fuzzy
compact. Since I' = (l ,1): 2<m } is a convex fuzzy open covering of (0, 1), but (0, 1) #
p m

Un= (i ,1), where n€ N.

Example 3.4:
£ P={p1, p2, ... p} € Z where (Z,N') is a c-FNS then P is a convex fuzzy compact.

Definition 3.5:
Let Z={A;:j€J} be a family of subsets of a space Z. The family X is centred if for any finite

number of sets A;, 4,, ...,A; € £ we have n]’-‘zl Aj # 0.

Theorem 3.6:
The following two statements are equivalent where (Z,NV') is a c-FNS:
(1) Z is convex fuzzy compact;
(2) We have Nyes A # @ for any centred family Z of convex fuzzy closed subset of X.
Proof:
2)=(1)
Let Z={A;:j€]J} be a fuzzy open cover of Z. We need to show that I has a finite subcover. For
JE€J, define G;=2Z — A; this gives a family G={G;:j€J} of convex fuzzy closed sets in Z. We
have n]'e] G]: ﬂje][Z — A}] =27 _[UjE] Aj]:Z — Z:Q), since Z:Uje] A]
This implies that G is not centered family, so there exists G, G, ...,Gx € G such that
NK_, G=@. This gives @=n'_; G;=nI_, [Z — A;]=Z —[U}L; A]].
Therefore, Z =U]'-‘=1 Aj and so Z is a convex fuzzy compact since {4;:j=1, 2, ..., k} is a finite
subcover of X.
(H=(@2)
Can be established following similar technique.
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Definitions 3.7:

Let Y be a subset of ¢c-FNS (Z, V) and let 0< a <1.

(1) The set B, S Y is an convex a-fuzzy net for Y whenever ¢y € Y 3 & € B, satisfying
Ny —6)< a.

(2) If for all 0< a <1, there exists a convex a-fuzzy net B,={&, &>, ..., H,} S Y then Y is
called totally convex fuzzy bounded.

Theorem 3.8:

The following two statements are equivalent whenever (Z,V)isac-FNSand Y € 2.
(1)Y is totally convex fuzzy bounded;

(2) if for all (py) in Y contains (pkj) as a fuzzy Cauchy.

Proof: (1)=(2)
Choose a finite convex % -fuzzy net Bi1 in Y. Then one of the cfb(4;, % ) for &; € B contains
2 2

infinitely many elements of the members of (py). Let (p1x) € (pr) denote these members.
Again, pick a finite convex fuzzy 2 net B: in Y. Then one of the cfb(&;, 2 ) for &; € Ba
4 z 2 J z

contains infinitely many elements of the members of (p1x).
Let (p,x) € (p1x) denote these members. After finite steps, we have (p1x) 2 (p2x) 2...

so that at the jth stage, the terms (pjy) lie in cfb(&;, % ) for &; € Ba.
2]

Hence, (pj;) is a subsequence of (p;). Thus when m > j > N, we have
N @i — Pmm) < SN (pjj — Pj+1j+0)T 641 N (Pjs1j+1 — Pj+2je2) T

+ 5mN(37m—1m—1 - pmm):

where &j, 6j41,..., Om €[0, 1] with §;+ §;,1+...+ 6, =1. It follows that
1 1 1

N (@5 = Pmm) < 8i(5) +0j41 (550 T -+ 0 (555)-
Choose 0, 0< 0 <1, with &;( =) +8j41 (53) * - + 6 (55) < 0.
Therefore, N'(pj; — #mm) < 0. Thus the sequence (pyy) is convex fuzzy Cauchy sequence.
2)=1)
Assume that for all (py) in Y contains (pkj) as a fuzzy Cauchy and suppose that 0 < a < 1.
Let p, €Y . If Y —ctb(p,,@) = @, we get a convex a-fuzzy net, namely, the set {p; }. Otherwise
choose p,e Y —ctb(p,, a). If Y —[ctb(p;, @) U ctb(p,, )] = . We get a convex a-fuzzy
net, namely the set {p,p,}. If it does not stop after finite steps, it will be construct (py)
satisfying (p; — pm) = @, j # m. Hence, (py) does not contains (pkj) as a fuzzy Cauchy,

this a contradict our assumption.

Proposition 3.9:

Let (Z,V) be a ¢c-FNS. If Z is convex fuzzy compact then Z is totally convex fuzzy bounded.
Proof:

Since Z=U ey ctb(y, a), so for all 0 < a < 1, the collection A ={cfb(y, @) : y € Z} is a
convex fuzzy open cover of Z. Using our assumption Z is convex fuzzy compact we have A
contains {ctb(p;, ay), ctb(p,, ay), ..., ctb(pk, ar)}. Hence, Z is convex fuzzy totally
bounded.

Theorem 3.10:
Let (Z,V') beac-FNS. If Z is a convex fuzzy compact then Z is convex fuzzy complete.
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Proof:

Assume that Z is not convex fuzzy complete. Then there exists convex fuzzy Cauchy sequence
(ux) € Z with uy » ¢ inZ. If y € Z, since 1y » ¢ so there exists 0 < a < 1 satisfying
N(uy — ¢) = a for infinitely k € N since (uy) is convex fuzzy Cauchy, there exists NE N
satisty j, £ = N so M(u; — 1) < a . Consider £ = N for which M (u, — ¢) < a . So, cfb(y,
a) contains 1 for only finite values of k. In this case, with each ¢ € Z we can associate cfb(y,
a(y)) ,where 0 < a(y¢) < 1 depends on ¢, and ctb(y¢, a(y¢)) contains 4, with finite values of
k. Notice that

Z =U ezctb(y, a(y)) thatis A={cfb(y, a(y)): 4 € U} is a convex fuzzy open cover of Z.
Using Z is convex fuzzy compacts we have {cfb(y¢;, a(¢;)),j = 1,2, ..., k} & A such that

Z =Uj_;ctb(y, a(y}), Since each cfb(y;, a(y;)) contains 1wy for a finite values of k, but Z
=U]'-<=1 ctb(y;, a(y;) and also Z is finite but Z is not finite. Therefore, Z is convex fuzzy
complete.

Lemma 3.11:

Let (Z,V') be a c-FNS and Y € Z. If Z is totally convex fuzzy bounded then Y is totally
convex fuzzy bounded.

Proof:

When Y =0 is clear. Let Y # @ and given 0 < a < 1, there exists a finite a;-fuzzy net By, =
{by, b, ..., b} € Z for Y where alzg. Thus Y < U]’-"‘=1 ctb(b;, a,). Let B;= cib(b;, a;) for
J=1,2,....k, which intersect Y. Let z; €(Y N B;). Thus B,={zy, 2, ..., Zx} <Y is convex a-
fuzzy net for Y since for all ¢ € Y there exists B; where ¢ € B; satisfying

N(z— z;) < 6;N(z— by) +6; N(bj — zj) < 6104 + b1 =(6, + 62) 1= a; < a.

Since 67 , 6, €[0, 1] with §; + 6,=1.

Theorem 3.12:
Suppose that (Z,V') be a c-FNS. If Z is totally convex fuzzy bounded and convex fuzzy
complete, then Z is a convex fuzzy compact

Proof:

Assume that Z is not convex fuzzy compact. Then there exists [1I={B,,: nel'} such that Z=U,,.r
B,, that does not has {B,, B,, ..., By} such that Z’ZU]’-;1 B;. Since Z is convex fuzzy totally
bounded, it is convex fuzzy bounded by Lemma 3.11, thus for some 0 < ¢ < 1 and some p€E
Z, we have Z C cfb(p, g). Observe that Z € ctb(p, o) implies Z = cfb(p, o).

Let ay= fk . Since Z is a convex fuzzy totally bounded Z = anilcfb(ga i» @j). Thus there exists
ctb(py, @) such that ctb(p,, @) # U]’-‘=1 B;. But cfb(py, a,) is itself convex fuzzy totally
bounded [ if Y # @ € Z where Z is convex fuzzy totally bounded set then so is Y], so there
exists p, € cfb(p,, @), such that cfb(p,, a,) # U}‘zl B;. After many steps, we construct a
sequence (py) satisfying the condition that for each k, ctb(py, ay) # U]'-‘=1 B; and pyiq

efb(pr.ar). We next show that the sequence (py) is convex fuzzy convergent.
Since pyy1 Ectb(py,ay) it follows that N (pr — prs+1) < ax. Hence,

NPk — Pm) < 6NV (Px — Pr+1) Tooo oo 0 NP1 — Pm)s

It follows that N'(px — pm) < €.
So, (pr) is a convex fuzzy Cauchy in Z, but Z is a convex fuzzy complete, p, — p € Z. Since
» € Z there exists pg el satisfying p € B,, . Using B, is convex fuzzy open it contains ctb(p,
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6) for § € (0, 1). Pick N so large that, N'(px — p) < u so for all ¢y € Z satisfies N (y —
Pr) < o . Therefore, N(y — p) < v1N(y — px) tv2 N(px — p) where y; + y,=1. This
implies that V(¢ — p) < Y10 +y, 4 < 0. So that cfb(py, ax) < cfb(p, o). Therefore,
ctb(py,ax) = U, By, by a finite sets By, . But ctb(py, ay) # Uj’-‘=1 B; which is a contradiction.
By adding Theorem3.10 and Theorem3.12 we obtain

Theorem 3.13:

The following two statements are equivalent when (Z,V') is a ¢c-FNS
(1) Zis convex fuzzy compact;

(2) Z is convex fuzzy complete and totally convex fuzzy bounded.

Proposition 3.14:
Consider that (Z,9t) is a c-FNS. Then for all {u,, u,,....,} in Z has at least one limit point in
Z if and only if every sequence (py) in Z contains a convex fuzzy convergent subsequence.

Proof:
Let (ux) € Z, and suppose that for all {u;, u,,....,} in Z has at least one limit point in Z. If the
set {uy, Uy,....,} is finite, then choose any member, say u; hence (u;, v, ...) is a subsequence

of (uy), which (uj, uj, ...) = uj . Suppose that the set {uy, us,....,} is not finite.
Now, the set {uy, u,,....,} has limit point u€ Z. Let k; be any integer such that N(uy, —u) >

1
0. Define kj, k; <k, <...<kj <kj4; <...,and ER(uk].+1 —u) < 5D

For the converse let for all (py) in Z contains (py,) such that py. > p € Z. Put S={py, p,, ...}
C Z, so there exists (py) in Z of distinct terms. Now, (py) has (py;) of distinct terms py, —
» €.Z Hence every cib(p,a) contains py,, px,, --- of (pk,)- But the terms are distinct hence
every ctb(p,a) contains py_, Pk, -.. of S. Therefore, S has a limit point p € Z.

. Thus, Uy, = u.

Theorem 3.15:

The following two statements are equivalent when (Z,V) is c-FNS
(1) Z is convex fuzzy compact;

(2) For all (uy) in Z has a subsequence (uy,) such that u,, »ue 2.

Proof: (1)= (2)

Let Z be convex fuzzy compact (that is totally convex fuzzy bounded and convex fuzzy
complete see Theorem 3.10. Let (uy) € Z. But Z is a convex fuzzy totally bounded by using
Theorem 3.13 we have (uy) contains a convex fuzzy Cauchy subsequence (uy,). But uy, — ue
Z because Z is a fuzzy complete. Thus, if Z is a fuzzy compact, then for all (uy) in Z has a
subsequence (uy,) such that u,, —ue 2.

(2)= (1) For all (uy) in Z has a subsequence (uy,) such that u,, »u€ Z and by Theorem
3.10, Z is totally convex fuzzy bounded. To show that Z is a convex fuzzy complete, let (py)
be a convex fuzzy Cauchy sequence in Z. By assumption (py) has a subsequence (py,) and
Px; = p € Z. We shall show that py—p. Let 0 < a < 1. Now, py.—p, so there exists Ny
satisfying V' (py, — p) < a for all k; = N;. But (p)) is a convex fuzzy Cauchy so there exists
N, satisfying N'(p; — pm) < a forallm,j = N,.

Consider N =min{Ny, N, }, then N'(py — p) < 6;: N (px — px;) 62 N (py, — »)

where 6,1, 6, €[0, 1] with §;+ §,=1.

It follows that V'(py — p) < §;a + 8, a=a for all k > N. This complete the proof.
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Definition 3.16:
Let (Z,V) be ac-FNS and D € Z. Then D is called a relatively convex fuzzy compact if D
is a convex fuzzy compact.

Proposition 3.17:
Let (U, ) beac-FNS and D € U. If D is a relatively convex fuzzy compact then D is totally
convex fuzzy bounded.

Proof:

If D =@ then @ is a convex a-fuzzy net for D. Assume that D # @ we select &, € D if N(d, —
ad)< a for all d € D then {d,} is a convex a-fuzzy net for D. Otherwise let 4, € D be such
that Ni(dq — d,)= a. If foralld € D, N(d, — d)< a and N(d; — d)< a then { d,d,} is a
convex a-fuzzy net for D.

Otherwise let d3 € D be such that Jt(d — d3)= a, IW(d, — d3)= a. If forall d € D, N(d —
a4)< a forj=1,2,3. Thus {d4, d,, d3} is a convex a-fuzzy net for D. By Continue this process
we selectan d, € D, ..., etc. After k steps the set {d, d,, ds, ..., d}} is a convex a-fuzzy net
for D. If this process does not stop this will give a sequence (&) satisfying N(d,, — d;)= «
for all m=#i. Therefore, (d;) does not contain a fuzzy Cauchy subsequence. Hence (d;) could
not have (d;,) with &;, —>d € D. Since D is relatively convex fuzzy compact this a

contradiction. Hence there must be a finite convex a-fuzzy net for D. Thus D is totally convex
fuzzy bounded since a €(0, 1) was arbitrary.

Theorem 3.18:
The set Y is relatively convex fuzzy compact if Y is totally convex fuzzy bounded and Z is
convex fuzzy complete when (Z,9t) beac-FNSand Y € Z.

Proof:
Consider (bj) in Y hence Y < U]'-‘=1 ctb(w;, 1) where Bi={wy, w,, ...,wy }. We can choose

B, =cfb(wy, @ =1) which contains by, b,.... of (by). Let (b)) € (b)) and (b{") € B,. Again
we can choose QSfob(WZ,aZ% ) which contains infinitely many terms (bj(l)). Let be (bj(z)) of
the subsequence (bj(l)) which lies in B,.

By continue this process by using an induction selecting for a=§, a%, ..., and putting yk=b,((k).

Thus, for all 0< a <1 there exists N satisfying all y, with k>N are in cfb(wy,a ).
Therefore, (y;) is fuzzy Cauchy in Z thus y; -y € Z since Z is a convex fuzzy complete as

well as y; € Y soye Y.

For all (z)in Y 3 (wy) in Y which satisfies N (z;, — wy)< % for all k. But (wy) in Y, so it
has (wk].) C (wy) such that Wy, =W € Y. Therefore, (z,) also has (ij) C (zx) such that Zy; —Z
€Y. But N'(z, — wy)< %thus U is a convex fuzzy compact and Y is a relatively convex fuzzy
compact.

Proposition 3.19:

The set Y is separable if Y is totally convex fuzzy bounded whenever (Z,V') be a c-FNS and
Yycz.
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Proof:

If Y is totally convex fuzzy bounded then by Lemma 3.11, Y < U{;=1cfb(wj, a= ap= %),
By={w1, W, ...,w;} for itself where a= a; = % k=12, ...

Put B=Uy_; B,, then B is countable and fuzzy dense in Y. It is clear that for all a €(0, 1)
there exists k satisfying % < a, thus for all ¢ € Y there exists & € B% C B satistying N'(y —

&) < a. Therefore, Y is separable.

Proposition 3.20:
The set Z is convex fuzzy bounded if the c-FNS (Z,V) is a totally convex fuzzy bounded.

Proof:

For all 0 < a < 1 there exists a finite convex a-fuzzy net B, for Z. Put N'(B,) = sup{NV (&):
4 € B,}. By considering w4, € Z then there exists & € B, satisfying N'(u; — 4)< a. Now,
N(/Lbl) ZN(/bbl - ’6’ + /6') < 61N(’Mz1 - '6') +62N(/6'), Where 61 , 62 E[O, 1] Wlth 61 + 62 =].
Hence, V'(u) < §,a +6,N'(B,). Thus, we can find g, 0 < o < 1 where §;a +5,N'(B,) <
0.

It follows that V(1) < o. Therefore, Z is a convex fuzzy bounded.

Theorem 3.21:

If (Z1, V;) and (Z,, IV;) are c-FNS then (Z;, V;) and (Z;, V;) are convex fuzzy compact if
and only if (Z, V) is a convex fuzzy compact where Z=2Z; X Z, and N'[(z;, z;)]=a Ni(z1)
+L N,(z,) for all (z4, z,) € Z where a,f €[0, 1] with a+f=1.

Proof:

Let (Z;, V;) and (Z,, V) be two convex fuzzy compact c-FNS. Let (1;) € Z then (1) =
(1, o) Where (1) € Z; and (uyy) € Z,. Hence, (4 ) has a convex fuzzy convergent
subsequence (’quj) that is there is 1, € Z;such that Nl(zlkj — z;) convex fuzzy converges
to zero as k; — oo. Similarly, (zy) has a convex fuzzy convergent subsequence (u2kj) that
means there is «, € Z,such that ]\fz(u2kj — ;) convex fuzzy converges to zero as k; — .
Now, (1) has a subsequence (ulkj, ”“‘Zk,-) which is convex fuzzy converge to (z1, z,) € Z
since

N{(Z1k;> Z2k)—((21, 22) 1= [@ N1 (21x; — 21) BN (Z2k; — 22)]

convex fuzzy converges to zero as k; — co. Therefore, (Z, V') is a fuzzy compact.
Conversely, let (Z, ') be fuzzy compact, (14,) be a sequence in (Z;, N;), and (u,;) be
sequence in (25, N;). Then (wqy, 1) 1s a sequence in Z. Now, as Z is a fuzzy compact so
(w1k, o) has a convex fuzzy convergent subsequence (/ulkj, Uy k}.) that means there is (24,
U,) € Z such that

0= lim W [((ttay ttza)) = ((1,142)]
]
O=a lim Nj(wq1x, — uq) +B lim Ny(wqy. — uy)].

This implies that lim N (wq,. — 141)=0 since @ #0 and lim N,(w,,, — u,) that means
k] —00 J k] o0 Jj
(uqk) has a convex fuzzy convergent subsequence (ulk].), and (u,) has a convex fuzzy

convergent subsequence (1, k}.). Thus, (Z;, N;) and (Z,, IV;) are convex fuzzy compact.
The next result we can prove it in a similar way.
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Corollary 3.22:

If (21, V1), (Z5, N3), ..., (Zy, Ny) are c-FNS then the following two statements are equivalent
(1) (Z, V') is convex fuzzy compact;

2) (Z1, M7), (Z5, N3), ..., (Zg, Ny) are convex fuzzy compact,

where 2= 2, X Z, X ... X Z and N [(¢1, Y2, ---» Yr)][FO1 N1 (%1) 105 No(,) + ..., +6
Ni(yy) for all (¢4, %2, ..., 4r) € Z where 81, O,,..., 0, €[0, 1] with §;+ &,+...+ §=1.

In view of the Theorem 3.21, we state the following result without proof

Theorem 3.23:

If (Z, Ny) is a c-FNS then (2?2, IV; ) is convex fuzzy compact if and only if (Z, Ny) is a convex
fuzzy compact where Z2=2Z X Z and Ny[(11, uy)]=a Ny(1wy) +8 Ny(uy) for all (wq, u,) €
U? where a , B €[0, 1] with a + B=1.

In similar way we can prove the next result

Corollary 3.24:

If (Z, Ny) is a c-FNS then the following two statements are equivalent

(1) (2™,V) is convex fuzzy compact;

(2) (Z, Ny) are fuzzy compact,

where ZM=2Z X Z X ... X Z [m-times], m € N and

N (g, U, ..., wp)]=01 Nz(ug) + 5,Nz(uz) + ... +6, Nz(U),

for all («q, 1y, ..., ) € Z™ where 8y, 6,,..., 6 €[0, 1] with §;+ &,+ ...+, =1.

Corollary 3.25:
The set Y is a convex fuzzy compact if Y is a convex fuzzy closed and Z is a convex fuzzy
compact whenever (Z, N')isac-FNSand Y € Z.

Proof:
If (px) €Y, so (px) € Z and (ij) C (px), also Pi; = U€ Z. But u€ Y because Y is a convex

fuzzy closed. Thus, for all (pyx) € Y has (pk].) C (py) also Pr; = U€ Y. Therefore, Y is a
convex fuzzy compact by Theorem 3.10.

Theorem 3.26:
The set Y is a convex fuzzy closed subset of Z if Y is a convex fuzzy compact whenever Y is
a subset of c-FNS (Z, V).

Proof:

If 4 €, so there exists (¢y) in Y sstisfying 4 — 4. Hence, (¢y) is a convex fuzzy Cauchy
in Y. Since Y is convex fuzzy complete, g = & in Y. Thus d=y and so € Y. Hence, Y C
Y and therefore Y is convex fuzzy closed.

Theorem 3.27:

The following two statements are equivalent

(1)W is convex fuzzy complete;

(2) W is convex fuzzy closed.

whenever (U, Jt) is c-FNS and convex fuzzy complete with W € U.
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Proof:

()= (2) _

Suppose that W is convex fuzzy complete then for all z € W there exists (z;) € W satistying
Zy L.

Since (z;) is fuzzy Cauchy in W, but W is a convex fuzzy complete so (z;) is a convex

fuzzy converge in W. Since limit is unique so z € W this implies that W € W, but W € W.
Hence, W =W so W is a convex fuzzy closed.

2)= (1);

Suppose that W is a convex fuzzy closed and let (z;) be convex fuzzy Cauchy sequence in
W, so (z;) be convex fuzzy Cauchy sequence in U, but U is a convex fuzzy complete so z, —z
€ U, but W is convex fuzzy closed so z€ W. Hence, W is a convex fuzzy complete.

4. Conclusions

In this paper our space is ordinary vector space but our norm is fuzzy, also this paper is
depending on the concepts and theorems of the reference [29]. Here we introduce the notion of
convex fuzzy compact space after we proved properties of this space. Thus, as a future work
the authors can be use the convex fuzzy norm to introduce other notions.
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