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Abstract— In this paper, we study basic geometric properties of analytic and univalent functions in the open unit 

disk.  A new family 𝓦𝒎,𝒏,𝓸 
𝜻,ℷ,𝝒

(𝝎,𝝆, 𝜰; ℵ)  of analytic and univalent functions is defined by using a generalization of 

Tremblay fractional differential operator associated with the convolution product of a multiplier transformation and a 

Ruscheweyh derivative, especially. Coefficient-related studies and extreme points, distortion properties for the 

functions in class 𝓦𝒎,𝒏,𝓸 
𝜻,ℷ,𝝒

(𝝎,𝝆, 𝜰; ℵ) are given and properties of starlikeness and the convexity of this class are also 

presented. 

Keywords— Analytic and univalent function, generalization of Tremblay fractional differential operator, open unit disk. 

I. INTRODUCTION  

Fractional calculus of complex order has become a novel 
field of study, in order to define and create new subfamilies, a 
number of researchers have extended fractional calculus 
operators on popular families of analytic and univalent 
functions. They have also investigated various interesting 
properties of these new families such as (see, [1, 2, 3, 4]). In 
our research, the family of functions in the open U={z ∈ C: 
|z|<1} that are analytic, regular, or holomorphic will be 
represented by the notation  H(U). Assuming that a ∈ C and  a 
positive integer s, H[a ,s] is the subclass of H consisting of 
functions with the following formula: 

𝑓(𝑧) = 𝑎 + 𝑎𝑠𝑧
𝑠 + 𝑎𝑠+1𝑧

𝑠+1 +⋯ , 𝑧 ∈ 𝑈, 

and  𝔸𝑠 = { 𝑓 ∈ 𝐻(𝑈), 𝑓(𝑧) = 𝑧 + 𝑎𝑠+1𝑧
𝑠+1 + 𝑎𝑠+2𝑧

𝑠+2 +
⋯ , 𝑧 ∈ 𝑈} with 𝔸1 = 𝔸  the class of the following function  

                                      𝑓(𝑧) = 𝑧 +∑𝑎𝑠

∞

𝑠=2

𝑧𝑠 ,                          (1) 

we also denote by 𝑆 the subfamily of 𝔸 consisting of 
functions satisfying (1.1) which are also univalent in 𝑈.  The 
Hadamard product (or convolution) of two analytic functions in 
the open unit disk 𝑈  

𝑓(𝑧) = 𝑧 +∑𝑎𝑠

∞

𝑠=2

𝑧𝑠  and   𝑔(𝑧) = 𝑧 +∑𝑏𝑠

∞

𝑠=2

𝑧𝑠  

 denoted by 𝑓 ∗ 𝑔 and is defined as:  

𝑓(𝑧) ∗  𝑔(𝑧) = 𝑧 +∑𝑎𝑠𝑏𝑠

∞

𝑠=2

𝑧𝑠 = (𝑓 ∗ 𝑔)(𝑧). 

Also, let T the subfamily of 𝑆 whose functions represented 
with negative coefficients by  

                              𝑓(𝑧) = 𝑧 −∑𝑎𝑠𝑧
𝑠

∞

𝑠=2

,    𝑎𝑠 ≥ 0, 𝑧 ∈ 𝑈.     (2) 

Remark 1.1:  

i. The condition ∑ 𝑠|𝑎𝑠| ≤ 1∞
𝑠=2  is sufficient for all f of 

the form (1) to be in S.  

ii.  The condition ∑ 𝑠𝑎𝑠 ≤ 1∞
𝑠=2  is sufficient for all f of 

the form (2) to be in T  (see[5]). 

We consider the following multiplier transformations. 

     For  𝑓 ∈ 𝔸, 𝑚 ∈ ℕ⋃{0}, 𝜁, ℴ ≥ 0, the multiplier 
transformation 𝐼(𝑚, ℴ, 𝜁)  was defined by Cǎtas [6] in the 
following infinite series: 

𝐼(𝑚, ℴ, 𝜁) = 𝑧 +∑(
1 + ℴ(𝑠 − 1) + 1

1 + 𝜁
)

𝑚

𝑎𝑠

∞

𝑠=2

𝑧𝑠 , 𝑧 ∈ 𝑈. 

In addition, Ruscheweyh [7] defined derivative operator  
𝑅𝑛: 𝔸 → 𝔸, by 

𝑅0𝑓(𝑧) = 𝑓(𝑧), 
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𝑅1𝑓(𝑧) = 𝑧𝑓′(𝑧), 

                ⋮ 

(𝑛 + 1)𝑅𝑛+1𝑓(𝑧) = 𝑧(𝑅𝑛𝑓(𝑧))′ + 𝑛 𝑅𝑛𝑓(𝑧),   𝑧 ∈ 𝑈. 

Remark 1.2: If   𝑓 ∈  𝔸, then 

𝑅𝑛𝑓(𝑧) = 𝑧 +
1

𝛤(𝑛 + 1)
∑

𝛤(𝑛 + 𝑠)

𝛤(𝑠)
𝑎𝑠

∞

𝑠=2

𝑧𝑠, 𝑧 ∈ 𝑈. 

 Moreover, by using the Hadamard product methods of 
multiplier transformation 𝐼(𝑚, ℴ, 𝜁) and the Ruscheweyh 

derivative 𝑅𝑛 , the operator  𝐼𝑅ℴ,𝜁
𝑚,𝑛: 𝔸 → 𝔸  defined by Alp 

Lupas[8] as following form: 

           𝐼𝑅ℴ,𝜁
𝑚,𝑛𝑓(𝑧) = ( 𝐼(𝑚, ℴ, 𝜁) ∗ 𝑅𝑛)𝑓(𝑧),   

                                

               = 𝑧 +
1

𝛤(𝑛+1)
∑ (

1+ℴ(𝑠−1)+1

1+𝜁
)
𝑚 𝛤(𝑛+𝑠)

𝛤(𝑠)
𝑎𝑠
2∞

𝑠=2 𝑧𝑠, 𝑧 ∈ 𝑈 

for each  𝑚, 𝑛 ∈ ℕ, ℴ, 𝜁 ≥ 0. 

 

Remark 1.3:  For 𝜁 = 0, ℴ ≥ 0, then  

1. Operator 𝐷ℴ
𝑚 =  𝐼(𝑚, ℴ, 0) was introduced and utilized 

by Al-Oboudi [9]. 

2. Operator 𝕊𝑚 =  𝐼(𝑚, 1,0) for ℴ = 1 was reduced to the 
Sǎlǎgean differential operator [10] . 

3. 𝑅𝑛 =  𝐼(0, ℴ, 0) for 𝑚 = 0 reduced to the  Ruscheweyh 
derivative operator [7]. 

 

   Researchers in geometric function theory have shown 
considerable interest in topic of fractional differential and 
integral operators (see, for example, [10,11,12 and13]).  The 
generalization of the Tremblay fractional calculus operators 
[14, 15] were introduced and investigated as follows: 

Definition 1.1: [14, 15] For 0 < ℷ ≤ 1, 0 < 𝜌 ≤ 1 such that  
1 ≥ 𝜌 − ℷ > 0 and  𝜘 > −1. The generalized fractional 

integral operator 𝑇𝑧
𝜌,ℷ,𝜘

 of three parameters is defined by: 

 𝑇𝑧
𝜌,ℷ,𝜘

𝑓(𝑧) 

= 
(𝜘 + 1)𝜌−ℷΓ(𝜌)

𝛤(𝜌)𝛤(𝜌 − ℷ)
𝑧1−𝜌−𝜘∫

𝑡𝜘+ℷ−1𝑓(𝑡)

(𝑧1+𝜘 − 𝑡1+𝜘)1−𝜌+ℷ
𝑑𝑡,

𝑧

0

 𝑧 ∈ 𝑈. 

(3) 

For 0 < ℷ ≤ 1, 0 < 𝜌 ≤ 1 such that  1 > 𝜌 − ℷ ≥ 0 
and  𝜘 > −1, the generalized fractional differential operator 

𝕋𝑧
𝜌,ℷ,𝜘

 of three parameters, is defined by: 

𝕋𝑧
𝜌,ℷ,𝜘

𝑓(𝑧) 

=
(𝜘 + 1)𝜌−ℷΓ(ℷ)

𝛤(𝜌)𝛤(1 − 𝜌 + ℷ)
(𝑧1−ℷ−𝜘

𝑑

𝑑𝑧
)∫

𝑡𝜘+𝜌−1𝑓(𝑡)

(𝑧1+𝜘 − 𝑡1+𝜘)𝜌−ℷ
𝑑𝑡,

𝑧

0

  

   (4) 

where 𝑓(𝑧)(𝑧 ∈ 𝑈) is an analytic function in a simply-
connected region of the 𝑧-plane that is simply connected and 

contains the origin ℂ. The multiplicity of  (𝑧1+𝜘 − 𝑡1+𝜘)𝜌−ℷ−1 

in (3) and  (𝑧1+𝜘 − 𝑡1+𝜘)−𝜌+ℷ)  in (4) are removed by requiring 
log(𝑧1+𝜘 − 𝑡1+𝜘) to be real when (𝑧1+𝜘 − 𝑡1+𝜘) > 0, 
respectively. 

Example 1.1: [15] For  𝑓(𝑧) = 𝑧𝑠, we obtain 

𝕋𝑧
𝜌,ℷ,𝜘

𝑓(𝑧)

=
(𝜘 + 1)𝜌−ℷ 𝛤(ℷ) 𝛤 (

𝜌 + 𝑠
𝜘 + 1

)

𝛤(𝜌) 𝛤 (
𝜘(𝜌 − ℷ + 1) + ℷ + 𝑠

𝜘 + 1
− 1)

𝑧𝜘(1−𝜌+ℷ)+𝑠, 𝑧 ∈ 𝑈. 

 By utilizing the fractional differential operator defined in 
(4) and implementing Example 1, a new fractional differential 
operator associated with the convolution product of a multiplier 
transformation and a Ruscheweyh derivative can be defined as 
follows:  

Definition 1.2: For  𝜘 > −1,  ℷ, 𝜁 ≥ 0,  𝑚, 𝑛 ∈ ℕ and 
0 < ℷ ≤ 1, 0 < 𝜌 ≤ 1 such that 1 ≥ 𝜌 − ℷ > 0. Let 𝑓(𝑧)  
given in (1), the fractional differential associated with the 
convolution product of a multiplier transformation and a 
Ruscheweyh derivative is defined by:  

𝕋𝑧
𝜌,ℷ,𝜘

𝐼𝑅ℴ,𝜁
𝑚,𝑛𝑓(𝑧) =

(𝜘+1)𝜌−ℷ 𝛤(ℷ) 

𝛤(𝜌) 𝛤(1−𝜌+ℷ)
(𝑧1−ℷ

𝑑

𝑑𝑧
) ∫

𝑡𝜘+𝜌+𝑠−1𝐼𝑅ℴ,𝜁
𝑚,𝑛

𝑓(𝑡)

(𝑧𝜘+1−𝑡𝜘+1)𝜌−ℷ
𝑑𝑡

𝑧

0
  

=
(𝜘 + 1)𝜌−ℷ 𝛤(ℷ) 

𝛤(𝜌) 𝛤(1 − 𝜌 + ℷ)
(𝑧1−ℷ

𝑑

𝑑𝑧
)∫

𝑡(𝜘+1)+𝜌−1

(𝑧𝜘+1 − 𝑡𝜘+1)𝜌−ℷ

𝑧

0

𝑑𝑡 + 

(𝜘 + 1)𝜌−ℷ 𝛤(ℷ)

𝛤(𝜌)𝛤(𝑛 + 1)𝛤(1 − 𝜌 + ℷ)
 

∑

(
1 + ℴ(𝑠 − 1) + 1

1 + 𝜁
)

𝑚
𝛤(𝑛 + 𝑠)

𝛤(𝑠)
𝑎𝑠
2

× (𝑧1−ℷ
𝑑

𝑑𝑧
)∫

𝑡𝜘+𝜌+𝑠−1

(𝑧𝜘+1 − 𝑡𝜘+1)𝜌−ℷ
𝑑𝑡

𝑧

0

∞

𝑠=2

, 

after a simple calculation, we obtain the following formula: 

𝕋𝑧
𝜌,ℷ,𝜘

𝐼𝑅ℴ,𝜁
𝑚,𝑛𝑓(𝑧) =

(𝜘 + 1)𝜌−ℷ 𝛤(ℷ) 𝛤 (
𝜌 + 1
𝜘 + 1

)

𝛤(𝜌) 𝛤 (
𝜘(ℷ − 𝜌) +  ℷ

𝜘 + 1
)

𝑧(1−𝜌+ℷ)𝜘+1   + 

(𝜘 + 1)𝜌−ℷ 𝛤(ℷ)

𝛤(𝜌)𝛤(𝑛 + 1)
× 

∑
𝛤(𝑛 + 𝑠)𝛤 (

𝜌 + 𝑠
𝜘 + 1

) (
1 + ℴ(𝑠 − 1) + 1

1 + 𝜁
)
𝑚

𝛤(𝑠)𝛤 (
𝜘(ℷ − 𝜌) +  ℷ + 𝑠 − 1

𝜘 + 1
)

𝑎𝑠
2

∞

𝑠=2

𝑧(1−𝜌+ℷ)𝜘+𝑠, 𝑧

∈ 𝑈. 

 (5) 

The operator 𝕋𝑧
𝜌,ℷ,𝜘

𝐼𝑅ℴ,𝜁
𝑚,𝑛𝑓(𝑧) given in (1.4) is now used to 

define a new subclass of analytic functions as followas: 
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Definition 1.3: For 𝜘 > −1,  ℷ, ℴ, 𝜁 ≥ 0, 𝜔 ≥ 1, 𝑚, 𝑛 ∈ ℕ, 
𝛶 ∈ ℂ − {0}, 0 < ℷ ≤ 1, 0 < 𝜌 ≤ 1 such that 1 ≥ 𝜌 − ℷ > 0 
and  

[(1−𝜌+ℷ)𝜘+𝜔] 𝛤(
𝜌+1
𝜘+1)

[(1−𝜌+ℷ)𝜘+𝜔] 𝛤(
𝜌+1
𝜘+1)+

|𝛶|𝛤(
𝜘(ℷ−𝜌)+ ℷ

𝜘+1 )
< ℵ ≤ 1, let 𝒲𝑚,𝑛,ℴ 

𝜁,ℷ,𝜘
(𝜔, 𝜌, 𝛶; ℵ) 

be the subclass of 𝔸 consisting of functions that satisfy the 
following inequality: 

|

|

|

|(1 − 𝜌 + ℷ)𝜘𝛹(𝜌, ℷ, 𝜘)((1 − 𝜔)
𝕋𝑧
𝜌,ℷ,𝜘

𝐼𝑅ℴ,𝜁
𝑚,𝑛𝑓(𝑧)

𝑧
)

+

𝜔𝛹(𝜌, ℷ, 𝜘)(𝕋𝑧
𝜌,ℷ,𝜘

𝐼𝑅ℴ,𝜁
𝑚,𝑛𝑓(𝑧))′

(1 − 𝜌 + ℷ)𝜘𝛹(𝜌, ℷ, 𝜘)((1 − 𝜔)
𝕋𝑧
𝜌,ℷ,𝜘

𝐼𝑅ℴ,𝜁
𝑚,𝑛𝑓(𝑧)

𝑧
)

+

𝜔𝛹(𝜌, ℷ, 𝜘)(𝕋𝑧
𝜌,ℷ,𝜘

𝐼𝑅ℴ,𝜁
𝑚,𝑛𝑓(𝑧))′ − 𝛶

|

|

|

|

   <  ℵ. 

(6) 

where 

𝛹(𝜌, ℷ, 𝜘) =
(𝜘 + 1)−𝜌+ℷ 𝛤(𝜌)

𝛤(ℷ)
. 

 By using the above definition the new family 

𝒲𝑚,𝑛,ℴ 
𝜁,ℷ,𝜘

(𝜔, 𝜌, 𝛶; ℵ) of analytic functions involving the 

modification of fractional differential operator associated with 

operator 𝕋𝑧
𝜌,ℷ,𝜘

𝐼𝑅ℴ,𝜁
𝑚,𝑛

 is defined in the open unit disk. We 

presented some basic geometric properties such as finding the 
coefficient bounds, distortion bounds, and radius of starlike and 
convexity. 

2. COEFFICIENT INQUALITIES 

   In the following result the coefficient bounds and extreme 

points for functions in  𝒲𝑚,𝑛,ℴ,𝜁 
𝜌,ℷ,𝜘

(𝜔, 𝜎, 𝛶; ℵ)  are obtained.  

Theorem 2.1: The function 𝑓 ∈  𝔸 belongs to the class 

𝒲𝑚,𝑛,ℴ,𝜁 
𝜌,ℷ,𝜘

(𝜔, 𝜎, 𝛶; ℵ)  if and only if 

∑
𝛤(𝑛+𝑠)(

1+ℴ(𝑠−1)+1

1+𝜁
)
𝑚
[(1−𝜌+ℷ)𝜘+𝜔𝑠]𝛤(

𝜌+𝑠

𝜘+1
)

𝛤(𝑠) 𝛤(
𝜘(ℷ−𝜌)+ ℷ+ 𝑠−1

𝜘+1
)

𝑎𝑠
2∞

𝑠=2 <

                                      
ℵ|𝛶|𝛤(𝑛+1)

ℵ+1
− 

[(1−𝜌+ℷ)𝜘+𝜔] 𝛤(
𝜌+1
𝜘+1)𝛤

(𝑛+1)

𝛤(
𝜘(ℷ−𝜌)+ ℷ

𝜘+1 )
,      (7)       

the result is sharp for the function 

ℱ(𝑧) = 𝑧 +

√
  
  
  
  
  
  
  
  
  

(
ℵ|𝛶|
ℵ + 1

− 
[(1−𝜌+ℷ)𝜘+𝜔] 𝛤(

𝜌+1
𝜘+1

)

𝛤(
𝜘(ℷ−𝜌)+ ℷ

𝜘+1
)

  )𝛤(𝑛 + 1)

× 𝛤(𝑠)𝛤 (
𝜘(ℷ − 𝜌) +  ℷ + 𝑠 − 1

𝜘 + 1
)

𝛤(𝑛 + 𝑠) (
1 + ℴ(𝑠 − 1) + 1

1 + 𝜁
)
𝑚

× [(1 − 𝜌 + ℷ)𝜘 + 𝜔𝑠]𝛤 (
𝜌 + 𝑠
𝜘 + 1

)

  𝑧𝑠,  

𝑠 ≥ 2. 

Proof.   Let the function 𝑓 ∈  𝔸 and the inequality in (6) 
satisfies, then we obtain: 

 

|

|

|(1 − 𝜌 + ℷ)𝜘𝛹(𝜌, ℷ, 𝜘) ((1 − 𝜔)
𝕋𝑧
𝜌,ℷ,𝜘

𝐼𝑅ℴ,𝜁
𝑚,𝑛𝑓(𝑧)

𝑧
)

+𝜔𝛹(𝜌, ℷ, 𝜘)(𝕋𝑧
𝜌,ℷ,𝜘

𝐼𝑅ℴ,𝜁
𝑚,𝑛𝑓(𝑧))′

(1 − 𝜌 + ℷ)𝜘𝛹(𝜌, ℷ, 𝜘) ((1 − 𝜔)
𝕋𝑧
𝜌,ℷ,𝜘

𝐼𝑅ℴ,𝜁
𝑚,𝑛𝑓(𝑧)

𝑧
)

+𝜔𝛹(𝜌, ℷ, 𝜘)(𝕋𝑧
𝜌,ℷ,𝜘

𝐼𝑅ℴ,𝜁
𝑚,𝑛𝑓(𝑧))′ − 𝛶

|

|

|

 

 

=  

 

|

|

|

[(1−𝜌+ℷ)𝜘+𝜔] 𝛤(
𝜌+1
𝜘+1)

 𝛤(
𝜘(ℷ−𝜌)+ ℷ

𝜘+1 )
𝑧(1−𝜌+ℷ)𝜘 + 

∑
𝛤(𝑛+𝑠)(

1+ℴ(𝑠−1)+1
1+𝜁

)
𝑚

𝛤(𝑛+1)𝛤(𝑠)

[(1−𝜌+ℷ)𝜘+𝜔𝑠]𝛤(
𝜌+𝑠
𝜘+1)

𝛤(
𝜘(ℷ−𝜌)+ ℷ+𝑠−1

𝜘+1 )
𝑎𝑠
2∞

𝑠=2 𝑧(1−𝜌+ℷ)𝜘+𝑠−1 

[(1−𝜌+ℷ)𝜘+𝜔] 𝛤(
𝜌+1
𝜘+1)

 𝛤(
𝜘(ℷ−𝜌)+ ℷ

𝜘+1 )
𝑧(1−𝜌+ℷ)𝜘+

∑
𝛤(𝑛+𝑠)(

1+ℴ(𝑠−1)+1
1+𝜁

)
𝑚

𝛤(𝑛+1)𝛤(𝑠)

[(1−𝜌+ℷ)𝜘+𝜔𝑠]𝛤(
𝜌+𝑠
𝜘+1)

𝛤(
𝜘(ℷ−𝜌)+ ℷ+𝑠−1

𝜘+1 )
𝑎𝑠
2∞

𝑠=2 𝑧(1−𝜌+ℷ)𝜘+𝑠−1−𝛶

|

|

|

  

 

= 

 

|

|

|

[(1−𝜌+ℷ)𝜘+𝜔] 𝛤(
𝜌+1
𝜘+1)

 𝛤(
𝜘(ℷ−𝜌)+ ℷ

𝜘+1 )
𝑧(1−𝜌+ℷ)𝜘 +

 ∑
𝛤(𝑛+𝑠)(

1+ℴ(𝑠−1)+1
1+𝜁

)
𝑚

𝛤(𝑛+1)𝛤(𝑠)

[(1−𝜌+ℷ)𝜘+𝜔𝑠]𝛤(
𝜌+𝑠
𝜘+1)

𝛤(
𝜘(ℷ−𝜌)+ ℷ+𝑠−1

𝜘+1 )
𝑎𝑠
2∞

𝑠=2 𝑧(1−𝜌+ℷ)𝜘+𝑠−1 |

|

|

|

|

|

[(1−𝜌+ℷ)𝜘+𝜔] 𝛤(
𝜌+1
𝜘+1)

 𝛤(
𝜘(ℷ−𝜌)+ ℷ

𝜘+1 )
𝑧(1−𝜌+ℷ)𝜘+

∑
𝛤(𝑛+𝑠)(

1+ℴ(𝑠−1)+1
1+𝜁

)
𝑚

𝛤(𝑛+1)𝛤(𝑠)

[(1−𝜌+ℷ)𝜘+𝜔𝑠]𝛤(
𝜌+𝑠
𝜘+1)

𝛤(
𝜘(ℷ−𝜌)+ ℷ+𝑠−1

𝜘+1 )
𝑎𝑠
2∞

𝑠=2 𝑧(1−𝜌+ℷ)𝜘+𝑠−1−𝛶|

|

|

  

< 

|
[(1−𝜌+ℷ)𝜘+𝜔] 𝛤(

𝜌+1
𝜘+1)

 𝛤(
𝜘(ℷ−𝜌)+ ℷ

𝜘+1 )
𝑧(1−𝜌+ℷ)𝜘|+

||∑
𝛤(𝑛+𝑠)(

1+ℴ(𝑠−1)+1
1+𝜁

)
𝑚

𝛤(𝑛+1)𝛤(𝑠)

[(1−𝜌+ℷ)𝜘+𝜔𝑠]𝛤(
𝜌+𝑠
𝜘+1)

𝛤(
𝜘(ℷ−𝜌)+ ℷ+𝑠−1

𝜘+1 )
𝑎𝑠
2∞

𝑠=2 𝑧(1−𝜌+ℷ)𝜘+𝑠−1||

|𝛶|−|
[(1−𝜌+ℷ)𝜘+𝜔] 𝛤(

𝜌+1
𝜘+1)

 𝛤(
𝜘(ℷ−𝜌)+ ℷ

𝜘+1 )
𝑧(1−𝜌+ℷ)𝜘|−

||∑
𝛤(𝑛+𝑠)(

1+ℴ(𝑠−1)+1
1+𝜁

)
𝑚

𝛤(𝑛+1)𝛤(𝑠)

[(1−𝜌+ℷ)𝜘+𝜔𝑠]𝛤(
𝜌+𝑠
𝜘+1)

𝛤(
𝜘(ℷ−𝜌)+ ℷ+𝑠−1

𝜘+1 )
𝑎𝑠
2∞

𝑠=2 𝑧(1−𝜌+ℷ)𝜘+𝑠−1||
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 = 

[(1−𝜌+ℷ)𝜘+𝜔] 𝛤(
𝜌+1
𝜘+1)

 𝛤(
𝜘(ℷ−𝜌)+ ℷ

𝜘+1 )
|𝑧(1−𝜌+ℷ)𝜘|+

∑
𝛤(𝑛+𝑠)(

1+ℴ(𝑠−1)+1
1+𝜁

)
𝑚

𝛤(𝑛+1)𝛤(𝑠)

[(1−𝜌+ℷ)𝜘+𝜔𝑠]𝛤(
𝜌+𝑠
𝜘+1)

𝛤(
𝜘(ℷ−𝜌)+ ℷ+𝑠−1

𝜘+1 )
𝑎𝑠
2∞

𝑠=2 |𝑧(1−𝜌+ℷ)𝜘+𝑠−1| 

|𝛶|−
[(1−𝜌+ℷ)𝜘+𝜔] 𝛤(

𝜌+1
𝜘+1)

 𝛤(
𝜘(ℷ−𝜌)+ ℷ

𝜘+1 )
|𝑧(1−𝜌+ℷ)𝜘|−

 ∑
𝛤(𝑛+𝑠)(

1+ℴ(𝑠−1)+1
1+𝜁

)
𝑚

𝛤(𝑛+1)𝛤(𝑠)

[(1−𝜌+ℷ)𝜘+𝜔𝑠]𝛤(
𝜌+𝑠
𝜘+1)

𝛤(
𝜘(ℷ−𝜌)+ ℷ+𝑠−1

𝜘+1 )
𝑎𝑠
2∞

𝑠=2 |𝑧(1−𝜌+ℷ)𝜘+𝑠−1|

  

 <   ℵ, 𝑧 ∈ 𝑈.  

Choosing values of 𝑧 on the real axis and considering  𝑧 → −1, 
we have:  

[(1−𝜌+ℷ)𝜘+𝜔] 𝛤(
𝜌+1

𝜘+1
)

 𝛤(
𝜘(ℷ−𝜌)+ ℷ

𝜘+1
)

+

∑
𝛤(𝑛+𝑠)(

1+ℴ(𝑠−1)+1

1+𝜁
)
𝑚
[(1−𝜌+ℷ)𝜘+𝜔𝑠]𝛤(

𝜌+𝑠

𝜘+1
)

𝛤(𝑛+1)𝛤(𝑠)𝛤(
𝜘(ℷ−𝜌)+ ℷ+𝑠−1

𝜘+1
)

𝑎𝑠
2∞

𝑠=2 <  

     ℵ|𝛶| − ℵ
[(1−𝜌+ℷ)𝜘+𝜔] 𝛤(

𝜌+1

𝜘+1
)

 𝛤(
𝜘(ℷ−𝜌)+ ℷ

𝜘+1
)

−

ℵ∑
𝛤(𝑛+𝑠)(

1+ℴ(𝑠−1)+1

1+𝜁
)
𝑚
[(1−𝜌+ℷ)𝜘+𝜔𝑠]𝛤(

𝜌+𝑠

𝜘+1
)

𝛤(𝑛+1)𝛤(𝑠)𝛤(
𝜘(ℷ−𝜌)+ ℷ+𝑠−1

𝜘+1
)

𝑎𝑠
2∞

𝑠=2 ,  

which is equivalent to 

∑

𝛤(𝑛 + 𝑠) (
1 + ℴ(𝑠 − 1) + 1

1 + 𝜁
)
𝑚

× [(1 − 𝜌 + ℷ)𝜘 + 𝜔𝑠]𝛤 (
𝜌 + 𝑠
𝜘 + 1

)

𝛤(𝑠)𝛤 (
𝜘(ℷ − 𝜌) +  ℷ + 𝑠 − 1

𝜘 + 1
)
𝑎𝑠
2

∞

𝑠=2

< 

       
ℵ|𝛶|𝛤(𝑛 + 1)

ℵ + 1
− 

[(1−𝜌+ℷ)𝜘+𝜔] 𝛤(
𝜌+1
𝜘+1

)𝛤(𝑛+1)

𝛤(
𝜘(ℷ−𝜌)+ ℷ

𝜘+1
)

. (8) 

Getting that 𝑓 ∈ 𝒲𝑚,𝑛,ℴ,𝜁 
𝜌,ℷ,𝜘

(𝜔, 𝜎, 𝛶; ℵ) . 

Conversely, let assuming that 𝑓 ∈ 𝒲𝑚,𝑛,ℴ,𝜁 
𝜌,ℷ,𝜘

(𝜔, 𝜎, 𝛶; ℵ), then 

we obtain the following inequality: 

ℜ

(

 
 
 
 
 
 
 
 
 
 
 

|

|

|

|

(1 − 𝜌 + ℷ)𝜘𝛹(𝜌, ℷ, 𝜘)

((1 − 𝜔)
𝕋𝑧
𝜌,ℷ,𝜘

𝐼𝑅ℴ,𝜁
𝑚,𝑛𝑓(𝑧)

𝑧
)

+

𝜔𝛹(𝜌, ℷ, 𝜘)(𝕋𝑧
𝜌,ℷ,𝜘

𝐼𝑅ℴ,𝜁
𝑚,𝑛𝑓(𝑧))′

(1 − 𝜌 + ℷ)𝜘𝛹(𝜌, ℷ, 𝜘)

((1 − 𝜔)
𝕋𝑧
𝜌,ℷ,𝜘

𝐼𝑅ℴ,𝜁
𝑚,𝑛𝑓(𝑧)

𝑧
)

+

𝜔𝛹(𝜌, ℷ, 𝜘)(𝕋𝑧
𝜌,ℷ,𝜘

𝐼𝑅ℴ,𝜁
𝑚,𝑛𝑓(𝑧))′ − 𝛶

|

|

|

|

)

 
 
 
 
 
 
 
 
 
 
 

> −ℵ 

we have 

ℜ

(

 
 
 
 
 
 
 
 
 
 
 

(1 − 𝜌 + ℷ)𝜘𝛹(𝜌, ℷ, 𝜘)

((1 − 𝜔)
𝕋𝑧
𝜌,ℷ,𝜘

𝐼𝑅ℴ,𝜁
𝑚,𝑛𝑓(𝑧)

𝑧
)

+

𝜔𝛹(𝜌, ℷ, 𝜘)(𝕋𝑧
𝜌,ℷ,𝜘

𝐼𝑅ℴ,𝜁
𝑚,𝑛𝑓(𝑧))′

(1 − 𝜌 + ℷ)𝜘𝛹(𝜌, ℷ, 𝜘)

((1 − 𝜔)
𝕋𝑧
𝜌,ℷ,𝜘

𝐼𝑅ℴ,𝜁
𝑚,𝑛𝑓(𝑧)

𝑧
)

+

𝜔𝛹(𝜌, ℷ, 𝜘)(𝕋𝑧
𝜌,ℷ,𝜘

𝐼𝑅ℴ,𝜁
𝑚,𝑛𝑓(𝑧))′ − 𝛶

+  ℵ

)

 
 
 
 
 
 
 
 
 
 
 

> 0, 

and 

ℜ

(

 
 
 
 
 
 
 
 
 
 

(1+ℵ)  
[(1−𝜌+ℷ)𝜘+𝜔] 𝛤(

𝜌+1
𝜘+1)

 𝛤(
𝜘(ℷ−𝜌)+ ℷ

𝜘+1 )
𝑧(1−𝜌+ℷ)𝜘   

 +
1+ℵ

𝛤(𝑛+1)
 

∑
𝛤(𝑛+𝑠)(

1+ℴ(𝑠−1)+1
1+𝜁

)
𝑚

𝛤(𝑠)

[(1−𝜌+ℷ)𝜘+𝜔𝑠]𝛤(
𝜌+𝑠
𝜘+1)

𝛤(
𝜘(ℷ−𝜌)+ ℷ+𝑠−1

𝜘+1 )
   𝑎𝑠

2 𝑧(1−𝜌+ℷ)𝜘+𝑠−1  − ℵ𝛶 ∞
𝑠=2

[(1−𝜌+ℷ)𝜘+𝜔] 𝛤(
𝜌+1
𝜘+1)

 𝛤(
𝜘(ℷ−𝜌)+ ℷ

𝜘+1 )
𝑧(1−𝜌+ℷ)𝜘

  +

∑
𝛤(𝑛+𝑠)(

1+ℴ(𝑠−1)+1
1+𝜁

)
𝑚
[(1−𝜌+ℷ)𝜘+𝜔𝑠]𝛤(

𝜌+𝑠
𝜘+1)

𝛤(𝑠)𝛤(
𝜘(ℷ−𝜌)+ ℷ+𝑠−1

𝜘+1 )
𝑎𝑠
2∞

𝑠=2 𝑧(1−𝜌+ℷ)𝜘+𝑠−1−𝛶

)

 
 
 
 
 
 
 
 
 
 

  

       > 0 

Taking account that ℜ(−𝑒𝑖ℷ) ≥ −|𝑒𝑖ℷ| = −1, the above 

inequality is due to: 

(1+ℵ)  
[(1−𝜌+ℷ)𝜘+𝜔] 𝛤(

𝜌+1
𝜘+1

)

 𝛤(
𝜘(ℷ−𝜌)+ ℷ

𝜘+1
)

 𝑟(1−𝜌+ℷ)𝜘  

  +

1+ℵ
𝛤(𝑛+1)

 ∑

𝛤(𝑛+𝑠)(
1+ℴ(𝑠−1)+1

1+𝜁
)
𝑚

𝛤(𝑠)

[(1−𝜌+ℷ)𝜘+𝜔𝑠]𝛤(
𝜌+𝑠
𝜘+1

)

𝛤(
𝜘(ℷ−𝜌)+ ℷ+𝑠−1

𝜘+1
)

  𝑎𝑠
2𝑟(1−𝜌+ℷ)𝜘+𝑠−1  

                                                                                                                         − ℵ𝛶 

∞
𝑠=2

[(1 − 𝜌 + ℷ)𝜘 + 𝜔] 𝛤 (
𝜌 + 1
𝜘 + 1

)

 𝛤 (
𝜘(ℷ − 𝜌) +  ℷ

𝜘 + 1
) +

1
𝛤(𝑛 + 1)

𝑟(1−𝜌+ℷ)𝜘  

 
×

∑

(

 
 
 
 
 
𝛤(𝑛 + 𝑠) (

1 + ℴ(𝑠 − 1) + 1
1 + 𝜁

)
𝑚

× [(1 − 𝜌 + ℷ)𝜘 + 𝜔𝑠]𝛤 (
𝜌 + 𝑠
𝜘 + 1

)

𝛤(𝑠)𝛤 (
𝜘(ℷ − 𝜌) +  ℷ + 𝑠 − 1

𝜘 + 1
)

)

 
 
 
 
 

𝑎𝑠
2

∞
𝑠=2 𝑟(1−𝜌+ℷ)𝜘+𝑠−1  − 𝛶

 

> 0. 
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Letting 𝑟 → −1 and by using the mean value theorem, we 
have the desired inequality (7). This completes the proof of 
Theorem 2.1. 

Corollary2.1: Function 𝑓 ∈ 𝒲𝑚,𝑛,ℴ,𝜁 
𝜌,ℷ,𝜘

(𝜔, 𝜎, 𝛶; ℵ) indicates 

that: 

 𝑎𝑠 ≤

 
√
(
ℵ|𝛶|

ℵ+1
− 
[(1−𝜌+ℷ)𝜘+𝜔] 𝛤(

𝜌+1
𝜘+1)

𝛤(
𝜘(ℷ−𝜌)+ ℷ

𝜘+1 )
  )𝛤(𝑛+1)𝛤(𝑠)𝛤(

𝜘(ℷ−𝜌)+ ℷ+𝑠−1

𝜘+1
)

𝛤(𝑛+𝑠)(
1+ℴ(𝑠−1)+1

1+𝜁
)
𝑚
[(1−𝜌+ℷ)𝜘+𝜔𝑠]𝛤(

𝜌+𝑠

𝜘+1
)

,  𝑠 ≥ 2         

(9) 

with equality only for functions defined by (8).   

Theorem 2.2:  Let 𝑓1(𝑧) = 𝑧 and  

𝑓𝑠(𝑧) =

𝑧 − 
√
(
ℵ|𝛶|

ℵ+1
− 
[(1−𝜌+ℷ)𝜘+𝜔] 𝛤(

𝜌+1
𝜘+1)

𝛤(
𝜘(ℷ−𝜌)+ ℷ

𝜘+1 )
  )𝛤(𝑛+1)𝛤(𝑠)𝛤(

𝜘(ℷ−𝜌)+ ℷ+𝑠−1

𝜘+1
)

𝛤(𝑛+𝑠)(
1+ℴ(𝑠−1)+1

1+𝜁
)
𝑚
[(1−𝜌+ℷ)𝜘+𝜔𝑠]𝛤(

𝜌+𝑠

𝜘+1
)

  𝑧𝑠,

𝑠 ≥ 2.                                                                                              (10)                                                                                                                                         

 For  𝜘, ℷ, ℴ, 𝜁, 𝜔 ≥ 1, 𝑚, 𝑛 ∈ ℕ,  0 < ℷ ≤ 1, 0 < 𝜌 ≤

1, 𝛶 ∈ ℂ − {0} and 0 < ℵ ≤ 1,  then  𝑓 ∈ 𝒲𝑚,𝑛,ℴ,𝜁 
𝜌,ℷ,𝜘

(𝜔, 𝜎, 𝛶; ℵ)  

if and only if it can presented in the following form: 

                             𝑓(𝑧) = ∑𝓅𝑠

∞

𝑠=1

𝑓𝑠(𝑧),                                    (11) 

where 

𝓅𝑠 ≥ 0,  and  ∑ 𝓅𝑠 = 1∞
𝑠=1 . 

Proof.  Assume 𝑓 can be presented as in (11).Then,  

𝑓(𝑧)

= 𝑧 −∑𝓅𝑠

∞

𝑠=2

√
  
  
  
  
  
  
  
  
  

(
ℵ|𝛶|
ℵ + 1

− 
[(1−𝜌+ℷ)𝜘+𝜔] 𝛤(

𝜌+1
𝜘+1

)

𝛤(
𝜘(ℷ−𝜌)+ ℷ

𝜘+1
)

  )

𝛤(𝑛 + 1)𝛤(𝑠)𝛤 (
𝜘(ℷ − 𝜌) +  ℷ + 𝑠 − 1

𝜘 + 1
)

𝛤(𝑛 + 𝑠) (
1 + ℴ(𝑠 − 1) + 1

1 + 𝜁
)
𝑚

[(1 − 𝜌 + ℷ)𝜘 + 𝜔𝑠]𝛤 (
𝜌 + 𝑠
𝜘 + 1

)

  𝑧𝑠. 

Now, let 

∑
√

𝛤(𝑛+𝑠)(
1+ℴ(𝑠−1)+1

1+𝜁
)
𝑚
[(1−𝜌+ℷ)𝜘+𝜔𝑠]𝛤(

𝜌+𝑠
𝜘+1

)

(
ℵ|𝛶|
ℵ+1

− 
[(1−𝜌+ℷ)𝜘+𝜔] 𝛤(

𝜌+1
𝜘+1)

𝛤(
𝜘(ℷ−𝜌)+ ℷ

𝜘+1 )
  )𝛤(𝑛+1)𝛤(𝑠)𝛤(

𝜘(ℷ−𝜌)+ ℷ+𝑠−1
𝜘+1

)

∞

𝑠=2

𝓅𝑠 

          × 

√
  
  
  
  
  
  
  
  
  

(
ℵ|𝛶|
ℵ + 1

− 
[(1−𝜌+ℷ)𝜘+𝜔] 𝛤(

𝜌+1
𝜘+1

)

𝛤(
𝜘(ℷ−𝜌)+ ℷ

𝜘+1
)

  )

𝛤(𝑛 + 1)𝛤(𝑠)𝛤 (
𝜘(ℷ − 𝜌) +  ℷ + 𝑠 − 1

𝜘 + 1
)

𝛤(𝑛 + 𝑠) (
1 + ℴ(𝑠 − 1) + 1

1 + 𝜁
)
𝑚

[(1 − 𝜌 + ℷ)𝜘 + 𝜔𝑠]𝛤 (
𝜌 + 𝑠
𝜘 + 1

)

 

=∑𝓅𝑠 = 1

∞

𝑠=2

− 𝓅1 ≤ 1. 

Therefore, 𝑓 ∈ 𝒲𝑚,𝑛,ℴ,𝜁 
𝜌,ℷ,𝜘

(𝜔, 𝜎, 𝛶; ℵ). 

Conversely, let  𝑓 ∈ 𝒲𝑚,𝑛,ℴ,𝜁 
𝜌,ℷ,𝜘 (𝜔, 𝜎, 𝛶; ℵ). Then by utilizing 

(9), setting 

𝓅𝑠 = 

√
  
  
  
  
  
  
  
  
  

(
ℵ|𝛶|
ℵ + 1

− 
[(1−𝜌+ℷ)𝜘+𝜔] 𝛤(

𝜌+1
𝜘+1

)

𝛤(
𝜘(ℷ−𝜌)+ ℷ

𝜘+1
)

  )

𝛤(𝑛 + 1)𝛤(𝑠)𝛤 (
𝜘(ℷ − 𝜌) +  ℷ + 𝑠 − 1

𝜘 + 1
)

𝛤(𝑛 + 𝑠) (
1 + ℴ(𝑠 − 1) + 1

1 + 𝜁
)
𝑚

[(1 − 𝜌 + ℷ)𝜘 + 𝜔𝑠]𝛤 (
𝜌 + 𝑠
𝜘 + 1

)

 𝑎𝑠 ,

𝑠 ≥ 2 

and 𝓅1 = 1 − ∑ 𝓅𝑠,
∞
𝑠=2   we obtain  𝓅1 = 1 − ∑ 𝓅𝑠

∞
𝑠=2 , we 

obtain 𝑓(𝑧) = ∑ 𝓅𝑠
∞
𝑠=1 𝑓𝑠(𝑧),  the proof of  Theorem 2.2 is 

completed. 

3. DISTORTION BOUNDS 

In the following theorem, we establish distortion 
inequalities for functions belonging to the 

class 𝒲𝑚,𝑛,ℴ,𝜁 
𝜌,ℷ,𝜘 (𝜔, 𝜎, 𝛶; ℵ). These inequalities are illustrated. 

 

Theorem 3.1:  For  𝑓 ∈  𝒲𝑚,𝑛,ℴ,𝜁 
𝜌,ℷ,𝜘 (𝜔, 𝜎, 𝛶; ℵ), inequality 

𝑟

− 

√
  
  
  
  
 

(
ℵ|𝛶|
ℵ + 1

− 
[(1−𝜌+ℷ)𝜘+𝜔] 𝛤(

𝜌+1
𝜘+1

)

𝛤(
𝜘(ℷ−𝜌)+ ℷ

𝜘+1
)

  )𝛤 (
𝜘(ℷ − 𝜌) +  ℷ + 1

𝜘 + 1
)

(𝑛 + 1)[(1 − 𝜌 + ℷ)𝜘 + 2𝜔]𝛤 (
𝜌 + 2
𝜘 + 1

) (
1 + ℴ + 1
1 + 𝜁

)
𝑚   𝑟

2  

≤ |𝑓(𝑧)| ≤ 

                 𝑟

+

√
  
  
  
  
 

(
ℵ|𝛶|
ℵ + 1

− 
[(1−𝜌+ℷ)𝜘+𝜔] 𝛤(

𝜌+1
𝜘+1

)

𝛤(
𝜘(ℷ−𝜌)+ ℷ

𝜘+1
)

  )𝛤 (
𝜘(ℷ − 𝜌) +  ℷ + 1

𝜘 + 1
)

(𝑛 + 1)[(1 − 𝜌 + ℷ)𝜘 + 2𝜔]𝛤 (
𝜌 + 2
𝜘 + 1

) (
1 + ℴ + 1
1 + 𝜁

)
𝑚 𝑟

2(12) 

holds if the sequence {∝𝑠 (𝜌, ℷ, 𝜔, 𝜘,𝑚, 𝑛, ℴ, 𝜁)}𝑗=2
∞  is non-

decreasing, and 
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1 − 

2

√
  
  
  
  
 

(
ℵ|𝛶|
ℵ + 1

− 
[(1−𝜌+ℷ)𝜘+𝜔] 𝛤(

𝜌+1
𝜘+1

)

𝛤(
𝜘(ℷ−𝜌)+ ℷ

𝜘+1
)

  )𝛤 (
𝜘(ℷ − 𝜌) +  ℷ + 1

𝜘 + 1
)

(𝑛 + 1)[(1 − 𝜌 + ℷ)𝜘 + 2𝜔]𝛤 (
𝜌 + 2
𝜘 + 1

) (
1 + ℴ + 1
1 + 𝜁

)
𝑚   𝑟

2 

≤  |𝑓′(𝑧)|  ≤ 1 + 

2

√
  
  
  
  
 

(
ℵ|𝛶|
ℵ + 1

− 
[(1−𝜌+ℷ)𝜘+𝜔] 𝛤(

𝜌+1
𝜘+1

)

𝛤(
𝜘(ℷ−𝜌)+ ℷ

𝜘+1
)

  )𝛤 (
𝜘(ℷ − 𝜌) +  ℷ + 1

𝜘 + 1
)

(𝑛 + 1)[(1 − 𝜌 + ℷ)𝜘 + 2𝜔]𝛤 (
𝜌 + 2
𝜘 + 1

) (
1 + ℴ + 1
1 + 𝜁

)
𝑚 𝑟

2 (13) 

holds if the sequence {
∝𝑠(𝜌,ℷ,𝜔,𝜘,𝑚,𝑛,ℴ,𝜁)

𝑠
}𝑠=2
∞  is non- decreasing, 

where 

∝𝑠 (𝜌, ℷ, 𝜔, 𝜘,𝑚, 𝑛, ℴ, 𝜁)

= √
𝛤(𝑛+𝑠)(

1+ℴ(𝑠−1)+1
1+𝜁

)
𝑚
[(1−𝜌+ℷ)𝜘+𝜔𝑠]𝛤(

𝜌+𝑠
𝜘+1

)

𝛤(𝑠) 𝛤(
𝜘(ℷ−𝜌)+ ℷ+𝑠−1

𝜘+1
)

. 

The bounds in (1.11) and (1.12) are sharp, for 𝑓 given by  

𝑓(𝑧) = 𝑧 + 

√
(
ℵ|𝛶|

ℵ+1
− 
[(1−𝜌+ℷ)𝜘+𝜔] 𝛤(

𝜌+1
𝜘+1)

𝛤(
𝜘(ℷ−𝜌)+ ℷ

𝜘+1 )
  )𝛤(

𝜘(ℷ−𝜌)+ ℷ+1

𝜘+1
)

(𝑛+1)[(1−𝜌+ℷ)𝜘+2𝜔]𝛤(
𝜌+2

𝜘+1
)(
1+ℴ+1

1+𝜁
)
𝑚  𝑧2, 𝑧 = ±𝑟.       (14) 

Proof: By applying Theorem 1, we obtain:  

   ∑ 𝑎𝑠 ≤
∞
𝑠=2   

√
  
  
  
  
 

(
ℵ|𝛶|
ℵ + 1

− 
[(1−𝜌+ℷ)𝜘+𝜔] 𝛤(

𝜌+1
𝜘+1

)

𝛤(
𝜘(ℷ−𝜌)+ ℷ

𝜘+1
)

  )𝛤 (
𝜘(ℷ − 𝜌) +  ℷ + 1

𝜘 + 1
)

(𝑛 + 1)[(1 − 𝜌 + ℷ)𝜘 + 2𝜔]𝛤 (
𝜌 + 2
𝜘 + 1

) (
1 + ℴ + 1
1 + 𝜁

)
𝑚 , (15) 

we get 

|𝑧| − |𝑧|2∑𝑎2 ≤ |𝑓(𝑧)| ≤ |𝑧| + |𝑧|2
∞

𝑠=2

∑𝑎2.

∞

𝑠=2

 

Thus, 

𝑟 − 

 

√
  
  
  
  
 

(
ℵ|𝛶|
ℵ + 1

− 
[(1−𝜌+ℷ)𝜘+𝜔] 𝛤(

𝜌+1
𝜘+1

)

𝛤(
𝜘(ℷ−𝜌)+ ℷ

𝜘+1
)

  )𝛤 (
𝜘(ℷ − 𝜌) +  ℷ + 1

𝜘 + 1
)

(𝑛 + 1)[(1 − 𝜌 + ℷ)𝜘 + 2𝜔]𝛤 (
𝜌 + 2
𝜘 + 1

) (
1 + ℴ + 1
1 + 𝜁

)
𝑚   𝑟

2 

≤ |𝑓(𝑧)| ≤  𝑟 + 

 

√
  
  
  
  
 

(
ℵ|𝛶|
ℵ + 1

− 
[(1−𝜌+ℷ)𝜘+𝜔] 𝛤(

𝜌+1
𝜘+1

)

𝛤(
𝜘(ℷ−𝜌)+ ℷ

𝜘+1
)

  )𝛤 (
𝜘(ℷ − 𝜌) +  ℷ + 1

𝜘 + 1
)

(𝑛 + 1)[(1 − 𝜌 + ℷ)𝜘 + 2𝜔]𝛤 (
𝜌 + 2
𝜘 + 1

) (
1 + ℴ + 1
1 + 𝜁

)
𝑚 𝑟

2. (16) 

Thus, (12) follows from (16).  

Furthermore, 

∑𝑠𝑎𝑠

∞

𝑠=2

≤

√
  
  
  
  
 

(
ℵ|𝛶|
ℵ + 1

− 
[(1−𝜌+ℷ)𝜘+𝜔] 𝛤(

𝜌+1
𝜘+1

)

𝛤(
𝜘(ℷ−𝜌)+ ℷ

𝜘+1
)

  )𝛤 (
𝜘(ℷ − 𝜌) +  ℷ + 1

𝜘 + 1
)

(𝑛 + 1)[(1 − 𝜌 + ℷ)𝜘 + 2𝜔]𝛤 (
𝜌 + 2
𝜘 + 1

) (
1 + ℴ + 1
1 + 𝜁

)
𝑚 . 

Hence (13) follows from 

1 − 𝑟∑𝑠𝑎𝑠

∞

𝑠=2

≤ |𝑓′(𝑧)| ≤ 1 + 𝑟∑𝑠𝑎𝑠

∞

𝑠=2

. 

 

4. RADIUS OF STARLIKENESS AND CONVEXITY 

    In this section we give the radii of close-to-convexity, 

starlikeness and convexity for the class 𝒲𝑚,𝑛,ℴ,𝜁 
𝜌,ℷ,𝜘 (𝜔, 𝜎, 𝛶; ℵ).  

Theorem 4.1: The function 𝑓 ∈  𝒲𝑚,𝑛,ℴ,𝜁 
𝜌,ℷ,𝜘 (𝜔, 𝜎, 𝛶; ℵ) is close-

to-convex of the order 𝜕( 0 ≤ 𝜕 < 1) in |𝑧|  <  𝑟, where: 

𝑟 ∶= inf
𝑠≥2

√
  
  
  
  
  
  
  
  
 (1 −   𝜕)2(𝑛 + 1)[(1 − 𝜌 + ℷ)𝜘 + 𝜔𝑠]

𝛤 (
𝜌 + 𝑠
𝜘 + 1

) (
1 + ℴ(𝑠 − 1) + 1

1 + 𝜁
)
𝑚

𝑠𝛤(𝑠 + 1) (
ℵ|𝛶|
ℵ + 1

− 
[(1−𝜌+ℷ)𝜘+𝜔] 𝛤(

𝜌+1
𝜘+1

)

𝛤(
𝜘(ℷ−𝜌)+ ℷ

𝜘+1
)

)

𝛤 (
𝜘(ℷ − 𝜌) +  ℷ +  𝑠 − 1

𝜘 + 1
)

.      (17) 

The result is sharp, with the extremal function 𝑓 given by (14). 

Proof: For the function 𝑓 ∈ 𝔸, we have to show that: 

                      |𝑓′(𝑧) − 1| < 1 − 𝜕.                             (18) 

By a simple calculation we obtain 

|𝑓′(𝑧) − 1| ≤∑𝑠𝑎𝑠

∞

𝑠=2

|𝑧|, 

which is less than 1 −  𝜕 if 

∑
𝑠

1 −  𝜕
𝑎𝑠

∞

𝑠=2

|𝑧| < 1. 

Function 𝑓 ∈  𝒲𝑚,𝑛,ℴ,𝜁 
𝜌,ℷ,𝜘 (𝜔, 𝜎, 𝛶; ℵ) if and only if 
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1

𝛤(𝑛+1)
∑

𝛤(𝑛 + 𝑠) (
1 + ℴ(𝑠 − 1) + 1

1 + 𝜁
)
𝑚

× [(1 − 𝜌 + ℷ)𝜘 + 𝜔𝑠]𝛤 (
𝜌 + 𝑠
𝜘 + 1

)

𝛤(𝑠)  (
ℵ|𝛶|
ℵ + 1

− 
[(1−𝜌+ℷ)𝜘+𝜔] 𝛤(

𝜌+1
𝜘+1

)

𝛤(
𝜘(ℷ−𝜌)+ ℷ

𝜘+1
)

)

× 𝛤 (
𝜘(ℷ − 𝜌) +  ℷ +  𝑠 − 1

𝜘 + 1
)

𝑎𝑠
2

∞

𝑠=2

< 1. 

The relation (16) is true if 

𝑠

1 −   𝜕
|𝑧| ≤ ∑

√
  
  
  
  
  
  
  
  
  

𝛤(𝑛 + 𝑠) (
1 + ℴ(𝑠 − 1) + 1

1 + 𝜁
)
𝑚

× [(1 − 𝜌 + ℷ)𝜘 + 𝜔𝑠]𝛤 (
𝜌 + 𝑠
𝜘 + 1

)

𝛤(𝑠) (
ℵ|𝛶|
ℵ + 1

− 
[(1−𝜌+ℷ)𝜘+𝜔] 𝛤(

𝜌+1
𝜘+1

)

𝛤(
𝜘(ℷ−𝜌)+ ℷ

𝜘+1
)

)

× 𝛤(𝑛 + 1)𝛤 (
𝜘(ℷ − 𝜌) +  ℷ +  𝑠 − 1

𝜘 + 1
)

∞

𝑠=2

, 

 or, equivalent to 

|𝑧| ≤∑

√
  
  
  
  
  
  
  
  
  
(1 −   𝜕)2𝛤(𝑛 + 𝑠) (

1 + ℴ(𝑠 − 1) + 1
1 + 𝜁

)
𝑚

× [(1 − 𝜌 + ℷ)𝜘 + 𝜔𝑠]𝛤 (
𝜌 + 𝑠
𝜘 + 1

)

𝑠𝛤(𝑠 + 1) (
ℵ|𝛶|
ℵ + 1

− 
[(1−𝜌+ℷ)𝜘+𝜔] 𝛤(

𝜌+1
𝜘+1

)

𝛤(
𝜘(ℷ−𝜌)+ ℷ

𝜘+1
)

)

× 𝛤(𝑛 + 1)𝛤 (
𝜘(ℷ − 𝜌) +  ℷ +  𝑠 − 1

𝜘 + 1
)

∞

𝑠=2

, 

which completes the proof. 

 

Theorem 4.2:  Let  𝑓 ∈  𝒲𝑚,𝑛,ℴ,𝜁 
𝜌,ℷ,𝜘 (𝜔, 𝜎, 𝛶; ℵ), then:  

H(1)-  𝑓  is starlike of order  𝜕( 0 ≤ 𝜕 < 1), in  |𝑧| < 𝑟1 
where: 

𝑟1 = inf𝑠≥2

√
  
  
  
  
 
 
(1−𝛿)2𝛤(𝑛+𝑠)(

1+ℴ(𝑠−1)+1

1+𝜁
)
𝑚
[(1−𝜌+ℷ)𝜘+𝜔𝑠]𝛤(

𝜌+𝑠

𝜘+1
)

𝛤(𝑠)(𝑠+𝜕−2)2 (
ℵ|𝛶|

ℵ+1
− 
[(1−𝜌+ℷ)𝜘+𝜔] 𝛤(

𝜌+1
𝜘+1)

𝛤(
𝜘(ℷ−𝜌)+ ℷ

𝜘+1 )
)

𝛤(𝑛+1)𝛤(
𝜘(ℷ−𝜌)+ ℷ+ 𝑠−1

𝜘+1
)

 .  

H(2)-   𝑓 is convex of order 𝜕( 0 ≤ 𝜕 < 1), in |𝑧|  <  𝑟2 
where: 

𝑟2 =

inf𝑠≥2√

(1 −  𝜕)2𝛤(𝑛+𝑠)[(1−𝜌+ℷ)𝜘+𝜔𝑠]𝛤(
𝜌+𝑠

𝜘+1
)(
1+ℴ(𝑠−1)+1

1+𝜁
)
𝑚

𝑠𝛤(𝑠+1)(𝑠−1)2 (
ℵ|𝛶|

ℵ+1
− 
[(1−𝜌+ℷ)𝜘+𝜔] 𝛤(

𝜌+1
𝜘+1)

𝛤(
𝜘(ℷ−𝜌)+ ℷ

𝜘+1 )
)𝛤(𝑛+1)𝛤(

𝜘(ℷ−𝜌)+ ℷ+ 𝑠−1

𝜘+1
)

.  

Each of these results is sharp for the extremal function 𝑓 given 
by (17). 

Proof.  1. For 0 ≤ 𝜕 < 1 we have  

                        |
𝑧𝑓′(𝑧)

𝑓(𝑧)
− 1| < 1 − 𝜕.                                       (19) 

We obtain 

|
𝑧𝑓′(𝑧)

𝑓(𝑧)
− 1| ≤

∑ (𝑠 − 1)𝑎𝑠
∞
𝑠=2 |𝑧|

1 + ∑ 𝑎𝑠
∞
𝑠=2 |𝑧|

, 

which is less than 1 − 𝜕 if 

∑
(𝑠 + 𝜕 − 2)

1 − 𝜕
𝑎𝑠

∞

𝑠=2

|𝑧| < 1. 

Function 𝑓 ∈  𝒲𝑚,𝑛,ℴ,𝜁 
𝜌,ℷ,𝜘 (𝜔, 𝜎, 𝛶; ℵ)  if and only if 

1

𝛤(𝑛+1)
∑

𝛤(𝑛+𝑠)(
1+ℴ(𝑠−1)+1

1+𝜁
)
𝑚

[(1−𝜌+ℷ)𝜘+𝜔𝑠]𝛤(
𝜌+𝑠

𝜘+1
)

𝛤(𝑠) (
ℵ|𝛶|

ℵ+1
− 
[(1−𝜌+ℷ)𝜘+𝜔] 𝛤(

𝜌+1
𝜘+1)

𝛤(
𝜘(ℷ−𝜌)+ ℷ

𝜘+1 )
)𝛤(

𝜘(ℷ−𝜌)+ ℷ+ 𝑠−1

𝜘+1
)

𝑎𝑠
2∞

𝑠=2 <

1,  

relation (19) holds if: 

(𝑠 + 𝜕 − 2)

1 − 𝛿
|𝑧|

<

√
  
  
  
  
  
  
  
  
  

𝛤(𝑛 + 𝑠) (
1 + ℴ(𝑠 − 1) + 1

1 + 𝜁
)
𝑚

× [(1 − 𝜌 + ℷ)𝜘 + 𝜔𝑠]𝛤 (
𝜌 + 𝑠
𝜘 + 1

)

𝛤(𝑠) (
ℵ|𝛶|
ℵ + 1

− 
[(1−𝜌+ℷ)𝜘+𝜔] 𝛤(

𝜌+1
𝜘+1

)

𝛤(
𝜘(ℷ−𝜌)+ ℷ

𝜘+1
)

)

× 𝛤(𝑛 + 1)𝛤 (
𝜘(ℷ − 𝜌) +  ℷ +  𝑠 − 1

𝜘 + 1
)

 |𝑧|. 

Equivalently, 

|𝑧| <

√
  
  
  
  
  
  
  
  
  

(1 − 𝛿)2𝛤(𝑛 + 𝑠) (
1 + ℴ(𝑠 − 1) + 1

1 + 𝜁
)
𝑚

× [(1 − 𝜌 + ℷ)𝜘 + 𝜔𝑠]𝛤 (
𝜌 + 𝑠
𝜘 + 1

)

𝛤(𝑠)(𝑠 + 𝜕 − 2)2  (
ℵ|𝛶|
ℵ + 1

− 
[(1−𝜌+ℷ)𝜘+𝜔] 𝛤(

𝜌+1
𝜘+1

)

𝛤(
𝜘(ℷ−𝜌)+ ℷ

𝜘+1
)

)

𝛤(𝑛 + 1)𝛤 (
𝜘(ℷ − 𝜌) +  ℷ +  𝑠 − 1

𝜘 + 1
)

, 

which yields the starlikeness of the family. 

H(2)- The function 𝑓 is convex if and only the function   𝑧𝑓′ is 
starlike; therefore it is enough to prove H(2) with a similar 
method as that of the proof of H(1). Thus, the function 𝑓 is 
convex if and only if: 

                                         |𝑧𝑓′′(𝑧)|  < 1 − 𝜕.                (20)  

We obtain 

|𝑧𝑓′′(𝑧)| ≤ |∑𝑠(𝑠 − 1)𝑎𝑠

∞

𝑠=2

|𝑧|| < 1 − 𝜕.  
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Equivalent to, 

∑
𝑠(𝑠 − 1)

1 − 𝜕
𝑎𝑠

∞

𝑠=2

|𝑧| < 1. 

Function 𝑓 ∈  𝒲𝑚,𝑛,ℴ,𝜁 
𝜌,ℷ,𝜘 (𝜔, 𝜎, 𝛶; ℵ)   if and only if: 

1

𝛤(𝑛+1)
∑

𝛤(𝑛 + 𝑠) (
1 + ℴ(𝑠 − 1) + 1

1 + 𝜁
)
𝑚

[(1 − 𝜌 + ℷ)𝜘 + 𝜔𝑠]𝛤 (
𝜌 + 𝑠
𝜘 + 1

)

𝛤(𝑠)  (
ℵ|𝛶|
ℵ + 1

− 
[(1−𝜌+ℷ)𝜘+𝜔] 𝛤(

𝜌+1
𝜘+1

)

𝛤(
𝜘(ℷ−𝜌)+ ℷ

𝜘+1
)

)

𝛤 (
𝜘(ℷ − 𝜌) +  ℷ +  𝑠 − 1

𝜘 + 1
)

𝑎𝑠
2

∞

𝑠=2

< 1. 

The relation (20) holds if 

𝑠(𝑠 − 1)

1 − 𝜕
|𝑧| <

√
  
  
  
  
  
  
  
  
  

𝛤(𝑛 + 𝑠) (
1 + ℴ(𝑠 − 1) + 1

1 + 𝜁
)
𝑚

[(1 − 𝜌 + ℷ)𝜘 + 𝜔𝑠]𝛤 (
𝜌 + 𝑠
𝜘 + 1

)

𝛤(𝑠) (
ℵ|𝛶|
ℵ + 1

− 
[(1−𝜌+ℷ)𝜘+𝜔] 𝛤(

𝜌+1
𝜘+1

)

𝛤(
𝜘(ℷ−𝜌)+ ℷ

𝜘+1
)

)

𝛤(𝑛 + 1)𝛤 (
𝜘(ℷ − 𝜌) +  ℷ +  𝑠 − 1

𝜘 + 1
)

 |𝑧|. 

Equivalent to  

|𝑧| <

√
  
  
  
  
  
  
  
  
  

(1 − 𝜕)2𝛤(𝑛 + 𝑠) (
1 + ℴ(𝑠 − 1) + 1

1 + 𝜁
)
𝑚

[(1 − 𝜌 + ℷ)𝜘 + 𝜔𝑠]𝛤 (
𝜌 + 𝑠
𝜘 + 1

)

𝑠(𝑠 − 1)2𝛤(𝑠 + 1) (
ℵ|𝛶|
ℵ + 1

− 
[(1−𝜌+ℷ)𝜘+𝜔] 𝛤(

𝜌+1
𝜘+1

)

𝛤(
𝜘(ℷ−𝜌)+ ℷ

𝜘+1
)

)

𝛤(𝑛 + 1)𝛤 (
𝜘(ℷ − 𝜌) +  ℷ +  𝑠 − 1

𝜘 + 1
)

, 

which leads the convexity of the family. 

CONCLUSION 

  We examine fundamental geometric characteristics of 
both analytic and univalent functions in the open unit disk in 
this research. In particular, a generalization of the Tremblay 
fractional differential operator associated with the convolution 
product of a multiplier transformation and a Ruscheweyh 
derivative is used to establish a novel family 

 𝒲𝑚,𝑛,ℴ,𝜁 
𝜌,ℷ,𝜘 (𝜔, 𝜎, 𝛶; ℵ) of analytic and univalent functions. 

Studies on coefficients, extreme points, distortion qualities, and 
properties of starlikeness and convexity for the functions in 

class  𝒲𝑚,𝑛,ℴ,𝜁 
𝜌,ℷ,𝜘 (𝜔, 𝜎, 𝛶; ℵ) are provided. 
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