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:Abstract

In this research, the Monte Carrollo simulation method was used for the purpose of comparing
the Robust Circular Trimmed Least square with the robust circular M method in the case of no
data contamination and in the case of data contamination through two directions. The first is
contamination with high inflection points that represent Pollution in the circular independent
variable and the second pollution in the vertical variable that represents the circular dependent
variable using three criteria for comparison: the median of the standard error (Median SE), the
median of the mean squared error (Median MSE), and the median of the median cos of the
circular remainder (Median A(k)). It was concluded that the method of least squares is better
than the methods of the method of the impartial circular truncated least squares method and
the method of the impartial circular M estimator in the event that the data did not contain
contaminated values, as it recorded the least standard median mean square error (Median MSE)
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and the least median standard error (Median SE) and greater A value for an intermediate
standard cos of the circular residuals A(K) for all sizes of hypothetical samples (n=20, 50,
100). In the case of contamination in vertical data, it became clear that the circular least squares
method was not preferred at all contamination rates and for all sample sizes. And the preference
of the robust estimation methods, and that the greater the percentage of pollution in the vertical
data, the greater the preference of the robust estimation methods, so that the median standard
of average square error (Median MSE) and the standard of median standard error (Median SE)
decrease, and the value of the median standard of the cosine of the circular residuals A(K)
decreases for all sizes default samples. In the case of contamination at high elevation points,
the circular least squares method is not preferred by a large percentage at all contamination
rates and for all sample sizes. And that the higher the pollution percentage in the lifting points,
the more the preference of the robust estimation methods increases, so that the median standard
of mean square error (Median MSE) and the standard of median standard error (Median SE)
decrease, and the value of the median standard cos of the circular residuals A (K) increases for
.all sizes of virtual samples

Keywords: robust, circular regression, circular M estimator, least squares estimator,
impervious circular truncated least squares estimator, circular statistics, circular data,
.anomalous observations
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p(e) = p(—e)
p(e) =p(e) & |e| < | ¢| ;
sostllall aaaty (g pilall Slad¥l 3 gaif Clalaa ) jaia e J geaad) Sy ail 3
~ 2
@A (W) = min g, PV, — ua®)
~ 2
AP vy ) = minyn, P(V®; — U2®)
toh WSy jhall L) glae g claleall dplly 45 ) dsisiall 380

(- UiP) =0

n (V. — U;L(p))z -0
i=1 V\Vj
e e Lie Juan o)) (a3 (43) el of 5 clalaall dpilly y = P ANl 45 5l dsiiiall Jiai ol 3
L eall Clay )
oy o)) Sy ()5 Apandl M A8y 5k 8 a5 S8 Aol U153l e Biweight s) Huber &l a3
YIS it L Bale) (S (43) Abaal) 8, w = ? oI W = diag(w) sl & sias DA (e
W(l)(V(l) — U;L(l)) =0
WwAV®@ —yi?) =0
SO
(v@0-ua®)
(v@-ua®)
(YIS (45) Uabad) S (S
(46){ ?zl W(l) (V(l) _ Uﬂ(l))U
Z?zl w@ (V(Z) _ U/l(z))U
AY) 33 jiall 4 siadll A (47) A DY aall ad (e
)48 L (UTWOUWY = gTw Oy @
. (49 UTW@y® = yTw@yy@
VIS e Jgemal (8 IS (sl oV 3 ey Riseaal) il yuall () i 13
(50);1(1) = (UTw(l)U)_l UTw @y @

.. 5% = (UTw@u) T UTW @Y
. NXN 3 O Y A i A WP WD )3
Ay Caadl Al M=1.345 @;..al\ 2221l 2ie Hyuber <aaUdl C_)ﬁ\
g2 forlg|< M
...(52)P(e) = {

CDPE = oM/ = M2 for gl > M
(Y axi oy & G
R forle < M
- () wle) = {ZMsgn(e) forlel > M
(VS a5l Alla ol

1 for|g|< M

le]

.. (42)

.. (43)

. (44){

w® =

w®@ =
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Gty plaia Wl aibaa¥ls cpfialll o SN 283 dnalall 3 g8all JA M <) jaie 43 phay alaia¥) 2 35 o s
o duay W, ()dsl e S 158 ) (Hample, Hinich, Talwar, and Rews) Uil ipaal) sl
L3l e 52 s Non Sensitivity dasbeal) 308 e 5k
(Circular Robust Least Trimmed Squares 4 diuasl 5,55l (5 jhuall Slaysall ji8a (10
estimator)
(BP =0.5) 4lle lied) ddats 3isy (RLTS) ke oo, (2 1984) ale (Rousseew) Saalill (e 48 yhall o328 con 5l
Al 3 ys 5 shall (5 rall Clay yall diey oy A8y phll sda (e i) adl o BN Al s gm g L Y S
AV Aapeall Ty adbn w5 (LTS) el

... (55) jb(p)LTs =8 mn,ll Qrrs (D)
cOls
... (56) QLTS(ﬂ“(p)) = Z?=1 7”1'2
(W1l S rhy < <Srdy Os L ( 2< h<n)abs,byali:h

r=12,..,p; p=12

(O 3 e et ) dad J81 (e At yall Aalas¥) B gl il e i
(v ]._M(p))z

1+2p) Ay
‘ (A. S. Shvedov , 2016, 11)
e Opan a8 Jaay el (| g genall (8 Baadiie S5 Al g (ddia uall) 3ual) UL L) axe a4 h
L) e sana (po LA 038 Slatinls pran Lan | 35808 31 gl ST L ()5S 5 W a1y — i pa3 ODS
sy sl Llall (e axe e f o @l g sapadl i) Jalis (pe 13a Gy 58 (585 il e e dlaie] JalS IS5
L Sen pai Jumdl asy Cogus (RLTS) ke ld lall oda oy psiil) 3
(Rousseeuw & Driessen, 2006, 31-33) (Chen, 2015, 5-6)
(Simulation) sl 11
JS gl Hlasi¥ #3 sail Cilalea a8l (Monte-Carlo Simulation) s )\S-ci s 3Saall sl e ] o3
Circular Least squares ) 4 sl s mall Clay jall 48 )l ae L3 )laa g cpasll g 3l § jode Jleatinly
Uasl il yo Jans i Jass 5 5 (Median SE) skl Undll Jass o8 48l julas 230 Jlariuls (method
sl sl Jumd) ) Jea Il (Median A(K)) Ll ) sll Gall Jas ¢ie Jass 55 (Median MSE)
Y shadl el jal i il (35l sl
(Model identification) s L83 11.1
Jomns G gas Gl k=] (5585 Loie 3 5D Alal) i) o (gl LlaaiV 3 pail iS) psin g ) (yim ja)

... (57) ré = , i=12,...,n

Y 3 e

Vij = g1(u) = cosv; = A;cos Ou; + Bysin Ou; + A;cos 1u; + Bysin 1u; + &
... (58) =~ Ay + Ascos u; + Bisin uj+é&

Vaj = g2(u) = sinv; = Cycos Ou; + Dysin Ou; + Cycos 1u; + Dysin 1u; + &,
... (59) = Cy + Cycos uj + Dysinuj + &

A, A, B, C, C, D,
Jeasll oy Ay By, Cq, Dy A 3l 581 2l iy all N 3ogbs 4, Cp o Juie) sl Jasiill (2 jal
a=2 Lasdsin(a + u) scos(a + v) adedllZd )l LA0 5 aal) 6 50K VM JOA (e lgale
DOsS Cun

cos(2 + u) = —0.0416cosu — 0.9093sinu
sin(2 + u) = 0.9093cosu — 0.0416sinu

s Y alall & :UJ\.SAXLJ}
w® = (v — 1) = o
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w® = (1@ —uA@) = 0

;Qi A
o HED )
(U(l) — u,’{(l))
@ = 1/)(17(2) — u)L(Z))

- (U(Z) — u/l(z))

(Y058 Ay, By, €y, Dy ladaall daal 583 il ania ld
-0.04161, -0.09093, 0.09093, -0.04161
(random errors generating) g gdiad) eUad¥) Wl g8 11.2
Lo e el AU a5 @ 35Ty &y, iy el e g (5SiAH sdiall eUadV) e W) i AV i
sl e 0.03,0.03 & 02, 502, il p=0
(Circular random variables generating) 4l 4l gl &l yatial) 3065 11.3
il s Jiaall S pall sl Ay JS (gl iV 23 gl b s il Al sdall i pusidl Al
(Alshqaq2, et :0f 512 ) 4 e 43U ddlas s 77 Jass sicy Von-misses &) s (e v 2aiaall (5 il ) giall
al., 2021, 4)

v~ vM(m, 2)

u~vM(m,2)
a8 Al 4 il bl i 55(3) 5 (2) 5 (1) JSEY1

-1 -0.5 o 05 1

(N=20) aaa 5l all 4y yilall il (1) IS

-1 -0.5 (1] 05 1

(n=50) s> 2] sall 4y ol UL (2) JSi
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08

0.6

0.4

0.2

02

-04

0.6

08

-1 0.5 0 05 1

(n=100) a2 53 sall & il ULl (3) S5

(samples generating) <lial) alaa) 2145 11.4

Adlite clie plaal die i) 3k &l e Caeill n=10, 50 , 100 pans Slie 3l 5wt
(Contaminant data) <l & eli 11.5

o sl o O ) e v 5 Al kil a8 gl Qe ol el Alan (e (gl i il
Y1 Gl gl s (%50 ,%40 ,%30 ,%20 ,%10 ,%5)

Al e ULl ae el (33l yla Baadali ) a5l () 9y (g paaiall ULy Jleatins)

Caslll iy g aSily d BaaLiall B e 3oyl e Jalh v (3 send) LAY el (5 Al ) sdiall el af Cygli D

:L";YIS

)60 . (Vy=v4+90m

0<6<] O Y Euslill i § u il aay v aiaall paiall ol 4 v O 3

Sy glil) g p g oS5 d Baaliiall 4 ga (33 5k e dad g (SUaadY) dali) Jaiall (g plall ) pdiall paaiall s ol
6 48US dalaa 5 277 Lo iy Von-misses @) 58 Jlaxivls d @ sall 2ic dlal) bl (e Adlide cad Jlaniuly
c ol ! (12.3) 38l a sal sall s clilall e Yo

uz~vM(2m, 6)

Jlaind &3 JS (gl lani¥) 3 gail lalaa i b Ledlaniad &3 il il 331yl dpbadl e Cayaill (jm jal
D LS mlae 45305

(Median of standard error) _taall Usdl) Jasug

AV dapall s se 73 5V Cilalaal (5 bl Uadldl L 5 e Jlesiadl a3

~ =2
Z§=1(/1ij_l)
s

5 j=12,..,6 . )M (SE)(j) =

s =
. . =1 dij -

(Median of mean square error) Usill Cilay ja oo gia sy

AV dapall s se 73 5V Cilalral (5 jbrall Uadll Jags 5 e Jlasiiadl a3
5 j=12,..,6 oo (62)M(MSE) = ?f

LA (B ) s Ja e Japy

) (Median of mean cosines of circular residuals
AV Dl s s 4yl B sall U o g Jagus 5 lame Jleainad

y$_,C Y
Sj=12,..,6 oo (6D)A(K) = 222220

Alshqaq2, et al., 2021, 5)(
a=3 laic ULl 8 ¢l aga g axe Alla 8 Alaatusall il Jilas il (1) Jsas
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Estimates
CRLTS
Median MSE 2.45333 5.34551 6.45365
Median SE 3.94744 8.87848 8.88778
Median A(K) 0.99595 0.88554 0.85548
Median MSE 2.43323 5.23453 6.23113
Median SE 3.91463 8.76755 8.77655
Median A(K) 0.99646 0.89554 0.88133
Median MSE 2.33213 5.21124 6.13333
Median SE 3.88543 8.73345 8.89865
Median A(K) 0.99813 0.89994 0.89453
a=3 Lodie 40 genll UL 8 gl 3 ga g Alls b Alentivadl) i) Julat il (2) s

Criteria

Estimate
Criteria S Best
CLS CRM CRLTS
5% Vertical
Median MSE 6.89755 5.52767 5.78655 CRM

Median SE 8.99655 5.67555 5.79877 CRM
Median A(K) 0.87344 0.98651 0.95577 CRM
Median MSE 6.77787 5.51644 5.67676 CRM

Median SE 8.98655 5.63543 5.67676 CRM
Median A(K) 0.88644 0.98699 0.96771 CRM
Median MSE 6.65567 5.44235 5.65776 CRM

Median SE 8.97887 5.52123 5.65656 CRM
Median A(K) 0.88921 0.98998 0.97961 CRM

10% Vertical

Median MSE | 6.85343] 5.52134] 5.64354
Median SE | 8.97343| 591134 5.75545
Median A(K) | 0.81123]  0.98833 ]  0.96678
Median MSE |  6.84566 | 5.51334 | 5.33334
Median SE | 8.96112| 5.14771] 5.73343
Median A(K) |  0.82788] 0.98921 ]  0.96955
Median MSE | 6.83356 | 5.11272|  5.32235
Median SE| 8.94782| 5.11153]  5.71656
Median A(K) | 0.83235]  0.98978 |  0.96999

10 % Vertical

Median MSE 7.56655 3.91766 4.96113
Median SE | 9.88976 3.27676 4.68796
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Median A(K) | 0.76411] 0.98886 | 0.96832] CRM

Median MSE |  7.54545| 3.82198| 4.95466] CRM

50| MedianSE| 9.78998]| 3.11676 | 4.61445] CRM

Median A(K) | 0.79234]  0.99164] 0.96987] CRM

Median MSE | 7.45553] 3.71888]| 4.94113] CRM

100 Median SE| 9.67877] 3.10443|  4.58086 CRM
Median A(K)| 0.79899 ]|  0.99651]  0.97786

30% Vertical

Median MSE

8.78666

3.49876

3.78909

Median SE

9.99987

3.55655

3.63544

Median A(K)

0.67655

0.98575

0.95456

Median MSE

8.55655

3.39565

3.66776

Median SE

9.76766

3.54355

3.62214

Median A(K)

0.70466

0.98934

0.96411

Median MSE

8.53355

3.38675

3.64544

Median SE

9.68977

3.51355

3.61123

Median A(K)

0.72343

0.99134

0.97348

40% Vertical

Median MSE

8.52343

3.33664

3.44544

Median SE

9.66766

3.51123

3.49665

Median A(K)

0.53145

0.98366

0.95775

Median MSE

8.51123

3.31242

3.42245

Median SE

9.56555

3.48656

3.41552

Median A(K)

0.53111

0.98444

0.96534

Median MSE

8.49865

3.11233

3.31765

Median SE

9.45655

3.43331

3.34555

Median A(K)

0.56233

0.98833

0.97633

50 % Vertical

Median MSE

9.89556

2.77756

2.89765

Median SE

10.67889

2.57866

2.69888

Median A(K)

0.94765

0.98775

0.97887

Median MSE

9.78788

2.76767

2.86767

Median SE

10.55656

2.56565

2.68978

Median A(K)

0.94656

0.98876

0.97886

Median MSE

9.66767

2.74545

2.76767

Median SE

10.44454

2.44566

2.66777

Median A(K)

0.93343

0.98965

0.98156

a=3 Lo a8 )l Ll b Casli 2 g g Alla b Alexiusal) ol uiall Jilat il (3) Jsas
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Estimates
CLS CRM CRLTS
5% Leverage
Median MSE 5.78544 4.46433 4.47553 CRM
20 Median SE 7.66754 6.66866 6.78654 CRM
Median A(K) 0.54533 0.96723 0.96446 CRM
Median MSE 5.67655 4.45656 4.46343 CRM
50 Median SE 7.57767 6.64121 6.74465 CRM
Median A(K) 0.55923 0.97834 0.96766 CRM
Median MSE 5.64576 4.44433 4.45675 CRM
100 Median SE 7.55657 6.61335 6.70655 CRM
Median A(K) 0.56896 0.98164 0.97671 CRM

10% Leverage

Median MSE 7.56754 3.65644 3.66235
Median SE 9.64444 5.54333 5.56755
Median A(K) 0.62211 0.98745 0.98275
Median MSE 7.55444 3.65345 3.65776
Median SE 9.63345 5.54113 5.55211
Median A(K) 0.66755 0.98813 0.98544
Median MSE 7.54343 3.74544 3.63424
Median SE 9.61211 5.59454 5.53113
Median A(K) 0.68567 0.97174 0.98993

20% Leverage

Median MSE | 7.53334| 3.63575] 3.62343
Median SE | 9.61125] 5.52354| 552175
Median A(K)| 0.71798] 0.96765] 0.97867
Median MSE | 7.50311| 3.58837] 3.63123
Median SE| 9.59977| 5.51454| 5.56436
Median A(K)| 0.74565] 0.96887] 0.96164
Median MSE |  7.49865| 3.57854| 3.65766
Median SE| 9.53324| 5.50966| 5.58897
Median A(K) | 0.75181] 0.97546] 0.97043

30% Leverage

Median MSE 8.67666 2.79777 2.75444 1 CRLTS
20 Median SE 9.78777 3.68989 3.68888 | CRLTS
Median A(K) 0.78877 0.97954 0.97898 1 CRLTS
Median MSE 8.66544 2.79666 2.74333 ] CRLTS
Median SE 9.76444 3.66766 3.65332

n Criteria Best

50
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Median A(K) 0.79555 0.97999 0.97995]1 CRLTS
Median MSE 8.57866 2.78664 2.66875] CRLTS
100 Median SE 9.66787 3.65665 3.64565] CRLTS
Median A(K) 0.80565 0.98676 0.98787]1 CRLTS

Median MSE

8.98998

2.73323

40% Leverage

2.66444

Median SE

9.97777

3.68644

3.61355

Median A(K)

0.71556

0.98896

0.98355

Median MSE

8.97988

2.62112

2.55443

Median SE

9.96755

3.65454

3.58977

Median A(K)

0.72865

0.98788

0.98444

Median MSE

8.95676

2.61113

2.53444

Median SE

9.95655

3.61425

3.55656

Median A(K)

0.73351

0.98565

0.98551

Median MSE

8.99898

2.21997

50% Leverage

2.43232

Median SE

9.99866

3.31233

3.34433

Median A(K)

0.97653

0.98775

0.98655

Median MSE

8.97866

2.20554

2.33443

Median SE

9.97788

3.30665

3.31344

Median A(K)

0.98843

0.98854

0.98776

Median MSE

8.86664

2.03453

2.23133

Median SE

9.85564

3.27966

3.24786

Median A(K)

0.98886

0.98995

0.98895

i) Lidlia 12

Robust ) &3l 3 siall (5 jaall Clag jall jiia (o Juadl IS (5 jaall ey jall 45 Hha o) ey (1) Js2a 0
L S A ska ad e clilall o) gial aae Al 8 Lisasll &y j4all M A&,k 5 (Circular Trimmed Least square
daf ;S5 (Median SE) ¢ _bixe Uad s s J8l s (Median MSE) Uaa cilay je Jass gie Lo s jline J81 calass
058 Laie 5 (n=20, 50, 100) dral B8Y) Slall dlasl 2881, A(K) Loill B sl Vs dos gie Japs s jlndd
Ak Alad) ade sl =3 Aad ()5S0 Ledie 5 A seall SUL A S Al B (2) dsas (e =3 o8
493 ganl) ULLI A& & ol Al ) LalS ) g il alaa) A8LST g & gl Cansd A81S die &y jilall (5 jraall Cilay yall
Ly Jlras (Median MSE) Uas clay e Jans sia Jass 5 Jlma Ji Cumy Apeanll jail) 330 5la bl <l
il alaal 28T A(K) Ll Bl Ua b sie Jay leal e 33355 (Median SE) ke Uaa
Robust Circular Trimmed ) 444l 5 ) giall (5 jaall Slay jall jaie Je M jade 44 jla (36855 Apal yi8Y)
Aty 4 YN (g yrall Cilag jall 45y Hla dlimd) are @8 ))) Jalss 8 & Hl s 85 (3) Jsa> (5. (Least square
30 38 yLa il il 3 Jali b gl At anl 31 LalS il 5 ciligall ala) RELSD & gl Cansh GBS e 3 S
(Median SE) s b Uad b s lza s (Median MSE) Uad il o Jass sie a5 jlima iy Gy Aipanl)
M 48l jaie G5 dnal YY) Gliall alaa) 48T 5 A(K) il A sl Us o ie Jas g jlinal dad 22 3
(Robust Circular Trimmed Least square ) 4,3l 5 sisall (5 jpall Glay jall joie e dipasll 4, ylal)
Robust Circular ) 4l 5 sisall (5 jrall Clay jall 4yl (3585 sl A anl j LS (815 & slill A xie
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11.

12.

13.
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Ol a o) =l e Al Jom i) 3 L SR (a5 Adseas) 4 il M 48 yh e (Trimmed Least square
S A8 5 A gy iati il (330 k Jray Law g ylall lill) 3 30 530 JLie ) ylany 3AY) e dplsal) fane Jlexiad
& (Kernel functions) 4l Jlsall Jas) el s dads e cililall 068 Alla & a3l lill) ae Jaladl) b
G iy Ay yall alghall 50 8 Alle 6liS <l ol yaie dlag Ay pilall bl Alls 8 Apeasl ol 35k
Tisadl s (Multivariate) 823 Sl el (Al 45 I SlLAN Al ATl 038 (8 Alaaiosal) il (53 )la
Jiie e ga S asa s Al 8 JS gl laasy)
) s olaall
A N A grall Ao i) (5 AT il Hae g Gl G G e A5 " (2007) , el 2 S, gl
i daals —alai8 53 Y &S o) ) ¢S Aa g phal | g ) gl
Aelhll 5 nl) (iiSa | Slan) il | JLS e dielawd e slaul | g5l 0| )3 ilaan il juall
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