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Abstract:-

The distribution of the expanded exponentiated power function EEPF with four parameters,
was presented by the exponentiated expanded method using the expanded distribution of the power
function, This method is characterized by obtaining a new distribution belonging to the exponential
family, as we obtained the survival rate and failure rate function for this distribution, Some
mathematical properties were found, then we used the developed least squares method to estimate
the parameters using the genetic algorithm, and a Monte Carlo simulation study was conducted to
evaluate the performance of estimations of possibility using the Genetic algorithm GA.
Keywords: exponentiated expanded, expanded power function distribution, survival, failure rate,
developed least squares, genetic algorithm, Monte Carlo simulation.

1- Introduction

The main objective of construction probabilistic statistical models is to identify the
appropriate model that adequately describes the data set obtained from experiments, observational
studies, field surveys, etc., most of these model building techniques depend on finding the most
appropriate probability distribution that explains the basic structure of the data set. However, there
is no single probability distribution suitable for the different data set, which led to the expansion
of the current classical distributions or the development of new distributions.
Expanding the distributions was done by adding one or more parameters to the probability
distribution, and this method leads to the creation of a new distribution that is more flexible in
representing survival data. From previous studies that dealt with this method in the expansion in
2015 (Samir K. Ashour and Mahmoud A. Eltehiwy)® gave a more generalized Lindley
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distribution that generalizes the previous two called the Lindley distribution of exponentiated
power, 2017 (Fernado A. Pena-Ramirez, et al) % proposed a new model called the Weibull
distribution of generalized power (EPGW), 2018 (Demet Aydin) * presented a new distribution
study called the five-parameter inverse exponentiated Weibull distribution DTEIW with known
cut-off points, in 2020 (Dawlah Al-Sulami) {7} proposed the exponentiated Weibull distribution
(EEWD), some statistical properties of the proposed distribution were studied, 2020 (Maha A.
Aldahlan, et al) $ present the family of power-series generalized Weibull power series (EPGWPS)
distributions, obtained by aggregating the series and power generalized Weibull power
distributions, in 2021 (Mahmoud Afshari,et al) # introduced a new distribution called the .
distribution Expanded yen exponentiated (EE-C).

2- Exponentiated Expanded Power Function (EEPF)

In the past few decades, the power function (PF) distribution has been commonly used to
explain finite-rare data sets, and the (PF) distribution is a special case of the beta distribution and
is also the inverse of the Pareto distributiont!®11,

This distribution is preferred for the best fit compared to (exponential distribution, Weibull
distribution, log-normal distribution and other distributions) due to its simplicity and applicability.
The extender (EPF) is given by the following formula 1%:

w (pxaxp—l
g(x,f,w,(p)=€T 0<x<é&; &,wp>0 .....()
Where w, @ is the shape parameter and is the scale parameter, and the cumulative distribution
function (CDF) is given by the following formula:

G(x) = (g)w(p o<x<é& L (2)

A new distribution can be created using the extended exponentiated method by adding a new shape
parameter to the cumulative function of the extended power distribution function (EPF). Thus, we
can derive a new distribution with four parameters as follows:

F(x) = [6()]? . (3)

Substituting formula (2) into (3), we get the following:
x\@#7°
reo =) |
S
x10eY
F(x) = [E_]
By deriving formula (4), we get the probability density function of the new distribution, the
distribution of the expanded exponential power function (EEPF), as follows:
wpIx@Po-1
f(x;f,w,qo,ﬁ):w 0<x<é; &,w,0,9>0 .....(5)
The pdf function of the expanded exponential power function distribution has four parameters

which are (§) the measurement parameter and the shape parameters are (w, ¢, ) and the variable
x depends on the measurement parameter.

0<x<é e (B
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POF for EEPF COF for ERPF

Figure (1-2) shows the CDF & PDF function for the new distribution (EEPF)

3- Properties of an Exponential Expanded Power Function Distribution
After obtaining the new probability distribution (EEPF), it is necessary to identify some of its
properties as follows:-

1-mean
wpIE
E =— s
() wed +1 (6)
2- variance
w@yé ?
E(x —Ex)? = = ..
(x = Ex)” = Var(x) (wepd + 1)?(we?I + 2) ™
3- standard deviation
= § ywob ©)
(we?d + 1)/ wed + 2 N
4- Variation coefficient
\J we?d
c-V= x 100 .. (9)

w@V\Jwed + 2

4- Survival Function

It is the survival of the experimental unit for a period of not less than (x). In other words, if x
is a random variable referring to the experimental unit, then S(x) represents the probability of
survival of the experimental unit for the next period. The survival function can be expressed by
the following formulat!:

Sx) =B X =x)= joof(u)du ....(10)
—1-P(X<x)
S(x)=1-F(x) e (12)

Substituting formula (4) into formula (11), we get the general formula for the survival function for
the new distribution (EEPF) as follows:
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S(x)=1- (g)ww

5 wpld _ quoz?

5 wpl
whereas

X: time of death

x: 1s the specified time between two time periods
5- Failure (Hazard Function)

It represents the percentage of failure or risk, which is the probability of failure in the

subsequent period of time, knowing that the item was in good condition, and it is expressed
mathematically as follows{41%17}:

f(x)
h(x) = 56 .. (13)
Substituting formula (5) and (12) into formula (13) we get the general formula for the failure rate
function of the new distribution (EEPF) as follows:
wpd—-1
h(x) = wpIx
E wpd _ ywpd
The survival function is inversely proportional to the failure rate, and the failure rate function is
directly proportional to time, as it increases with the increase in time.
The distribution is said to be IFR (increased failure rate) if h(x) is a non-decreasing function of x,
and it is said to be DFR (decreased failure rate) if h(x) is non-increasing for x.
6- Parameters Estimation
6-1- Least Square Developed (LSD)

It is a method used to estimate the parameters of the probabilistic models by converting these
models into the sum of squares of deviations formula (i.e., the formula adopted in the ordinary
least squares method) {12,

Where we assume that x4, x5, ... ... ... , X represents a random sample with a specific distribution
F(x;)and x; represents the order statistics for the sample (See, Ashour et al. {8}).

EIF ()] = E(PX < x)) = = i - . (15)

Using prediction on least squares developed (LSD) estimators, as follows:

ieﬂ:i:”(’c)—nil . (16)

S_ubstituting the formula (4) for the distribution (EEPF) into formula (16) we get
_ 2

n n
x @9 i
2 _
Zei —z W_n+1l (17)
i=1 i=1 "~

And by deriving formula (17) to find estimators of parameters for the new distribution (EEPF),
and these are:

. (18)
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n

z 131 222

i

x@® i —w@Ix©PY
- ....(18)
w n+1 é wpI+1
1
n
1

9
9
d? Z" d* ¥ e’ e;’ Z [( x@#? i )(a)(pl%c“""’19 (wed + 1))
- dez L [\§@¥9 n+1

E wpI+2
2 2192x2a)<p19
()

£ 20p0+2 ..(19)
dY™ . e; =[x @99 P9x“??(Inx —In&)
L =zz o D .. (20)
i=1
d> ¥ e’ ZZn: 9?9%x°?% (Inx — In & )? [2x©¥? o 1)
dw? - Ew(pﬁ Ew<p19 n+1 v
i=1
Ay, e? _, zn: x@P? i wIx®?’(Inx —In &) -
N e T .(22)
i=
dzym e’ B = [00292x @99 (Inx — In & )? [2x@PY i
d(pZ _ZZ Ew(pﬁ €w¢19_n+1 (23)
i=1
Ay, e’ Zzn: x@#? o wpx®??(Inx —1In &) -
dd B gwfpﬁ n+1 faxpﬂ .. (24)
i=1
d>¥iqe’ ZZH: w?@?x“??(Inx — In & )? [2x«¥? o (25)
dY2 - e fw(pﬁ Eaxpﬁ n+1 e
i=
d*3 e’ zn: X9 i\ [—@9x®?? — we?9?(Inx —In¢)
df dw - & wpd n+1 13 w@Y+1
2,92, 2009
WP x*??’(Inx —Iné)
+ f 2wpd+1 e (26)
d2ynr 1el B Z x@¥9 —wIx??? — pw?9?(Inx —In &)
df do & wgd n+1 4 wpI+1
2.92,2w@9 _
<pa) 9°x (Inx —Iné)
+ g e 27)
d* Yl e” z x@P? —w9x9?? — 9w292(Inx —In¢)
dé dvo & wpd n+1 13 w@d+1
190) 202x29%%(Inx —In &)
+ E 2wpI+1 .. (28)
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d* ¥, e’
dw do
<x“"p’9 i Ix9??(Inx —In &) + wed?x*??(Inx — In & )?
n _
f wpV n+1 S; wpV
=2y o , e (29)
e~ wPd-x (Inx —1Iné)
l + g 2w J
d> i, e’
dw dd9

n

=zz

[[x©¢? i Px???(Inx —In&) + w9¢e?x???(Inx — In & )?
£ wgd Tn+1 £ wpe

]
|
|

o | wIp?x%*??(Inx — In & )?
- l EZw(pﬁ

d’ ¥i, e’

do dY
[(x“)"’19 i > <a)x‘”‘m9 (Inx —In&) + dw?x*??(Inx —Iné )2>]
n —
W@y +1 wely

=2y ¢ " T R e (31)

= PIwx““?Y(Inx —Iné&)
f 2weY
We will use the method of artificial intelligence genetic algorithm to estimate nonlinear

parameters.
6-2- Genetic Algorithm (GA)

This algorithm is considered one of the important modern techniques in the field of searching
for the optimal solution from among the available solutions by passing the good characteristics of
the sequential generation processes, the production of optimal offspring and the repetition of cycles
to improve the offspring with modern phases and patterns.

6-2-1- Steps to Apply The Genetic Algorithm

The steps of the genetic algorithm are as follows:
1- The beginning ¢ is a random population enumeration of chromosomes (spatial search), that
is, it is the set of solutions to the problem.
2- Initialization {: It is the creation of the primary generation, which includes the generation of
random chromosomes with the size of the community and according to the nature of the problem
being studied.
3- The evaluation function (Fitness Function) *18}: It is the function whose results give the
probability of an individual entering the test and inheriting his characteristics, and that the optimal
solutions give a greater chance of entering into the process of reproduction and inheritance of
characteristics or change, and the value of this function is calculated for each chromosome It is
based on the nature of the objective function. When the objective function is a reduction, the
evaluation function is as follows:
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Fitness Function (String) = (objective function (String 1))*(-1)
But if the objective function is maximization, then the evaluation function is as follows:
Fitness Function (String) = objective function (String 1)
4- Selection {18}; All successive generations have a percentage of the current chromosomes, which
are selected for the production of a new generation. These chromosomes are selected depending
on the optimal function, where the percentage of selection is optimal. There is another way by
choosing a random set of chromosomes, but this process may It takes a very long time, and here
are a group of ways to choose:
Roulette wheel method ©}: This method depends on the best chromosomes in the population, that
is, depending on the efficiency of each chromosome, by calculating the probability of sharing
(Probability Sheering) for each chromosome from the community, which in turn depends on the
fitness function, where The probability of participation for a chromosome is calculated from the
product of dividing the chromosome evaluation function (f;) (by the sum of the values of the
evaluation functions (population members) as in the following mathematical formula:

i
i=1 fi
Where as
P;: Chromosome (i) probability
fi: the value of the value function of the chromosome (i)
n: the number of chromosomes in the current generation.
Stochastic Universal Sampling!!'#: It is very similar to the roulette wheel, but instead of choosing
one fixed point, multiple points are chosen, thus giving an opportunity for all chromosomes to be
one of the parents.
5- Reproduction ©: It is a new generation of paternal chromosomes that have been selected from
the process of selection. In its turn, these chromosomes go through two processes, crossover and
mutation to produce a new generation of chromosomes (sons).
6- Process the Crossover {13 It takes place through the mating of every two fathers to produce
two new sons, and this process continues until a new set of chromosomes is found added to the
group of fathers, and there are many methods of cross-breeding, namely:
Point only crossover {15}: The cross is carried out by replacing either a point from a specific place
of one parental chromosome against a point from the same place from the second paternal
chromosome to obtain new offspring.
Crossover with more than one point (Multi Point crossover) {13: Replacement of several points
from a specific place of the chromosome of one of the parents in exchange for the same number
of points of the second paternal chromosome in order to obtain new offspring.
Crossover of cut and aplice {8 In this method, the process of cross-breeding is done by cutting
the genes in the first chromosome from a site different from the site of the cut in the second
chromosome, and this in turn will lead to a difference in chromosome lengths.
7- Mutation ©: They are random changes in the genes of chromosomes through a change in one
or more genes in the (son) chromosome, in order to obtain a new solution and reach the optimal
solution, which leads to the chromosomes retaining the good traits between the genes.

Pi=
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Changes in the mutation process do not occur on the chromosomes resulting from offspring, but
rather new chromosomes are generated and produced in the cloning process, and the evaluation
function is applied to them and a new generation is produced.

8- Termination of the genetic algorithm : The algorithm is terminated when the Reaching the
optimal solution.

7- Simulation

The Monte Carlo method is one of the most important of these methods, which is considered
the most common and widely used in the search and analysis of parameter capabilities in several
ways for the model under study.
7-1- Stages of Simulation
Setting initial values, and this stage is very important for other stages to depend on .
Random observations (data) are generated, which follow the new distribution of the EEPF
represented by four parameters: (o) measurement parameter and (A, @, 3) parameters.
The model parameters for the new distribution are estimated by the developed least squares method
(LSD), using the genetic algorithm (GA) to estimate the four parameters.
Estimation of the survival and failure rate of the new distribution of the expanded exponential
force function (EEPF) using LSD estimators.
To reach the best estimate of the survival and failure (risk) criterion, the mean squared integral
error (MISE) criterion is used, which is the integration of the total area of xi and its reduction to a
single value that represents a year of total time and is calculated according to the following
formulat!3:

MISE (§(x)) - %Z [%Z(ﬁ(x) —s())’ e (32)
i=1| *j=1

MISE (ﬁ(x)) = %Z [n—le(ﬁ(x) — h(xj))zl ... (33)
i=1 j=1

Where as :
r: the number of repetitions of the experiment (1000) times.
nx: the number of data generated for each sample.
S(x), h(x): the estimated survival and failure functions, respectively.
S(xj), h(x;): the function of survival and failure according to the initial values and respectively.
Table (7-1) represents the simulation results using the LSD genetic algorithm

LSD

§=10 |¢=2.5|w=3 |9 =5.5| Survival failure
N ; P 3 rate MISE(SF) rate MISE(HF)

11

Ve | 9.2027 | 2.5000 | 2.9999 | 5.5000 0.4926 | 2.0438E-07 | 1.2071 | 2.4317E-06

o« | 9.2002 | 2.4969 |2.9985 | 5.4996 0.4146 | 5.3182E-07 | 1.0579 | 1.2422E-08

Voo | 92017 | 2.4999 | 3.0000 | 5.4999 0.4865 | 5.5711E-10 | 1.5070 | 9.2118E-09
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=10 |¢=2.5|w=3]| 9=6 | Survival failure
N ; 2 - 5 e | MISESF) |2 | MISEHF)
Yo 9.0012 2.4999 | 2.9998 | 5.9999 0.3551 5.1074E-07 | 1.7090 | 3.0548E-06
LR 9.0011 2.5000 | 2.9989 | 5.9995 0.4697 1.8450E-11 | 1.3875 | 1.3923E-08
Y«o | 9.0010 2.4982 | 3.0000 | 6.0000 0.4687 2.7126E-10 | 1.4671 | 5.5032E-08

§=10 | ¢p=2.5|w= Y =7.5 | Survival failure
N é; P P 3 rate MISE(SF) rate MISE(HF)
Ve 9.8001 2.4989 | 4.9999 | 7.4998 0.3761 5.5733E-08 | 3.0189 | 5.9790E-06
Ll 9.8002 2.4998 | 4.9999 | 7.4941 0.4720 5.5276E-11 | 1.2591 | 8.0391E-08
Yoo | 98001 2.5000 | 4.9954 | 7.5000 0.4852 2.5440E-08 | 1.3013 | 4.8443E-08

§=10 | o= w=4| 9=6 | Survival failure
N sf P P 3 rate MISE(SF) rate MISE(HF)
Ve 9.0418 2.9999 | 3.9979 | 5.9982 0.4957 0.4957 1.2339 | 8.5644E-06
LR 8.8910 2.9984 | 3.9999 | 5.9981 0.4577 1.3079E-09 | 1.1274 | 2.1734E-08
Yoo &.8180 2.9946 | 3.9993 | 5.9795 0.5116 1.2812E-09 | 1.1418 | 3.1437E-06

=11 |¢p=2.5| w= J9=5.5 . .

Survival failure

N sf P o 3 rate MISE(SF) rate MISE(HF)
Yo 9.9058 2.9999 | 4.0000 | 5.9998 0.5087 1.7520E-08 | 0.9150 | 8.2399E-06
LR 10.0001 24975 | 2.9985 | 5.4998 0.4794 2.8483E-10 | 1.0967 | 4.2503E-09
Yoo | 10.0015 | 2.5000 | 3.0000 | 5.4998 0.4889 6.6090E-14 | 0.8580 | 5.1023E-07

§=11 | ¢=3 |w=4| 9=6 | Survival failure
N é P P 3 rate MISE(SF) rate MISE(HF)
Vo 11.2 2.5 3.5 5.5 0.5747 1.0161E-08 | 0.7602 | 9.1310E-09
o 11.2 3.0000 | 3.9999 | 5.9999 0.5090 2.3357E-10 | 0.6728 | 3.4806E-06
Yoo 11.2 2.9999 | 4.0000 | 6.0000 0.4648 4.8631E-09 | 1.0198 | 1.3019E-08

Table (7-2) represents the simulation results using the LSD genetic algorithm

LSD

§=11| ¢=3 | w=4 |9=7.5]| Surviva | MISE(SF | failure | MISE(HF
N é 7] ) 9 1 rate ) rate )
Vo 10'392 3.0000 4.0000 | 7.49999 0.4747 1.3%)981}3_ 1.0072 L1 Z)$77E_
5\ 10'29 81 30000 | 3.9984 | 7.49995 | 04982 | > 21614E' 12266 | >* })698]5'
Voo 10'19 891 29989 | 4.0000 | 7.50000 | 04775 | ° '951(;2E' 1.2895 3'6%69“3'

=11 =3 w=5 |9=7.5]| Surviva MISE(SF | failure | MISE(HF
N 3 — = =

& ) ® ) I rate ) rate )

ve 10'3 011 30000 | 5.0000 | 7.4998 | 03598 | 3 '870896E' 1.6731 1'32)568]3'
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5\ 10'3 001 59999 | 49979 | 7.5000 | 0.4402 1'4‘(‘)394E' 1.9842 1'2%190]5'
Voo 10'19 001 19989 | 5.0000 | 7.4948 | 0.4177 5'2§103E' 1.2378 I'OZ)%@'
N §=12] ¢=3 [w=4| 9=6 | Surviva| MISE | failure | MISE

é 7] @ 9 1 rate (SF) rate (HF)
vo |1 1'695 U1 310860 | 4.0999 | 5.9999 | 0.4368 | ° '8%§8E' 1.1703 6'123;;33
5. “'39 721319999 | 4.1000 | 5.9999 | 0.4635 2'531?)13 2.0315 7‘9%699]5'
veo| 19860 510008 | 40099 | 59988 | 05178 | 2OM42E 1y 55y | 19201E-
9 12 08
g=12| ¢ w=3 |9=5.5
N = 3.5 Surviva MISE failure MISE
é 7 ) 9 I rate (SF) rate (HF)
yo |l 1'79 31 34999 | 2.9999 | 54993 | 0.5010 4'751119E' 1.0304 1'6%‘;33
o | ] 1'99 68 | 34978 | 2.9999 | 54994 | 04388 | I %99315 1.6686 1‘2%963E'
oo | 119761 35000 | 2.9999 | 5.5000 | 0.4845 | 2032%E- | | 1755 | 62691E-
3 12 12
N |§=12] o lw=4 | 9=6 |Surviva| MISE | failure | MISE
; (’ﬁ. P 3 I rate (SF) rate (HF)
yo |l lf 9% | 35000 | 3.9975 | 6.0000 | 0.4996 1'91)97215' 1.2030 1'6%8643
o | 1 1'19 811 35000 | 3.9986 | 5.9997 | 0.4485 3'9%998E' 1.7063 | 2 '3‘(‘)370E‘
Yoo “'59 86 | 34999 | 3.9999 | 59988 | 0.4642 2'5‘1‘(‘)@' 1.1450 35%‘(‘)6]5'
N |§=12[B=3.5]A=5 [6=75 Surviva| MISE | failurc | MISE
é 7] o 9 1 rate (SF) rate (HF)
vo | ! 1'29 9 | 34980 | 49999 | 7.4994 | 03215 4'5‘(‘)071 E- 1 91021 | 1.859E-07
o | ] lf 821 34989 | 4.9960 | 7.4947 | 0.4621 1'2%)6983 12662 | 3.014E-08
Yoo “'39 88 1 35000 | 5.0000 | 7.5000 | 0.4721 5'931%315' 1.0420 | 4.209E-08
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Table (7-1), (7-2) represents the simulation results for the developed least squares method LSD
using the GA algorithm to distribute the exponential expanded power function (EEPF).

GA MISE(HF)

Figure (7-1) shows the PDF&CDF, survival and failure (LSD) function of the EEPF distribution.
8- Conclusions

Parameter estimates were approximate to the initial values assumed for the EEPF distribution
of the GA algorithm at the volumes assigned to each model .We noticed that the hypothetical
model (§=11,0=3,w=4,9=6) in Table (7-1) when n=15 is the best model as it had a high survival
rate and a low risk rate as well as the MISE criterion for survival rate and rate Low failure .We
find that the survival rate was close to half as well as the failure rate is relatively close to its stability
at (n = 50,100) and the MISE criterion for both survival and failure rate is low, and this indicates
the efficiency of LSD method estimates , As for the results of the application of the developed
least squares method (LSD) of the (GA) algorithm, We conclude that the proposed new distribution
was efficient in representing survival data.
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