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1. Introduction

Uncertainty and ambiguity abound in our lives, leading to major and complex challenges in all areas of
economic, environmental, and other life. In 1965, Zadeh discovered his theory, which changed many
mathematical concepts. It is the fuzzy theory (FT), which is considered a generalization of classical set
[1]. Since then, the world has begun to rely on this innovative method for data analysis and accuracy in
decision-making. Since then, the fuzzy set (FS) has solved all the problems that classical logic cannot
solve, and it has become of interest to scientists and researchers because it is more general than the
classical logic What is acquired under the work of the fuzzy theory is more expressive power and more
comprehensive, and in addition, it is more systematic and easy to provide solutions with lower costs
for many problems. [2-5]. While researchers are still preoccupied with the fuzzy theory (FT) and the
events that it caused in terms of tremendous development, the scientist Molodtsov appeared with new
development ideas in 1999, when he first presented his theory, which was known as the soft theory
(ST) [6]. This development aims to deal with data in a more accurate way. It is an interesting topic, as
the scientist Maji and others introduced a new concept, which is merging the two concepts, i.e.
merging the fuzzy theory (FT) with the soft theory (ST), so that we have a new term that has
revolutionized mathematics under the name fuzzy soft theory (FST) [7-8]. This is a remarkable
achievement in itself, as it covers a wide area and scope, has a wonderful vision of the future, free
from impurities, and pays great attention to every minute detail that produces the best results [9].
Research has continued on this topic, and many researchers have delved into these topics [10-14]. This
development had to be included in the topics of functional analysis because of its extreme importance,
as it is considered the cornerstone of all branches of pure mathematics, there is no doubt that the theory
of operators [TO] is considered the most important pillar in this science, and it was necessary for it to
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have its share in the subject of fuzzy mathematics, and this is what we will work on in this research,
Where they started studying fuzzy soft metric (FSMS), fuzzy soft norm space(FSNS), etc.[15-23]. the
soft fuzzy point was created to develop research in this field [24-25]. In 2020, Freud and a group of
other researchers presented a theory that is considered one of the most important current theories, cited
in many solid studies. This theory is the theory of fuzzy soft operators (FSO), through studying fuzzy
soft linear operators (FSLO), with a discussion of a group of important advantages and characteristics.
In addition, many applications were proposed by a significant number of researchers [26-30].

2. Preliminaries

This section outlines the crucial principles relevant to the study of n — quasi fuzzy soft paranormal
operator (briefly "n — QFSPO™) within fuzzy soft Hilbert space (FS-HS).

Definition 2.1[28]: Assume that U is the universal set, The fuzzy set A in U is a set of ordered pairs
A = {(x,uz(x):x € U}, where uz: U - [0,1] is said the membership function.

Definition 2.2 [8]: Assume that U is the universal set, with D as a set of parameters,P(U) the power
set of U,and A < D,let H be a function from A to P(U) , H; = {H(e) € P(U): e € A}. H; or the pair
is (H, A) said to be soft set on U with regards A

Definition 2.3 [28]: Let H: A — IV is mapping and fuzzy soft collection is {e € 4, Hz(e) € 1V} then
Hj is said to be fuzzy soft set on U and symbolized by FS.

Definition 2.4 [10]: The fuzzy soft point (FS-Point) on U, It is a special case of FSS, If x € U and e€
A, such that:

(e)—{ aif x=x,ande=¢e, € A
e 0ifu€e U—{x,}ore € A—{ey} wherea € (0,1]

Definition 2.5 [27]: let U fuzzy soft vector, and a function || . ||: T — R*(4) is said FS-Norm on U, if
|| . || satisfies the following:
(@) Il Ty Il = 0V, €T ,and || Ty =0 © T, =0

(0) 117 Ty Il = 1PN gy I ¥ Ty, € U,V 7 € B ().

HH(e)

(C) ” fﬂlH(el) + y‘qu(eZ)” S “ xl’llH(e1)” + ”y H’ZH(EZ)”’V fﬂlH(el)’yﬂzH(ez) E U
U with FS-Norm || . || is called FS-Normed space (FSN-Space).

Definition 2.6 [27]: The mapping {.,.)}: U x U — (C(A)or ﬁ(A)) is said to be FS-inner product
over FS-vector space U, Provided that the following conditions are satisfied:

@) <x“1H(e1>’x“1H(e1>> = 0 and <x"1H(e1)’x"1H(e1)) =0 x“lH(el) =0

(b) <x”1H(e1>‘y ”29(e2>> =G ”ZH(ez)’xﬂlﬂ(el))

) =a(x

(©) {ax H1p(ey) V) H2H(ey)

#1H(e1)’)7“21-1(32) ), forall @ € C(A).

(a) <x”1H(e1> R/ ”2H(ez>’Z”3H<e3)> - (x”m(el)’Z”3H<e3>> + ”ZH(ez)’Z“SH(e3)>
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~

vx”lH(el)‘ Y H2H(ep)’ Z”3H(e3) €

T with FS-inner product (., ) said to FS-inner product space (FSI), and denoted by (T, {.,.)).

Definition 2.7: [27]: Let H be FS-inner product space and it is called fuzzy soft Hilbert space if H is
complete space and symbolize by FSH-space.

Definition 2.8: [30]: Assume that H be FSHS and F: H — His FS-operator thus T is said to be fuzzy
soft linear operator (FSL-operator) if:

a) F‘F(fum(en + Vuznez)) = T(fum(en )+ T(yMZH(eZ)) » Forall %1 pe1), Yuzm(ez) € H
b) ?(AfulH(el) ) = /1?(%“11.1(61) ), For all fﬂlH(el) € H and 1 € R+(A)

Definition 2.9: [30]: Assume that A is FSH-space and T belongs to B(H), then FS-adjoint operator
’Tl*is defined aS:(T%MlH(eWHZH(QZ)) = (xvﬂlH(el)'T*yMZH(eZ)>V%MlH(el)'yMZH(eZ) éﬁ: where ﬁ(ﬁ)
The collection of all fuzzy soft bounded linear operator in Hilbert space.

Definition 2.10: [21]: Assume that A be FSH-space and T belongs to B(H), then Tis called fuzzy
soft normal operator (FS-Normal) if ¥F* = T*F

Definition 2.11: [22]: Let T FS-operator of . Then T is called FS-self adjoint operator if T = F~.
Definition 2.12:[28]: Assume that A is FSH-space and T belongs to B(H), then T is said to be FS-
isometry operator if achieve (T X1y, T Viznezy) = (%ulH(eﬁuz Heen) ¥ Xuthen) Voncen) € H,

Definition 2.13 [27]: AFS-operator Fuzzy I it is called soft identity operator I : H — Hif
i(fulH(eﬂ) = fﬂ1H(e1)»V7Zﬂ1H(e1) €~H _ L N

Definition 2.14 [30]: Assume that H is FSH-space and T belongs to B(H), then T is said FS-unitary
operator if achieve TF* = [ = T*T.

Definition 2.15 [30]: Assume that H is FSH-space with T belongs to B(H), then T be FS-
paranormal  operator if achieved : ||T2§,;(e)||||%HH(e)|| S| TXun(e)lI?Y Xuney € H SO

~2__ ~ =T - . e~
IF X yrce)ll = 1 FX ypelI* for all X, belongs in H.

We know that H is FS-Hilbert space with T belongs to B(H), hence T is called FS-Paranormal
operator and symbolized by (FSPO).

3. Results and discussion

In this section, we present an important definition within the theory operators and discuss the
theoretical aspects and properties related to this term within the framework of the fuzzy soft theory in
Hilbert space.

Definition 3.1: Let A is FSH-space with T belongs in B(H), An operator T is said n —quasi fuzzy soft
paranormal operator, for anon negative integer n,(briefly "n — QFSPO")if it achieves

~ — 2 B _ — ~
||Tn+1qu(e) < ”Tn+2X”H(e)””Tr’xﬂH(e)” for all XuH(e) € H.

Remark 3.2: From the above definition, the following fact: for = 1, 1-fuzzy soft quasi paranormal
operator, obviously gives the class of quasi fuzzy soft paranormal operator for any X, ) € H.

Theorem 3.3: The n — quasi fuzzy soft paranormal operator is closed under scalar multiplication.

Proof: Assume that T belongs in B(H) is n -QFSPO and let & be any complex scalar.
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For all X,4(.) € H we have

I

2 _ N yous o
< 1P 2AE 2 Zyn o) I X e 1D

e [T

|&® ™ Zunco ||

= |ED) 2 (o) 1| EF) " Eun ol then, §F is also 1 -QFSPO.
Theorem 3.4: If T belongs in B(H), is invertible n -QFSPO, then T~ is also 7 -QFSPO.

~

~ . ~ 2 ~ ~ ~ T — ~
Proof: Since T is a 1 -QFSPO, then || F1+1 %0y ||~ Z 1T 2Z1 o) I T By [l for all e € .

Fn4+1e 2 ~ 5 oy o ——
[77 2 Funco |~ = 120 1T %o
”Tn+1qu(e)” - ”Tn-‘-lf,uH(e)”

Then:

”Tn+2qu(e)””T Xuncell

”Tn+1qu(e)” <
||T77 qu(e)”

||Tn+1qu(e)|| = ”TMZ%H@)”“Tnfﬂ”(e)”

I 2%umll 1F 220 11 o ||

IF1* 2% e I = IF7% o)l . . F-n-

— & < —K , Now replacin X b 25 , we have
2% 0l — 1T Z o placing uH(e) y uH(e)

|[Fr+1F-2n-2 quH(e)” IT7T2172 Zyp o) ||
”TTH_ZT 277 2qu(e)” ||T’7+1T 211 2x/LH(e)”

”UE "1 B[ _ ”T T2 Xy e

—_— ————

(e [
”T—T]—l fﬂH(e)” ”T n-2 uH(e)” o1~

—_ ”'-F n- 1qu(e)” < nis ”T_n_lqu(e)”
It nx,uH(e)” ”T 1 qu(e)”

”? n- qu(e)” v ~ e o ~
el P Z T2z T-13
RGO @ NF Bz

”T n=- lqu(e)”Z ||T n- quH(e)””T T]X#H(e)” for all XuH(e) € H . This shows that T! n -
QFSPO.

Theorem 3.5: Assume T belongs to B(H) is n -QFSPO, If § is unitary equivalent to operator T , then §
isan -QFSPO.

Proof: Let T belongs to B(H) is n -QFSPO,

given that operator § is unitary equivalent to operator F, there exists an unitary operator U so that
= U*T U,and T is n -QFSPO then:

TNl _ AT H2FN+2 4 Q2FFN S 0 for all non-negative A.

Hence, J1+2§1+2 — 21+ 1+1 4 229051 = 0,vA > 0

*1+2 n+2 *N+1

= (U F) " (U F)" - 22U F) " (U F)TT + 22 (U T0) T T Uy S o,

= U (T — 2AT 2042 4 Q2T1TU = 0,VA > 0. Sofisn -QFSPO.
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Theorem 3.6: Assume T belongs in B(H) is n -QFSPO, if T an isometric operator with S, then TS
is n -QFSPO.

Proof: Assume that S an isometric operator and let be M = FS. Given thatT an isometric operator
with § so that T = ST, Ts* = §*Fand §*s = 1.

Now, M*THI M1+ — 2AM* 1 +2M1+2 + 2217 S 0,
= (FS)"TL(FS)1L — 24(FS)MH2(FS)12 + 212(FS)1(FS)" = 0,
= Pr3FUP3HL _ QAT2HF2H 4 2FIHFIH S5 0 So TS is n -QFSPO.

Theorem 3.7: Assume T belongs in B(H) be n -QFSPO. If A is a closed T invariant subset of A,
then, the restriction T, is an -QFSPO.

Proof: Let T belongs in B(H) is 7 -QFSPO, ||(F/.0) ™1 ZupselI? = ||’Tn+1f#H(e)

—

2 | F 2

” (Y fﬂH (e)

= | P

This implies that (F,4) is n -QFSPO.

)

Theorem 3.8: Assume T, , T, belongs in B(H) are n — QFSPO, and T, T, = T, T, then the product
F,.T, isn -QFSPO.

Proof: Since T, , T, commute, we have

FEF)=F""F" &) =F""5" ad &) =F"F"
By the property of the norm
T A \n+isy ~ || ntlg ntlg ~ || & n+1 ~ ML
||(T1 T, )nﬂqu(e) = ||T1 T, Xuu(e) || = ” T ” ” T, XuH (e)
— 2 —_— 2 P
. . ~ o~ — ~ || & n+1 ~ MF1_
Squaring both sides ”(T1 )M X ne|| = ” T, ” ” T2 Xunce

By hypothesis, each operator (T, , F, ) satisfies n -QFSPO.

2 ~ ~ ~ ~ o ~ ~ o~
< ”(Tl )n+2qu(e)””(T1 )nqu(e)” for all x,uH(e) € H.

||(T1 )n+1f;LH(e)

2 " o 5 -~
< N(F2)" 2% ume) I (F2) " Xun(e |l for all %, € H.

” (F2)"™ Zure)

Multiplying these two inequalities yields:

—

1@ Zo | [|F D o | Z (| 72| | )Rt | 1) T o

Under the additional assumption that the norm is multiplicative for these powers i.e.

I(F F) " Fmo | = {|EOm2 | | )" 2o | 1 F) N ED Zaro

By combining the above inequalities, we get:

(T )" 2% (e

—_— 2

o — 2 — 2 -
F T " o || 2 | FO || || F) R

1CF)" M F )" B

2 | Eome|| || Fo) 2R
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= |I(F,.T; jmfuy(e) I|(F; . T2 )nf,m(e) IP

- o~ 2 _ L L — ~  ~ ~ o~ .
Thus, || (F, T2 )™ Funco | 2 NF - T 2R | (F1 - T2 ) "R, then T, . T is 1 —QFSPO.

4. Conclusions

In this paper, we introduce (n -QFSPO) in a fuzzy soft Hilbert space (FS-HS). We also provide useful
observations and properties that may pave the way for future work related to this class of operators.
This class can also solve some types of differential equations When certain conditions mentioned in
this research are met
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