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RESEARCH ARTICLE

Laplacian Energy and Eccentricity Based Energy
for Cross Monic Zero Divisor Graph Associated
With Commutative Rings

Sarathy Raja® '+, Ravi Sankar Jeyaraj® **

! Department of Mathematics, Rajalakshmi Institute of Technology, Chennai - 600124, Tamil Nadu, India
2 Department of Mathematics, School of Advanced Sciences, Vellore Institute of Technology, Vellore - 632 014, Tamil Nadu, India

ABSTRACT

For a commutative ring, a cross monic zero divisor graph is discussed, whose vertices are nonzero zero divisors of the
commutative ring, then the two vertices x and y are adjacent if and only if Xy = 0. Sum of absolute auxiliary eigenvalues
of Laplacian matrix of a simple graph is known as Laplacian energy of a simple graph. Eccentricity sum matrix of a graph
is a positive matrix, whose entries are sum of the eccentricities of two vertices and 0 for diagonals of the eccentricity sum
matrix. Then the sum of absolute eigenvalues of eccentricity sum matrix is known as eccentricity sum energy. Laplacian
sum eccentricity energy is the absolute difference between the eigenvalues of Laplacian sum eccentricity matrix and
twice the edge cardinality by vertex cardinality. Maximum eccentricity energy is the sum of absolute eigenvalues of
maximum eccentricity matrix. For a simple graph, the entries of average degree eccentricity matrix, if the two vertices
are adjacent, are average sum of degree and eccentricity of their two vertices, otherwise 0. Then the sum of absolute
eigenvalues of average degree eccentricity matrix is known as average degree eccentricity energy. This paper discusses
the degree squence, vertex cardinality, and edge cardinality of the cross monic zero divisor graph for commutative rings.
For a certain family of cross monic zero divisor graphs for commutative ring, moveover, Laplacian energy, eccentricity
sum energy, Laplacian sum eccentricity energy, maximum eccentricity energy, and average degree-eccentricity energy
are also briefly covered.

Keywords: Average degree-eccentricity energy, Eccentricity sum energy, Laplacian energy, Laplacian sum eccentricity
energy, Maximum eccentricity energy, Zero divisor graphs

Introduction

Let R be a commutative ring with multiplicative identity 1 # 0. If there exists xz € R(x2 # 0) such that
Xx1x2 = 0, then x; € R(x; € 0) is referred to as a zero divisor of R. The collection of zero divisors is symbolized
by Z(%), while Z(#)/{0} = Z(%)* is the collection of nonzero zero divisors of R. The zero divisor graph I'(#)
of R is a graph, where Z(%) is its node set and two different nodes y, z € Z(#) are connected if yz = zy = 0.
Beck! established such graphs over commutative rings; in his concept, he incorporated the identity and was
primarily concerned with the coloring of commutative rings. The order of I'(Z,) is n — 1 — ¢(n), whereas
¢ is Euler’s phi function. Quotient energy,”? Laplacian energy,*™ eccentricity energy,®® dominant metric,®
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eccentricity sum energy, '° Laplacian sum eccentricity energy, '’ maximum eccentricity energy,'? and average
degree-eccentricity energy '® help us to study some more properties of graphs associated to commutative ring.

Definition 1:

Cross monic zero divisor graph of a commutative ring, denoted CMZG(Z,, x Zm[x1/{f())),
whose vertices are the nonzero zero divisors of the commutative ring, and whose two vertices X;, )}, are
connected by an edge if and only if A}, = 0. For example, cross monic zero divisor graphs of Z4 x Z[x]/(x? +
2x) is shown in Fig. 1.

{, 0) —— (), x + 1}

(3, 0) m— (0, 1}

(1..\-)\ / \ /{Z‘XH,

{3, x)

(0‘ x’ e (2' 0)

/

NN

2,1

Fig. 1. CMZ2G(Z4 x Z3[x1/(x? + 2x)).

The vertex and edge counts for the cross monic zero divisor graph Z x Z,[x1/(x* + px), Za x Zp[x1/(x* +
(p—1)x), Zs x Zplx]/ (x? 4 px) and Z4 x Zplx]/ (x2 + (p — 1)x) are presented in Table 1, while the degree
sequence is provided in Table 2.

Table 1. Vertex and Edge cardinality of cross monic zero divisor graph.

CMZD Vertex Cardinality Edge Cardinality
Zy x Zp[x1/(x? + px) P+p-1 15p2-7p+2)
Zy x Zplx1/(x% + (p — 1)x) p>+2p—2 4p% —6p+2
Za x Zp[x1/(x? + px) 2p>+2p-1 8p> —9p+1
T4 x Zplx1/(x* + (p — 1)x) 2p® +4p -3 4(3p% —4p+1)

Table 2. Degree Squence of cross monic zero divisor graph.

CMZD

Degree Squence

Zy x Zplx]/{x? + px)

Zy x Zplx1/(x? + (p — 1)x)

Z4 x Zplx1/{x? + px)

Z4 x Zp[x1/(x* + (p — 1)x)

2
-1,2(p-1),p—-1, 1
A A/t S
1 p-1 p-1 p(p-1)
2
-1,2p—-1,p—-1, 1
it Al SR
12 2(p—;) 2(p-1) (p-1)%
2(p°-1),p*-1,4p-2,2(p—-1),p—-1, 3 , 1
AL S A fos Al AL
1 2 p-1 p-1 2(p—1) p(p—-1) p(p-1)
20 - 1), p* - 1,2(4p-1),2(2p-1).2(p—-1), 3 . 1
—_—— —— ——— —— e — .~
1 2 2p-2 2(p-1) 4ap-1)  (-1% (p-17°

Definition 2: For a simple graph G, i, be the eigenvalues of the Laplacian matrix, then Laplacian energy is

LE@) =)

Mo —

2 |E|
\4NE
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Definition 3: Let e, = ecc(v,) be the eccentricity of v,. Then £5(G) is called the eccentricity sum matrix of
a graph,

ey +ep, if a#p

Ayp =
0 otherwise

Eccentricity sum energy of a graph is defined as

|4

Ees (@)= 1Ll
a=1

Definition 4: Laplacian sum-eccentricity spectrum of graph, consisting of ¢1, ¢2, {3, . .., {jv|. This leads us to
define the Laplacian sum eccentricity energy of a graph as

|4

LEG) =)

a=1

2|E|

{a_m

Definition 5: Maximum eccentricity matrix of graph defining as,
Max{e(v.).e(vs)}. if VoVp € E (G)

€y B =
0 otherwise

The maximum eccentricity energy of graph is defined as
\4
EM (@)= hal.
a=1
Definition 6: Average degree-eccentricity matrix of graph is |V| x |V| matrix whose elements are given by

s[dw) +d(vs) +eva) +e(vp)], if VoVg € E (G)

Mg =
0 otherwise

Then average degree-eccentricity energy Eu4.(G) of graph is

|4

Eae (G) =) hal.
a=1

Laplacian energy for cross monic zero divisor graphs

Theorem 1: Let Zy x Z,[x]/(x*> + px) be a simple graph, then

oo \/(—5p+2)2 (b7 + 25 — 2p5 — 4p* — 2p® 4+ 2p% + 11p — 8)
- 4(p>+p-1)(p+2)



BAGHDAD SCIENCE JOURNAL 2025;22(9):3080-3093 3083

Proof. It is known that,

p*+p-1
Y ()’ =2M

k=1

Here

1Pt 5p2—7p+2\> 1

p*+p-1 2 p*+p-1 2
2(5p* —7p+2) 5p® —7p+2 1
82 — 5—|—(—> + = (5p*> —7p+2
(Z k pP+p-1 k2:1: k pP+p—1 2(p p )

k=1 2(p*+p-1)

1 Pzi‘l o (4p*—8p+3) (50>~ 7p+2)
k

Using Cauchy-Schwartz inequality,

p*+p-1

LE= Y Inl

k=1

p*+p-1
< |P+p-1) X

k=1

=M (2p* +2p —2)

Hence

e = \/(—5p+2)2 (b7 + 2p° — 2p° — 4p* — 2p° + 2p2 + 11p — 8)
- 4(p*+p-1)(p+2)

Theorem 2: Laplacian energy of cross monic zero divisor graph of Zy x Zp[x1/(x* + (p — 1)x) is

_ PPV M +2p> VM — 2/pV M+ 10pz — 24p3 +22p> — p* —12p2 —2p+4/p+2

LE 3
VP (P> +2p—2)

where M = 8p? —12p+5

Proof. Cross monic zero divisor graph of Zy x Z,[x]/ (x?2 + (p — 1)x) be a simple graph, then Laplacian matrix

is

7 -J @) @) @) (@)
-J p*-1 0O -7 -J O
o O (p-1I -J 0 o
o -Jg -7 @-DI -J @
(@] -J @ -J @p-1)I -J
o o o o -J pr—1Z

then spectrum of graph is shown in Table 3,
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Table 3. Spectrum of Graph.

Spectrum
0 1
1
L 1
1 p-1¥%-1
14(p-1)-/8p>—12p+5) 1
p-1 2(p—2)
2(p—1) 1
2p—1 2(p—2)

3(4(p—1)+/8p2 —12p+5) 1
2
p

Laplacia energy of graph is

pP*+2p-2 4 (2p2

—3p+1)

LE= Y

i=1

i

p>+2p—2

£52‘0_4(252_3p+1) L AR -S| g gy 2B S
pP+2p—2 P p*+2p—2 p>+2p—2
+3 (400 8P -1275)| + 229 |- 1 - WL
w1 - DL 0 2|@p-n - L0 1]
+‘%<4(p—1)+\/m)‘+ p2—4(§fi_2§p_zl)

_4CE1+p)(-1+2p)
- —2+42p+p?

+ ((—1) (p-1*-1) (

1
+(—1)<§ (4(—1 +p) -

_|_

—2+ 2p + p?

2+ 4p—2p—12p() — p? + 8p(3)
JP(=2+2p+p?)

)+

8(-1+p)(-1+2p)
-2+ 2p+ p?

of |

-7p*+14p -6 2(-2+p)(-1+p)p

—2+2p+ p?

\/5—12p+8p2))+~~-+

—4+12p—10p% +2p> + p*

—2+2p+ p?

PV M +2pi /M — 2,/pv/M + 10p3 — 24p? + 22p3 — p* — 12p% — 2p+4./p + 2

JP(P*+2p-2)
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Eccentricity based energy for cross monic zero divisor graphs

Theorem 3: Let C.# ZG be simple graph with order p> + p — 1 and n,be a absolute value of the determinant of
ES (eccentricity sum matrix). Then

2
\/2///+ (PP+p-1)+2)(p— D nsyP»t < Ees

_\/2 24 p—2) M+ (PP 4 p—1)n P

Proof. First, the lower bound is examined
p*+p-1 2
[Ees]? = Z (L)

p*+p-1

Z () +2) " 12l |24]

a<f

=24+ |l 2]
a#p

Since the geometric mean is greater than the arithmetic mean for non-negative numbers,

(P2+p-1) 42261
1

Zal > 1Zal
(P*+p-1)(P+2)(p— 1)Z tal |z (}l ¢ |§ﬁ|)

1
) (P2 +p-1)p+22-1)

~ (1’[ g 27424

a=1

p*+p-1

2
=[] lwl@

a=1

2
=1Na p2+p-1
Therefore

Y el lgs] = (0 +p—1) (P+2)(p— 1),
oy

Now obtained,

[Ees]® 2240+ (P +P—1) P+ 2 (P~ Dns ™77

2
Ees 2\ 2+ (P +p—1)(p+2) (p—1)naPr
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For upper bound, put /@'y = |¢], @ =1,2,3,...,p>+ p—1. Then

p*+p-1 p*+p-1 Fare)
2 2
pr+p-1 La = L
peo-1 2 4| 1

a=1

p*+p-1 p*+p-1 2
<@+p-1) Y Z-| X Il

pP+p-1 =

1 p’+p-1 P4p-1 T
=P’ +p-) @+ - | 5—— > H &

24 — (PP +p—1)(p+2)(p—1)nsPoi <24 (PP +p—1)(p+2)(p—1) — [Ees]?

2
[Ces)* <2(p +p—2) 4 + (P +p—1) (P+2) (P~ D)na 77

where # = > (eq + eﬂ)z.
1<a<pB=<p’+p-1

Theorem 4: Let C.# ZG be a (p? + 2p — 2, 4p? — 6p + 2) graph, then

p2+2p—2 p>+2p-28

4(4p? — 6p + 2)°
2 _ 2 _
LSE = |p*+2p 2( > X_; Lap P2 +2p—2

a=1

Proof. It follows that

2 4+2p—2 2 4+2p—2 2
TR (o2 )
¢ p*+2p-2

a=1 a=1

2“2"’11:2 , 4(4p*—6p+2) a+4(4p2—6p+2)2
© pP+2p-2 (P +2p—2)°

a “  p*+2p-2 4~ T pr42p-2

B "2%‘2 , 8(4p®—6p+2)°  4(4p® — 6p+2)°
B « p2+2p—2 pP>+2p—2

a=1

_ "2%‘2 , 404p® —6p+2)
& p2+2p—2
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Using the Cauchy-Schwarz inequality,

p?+2p-2 p2+2p-2
Y el = |PP+2p-2[ > #2
a=1 a=1
p*+2p-2 p2+2p-2 2
4(4p> —6p+2)
ol < |P*P+2p—2 2 —
; el < | P*+2p ;za T

Theorem 5: Let C.# ZG be a (2p? + 2p — 1, 8p? — 9p + 1) graph with maximal vertex degree 2(p? — 1). Then

2(8p* —9p+1)
2p?+2p—1

LSE <ESe+t(2(p? — 1))+ @p+1)

. 28p—9p+1
where t = |{¢y : Co > %H-

Proof. Let ¢1 > - -+ > &, be the Laplacian sum eccentricity eigenvalues, @1 > s -+ > u, be the sum eccen-
tricity eigenvalues and p; > p3--- > p, be the eigenvalues of the degree matrix. It is necessary to distinguish
between two cases.

. 2_ 2_ . . .
Case (i): If ¢, — % > 0, then |¢, — %I < uq + p1. If tgys, satisfy this condition, then

t 2 t t
2(8p2 — 9p+1)
E — < E < E tor.
= o 2p2+2p_1 —a:1 (ta + p1) _a=1 Ko | +E01
.. 2_ 2 2 .
Case (ii): If 4&‘%5& then Ig“o,—%I < |Ma__%|. If there is, u, <0 for

a=t+1,....trand uy, >0fora =t.+1,...,2p> +2p — 1. Then

2"”22“ 2(8p>—9p+1) | _ i 2(8p2 —9p+1) ‘
a=t+1 ‘ 2p*+2p-1 |7 a=t+1 ‘ 2p* +2p—1
:Pz*fl 2(8p —9p+1) ‘
Mo —
a=t+1 2p*+2p -1
2p*+2p-1 2 t tr
2(8p* —9p +1)
Z o — SZ Moz+tpl+z Mo
a=1 2p*+2p—1 a=1 a=t+1
2p*+2p-1 5
2(8p*-9p+1) ,_,
- Y lmal+ (20? +2p—1—1t)
a=t+1 2p>+2p—1
2(8p> —9p+1
<ESe+tp1+ & — % )(2p2+2p—1—t)-

2p?+2p—1
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Theorem 6: Let C.#ZG be a connected graph of order 2p?>+4p—3 and size 4(3p> —4p+1); and
avi (avop2 4 4p-3) are maximum (minimum) absolute values of v.ss, then

(2p% + 4p — 3)°

8,,%2\/(2p2+4p—3)€1—§2+4(2p2+4p—3)(3p_1)(P—1) 7

2
(avi — avope 4p-3)°.

Proof. lett, ands,, 1 < a < 2p? + 4p — 3 are non negative real numbers, then it follows that,

a=1 a=1 a=1 4

2
2p*>+4p-3  2p*>+4p-3 2p*+4p-3 5 2

(2p® +4p—3) 2

Y 2 Y - ( ) tasa) < ———(urp—1172)

where 11 = max(t,), t'1 = min(t,), 7o = max(s,) and t’5 = min(s,).

2p?+4p-3 2p®+4p-3 2p?+4p-3 2
2 2
2o Wl 3 W= X Vel

a=1 a=1 a=1

2 _ 2
_CP+ap-3)

< Z V1 —Vap® +4p — 3)°.

Thus, it can be written

2p®+4p-3 5 2
, (2 +4 _’3) / /
(€LY = (2> +4p—3) > Mol - %(V 1= Vagiap-a)’
a=1
¢ Cp?+4p-3° 2
= 2p2 +4p—-3 (51 — W —|—8(3p2 —4p+1)) — f(vl —Vopiap-3).

Theorem 7: Let C.# ZG be a connected graph of order 2p? + 2p — 1 and size 8p? — 9p + 1. Let n, and np be the
radius and diameter of cross monic zero divisor graph respectively. Then

N2 (892 — 9p+ 1) < EM (CHZG) < npy[2 (29 + 2p — 1) (8p% — 9p + 1).

Proof. Consider the Cauchy-Schwartiz inequality

2p%+2p—1 2 2p%+2p-1 2p%+2p-1
( 3 ﬂaﬁ’a) 5( 3 ﬂi)( > ﬁ’i)
a=1 a=1 a=1

By takeing 8, = 1 and B, = ||, the result is

2
2p%4+2p—1
(5///6(@//39))2:( > M)

a=1

2p*+2p-1 2p*>+2p-1
= X 1| X ~
a=1 a=1
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2p?+2p-1

<2p*+2p-—1 (2 > (Xatya) € (va)) .

a=1

2p®+2p—1
Since Y (X4 +Y.) = 8p*—9p+ 1, it follows that

a=1

E.M.(C.MZG) < np/2(2p% +2p — 1) (892 — 9p + 1)

2p%+2p-1 2 2p*+2p-1 2p%+2p-1
Now, since > k] = X 22, it follows that (E#C#Z2G)* =2 Y (Xe+Ya)e?(Va).
a=1 a=1 a=1

Since, e(v) > ., for every vertices in graphs, then

E.Me(C.MZG) = 11,2 (8p2 — 9p+1)

Theorem 8: Let C.# ZG be a connected graph of order 2p? + 4p — 3, size 4(3p* — 4p + 1) and n, be radius. Then

2n- (4 (3p* —4p+1))
2p>+4p-3

EMe( CMZG) <

4(3p* —4p+1)
2p>+4p—3

/2020 + 4p — 322 — 4n2 (4 (392 — 4p + 1))

Proof. It is known that,
2p%+2p-1
Etle— 1P <PP+4p—4(2 Y (Xa+Ya) € Va) — 1
a=1
<p*+4p—4(213 (12p* — 16p+4)) —12)

Therefore,
EM(CMZG) < M1 + \/2p2 + 4p — 4(2n%(12p? — 16p + 4)) — A2) implies that,

2 _
n(2p*+4p—4) -0

1- <
/207 +4p — 4 (203 (12p2 — 16p + 4)) — x2)

and hence
Let f(n)=n+ \/2p2 +4p—4(8@Bp2—4p+1) + n% —n2). For decreasing function f(n), f'(n) <0

n>

2n2 (12p* — 16p + 4)
2p>+4p-3

2
If A > %, it follows that

203 (12p> ~16p+4) _ 203 (12p° ~16p+4)
2p>+4p—3 - 2p?2+4p—3 -
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2 o
Thus f(A) < f(%). That means,

2 2
= fon < (ML)

2p>+4p—3

Therefore,

EMe(C.MZG) < 0 +\[2p? + 4p — 4 (20 (12p% — 16p + 4)) — 22)

_ 2 (4(3p* —4p+1))
- 2p>+4p—3

24p2 —32p+ 8 (np)>2)

12p% —16p+4( (24p> — 32p + 8 -
+J p D+ (( p p+8) (1) ( 5§ d4p 3

_ 20 (4(3p° —4p+1)) 4(3p*—4p+1)

2p% +4p — 3 202 +4p—3 V2022 + 4p = 313 — 4n2 (4 (3p° — 4p + 1)),

Theorem 9: Let C.# ZG be a (2p? + 4p — 3, 4(3p? — 4p + 1))-graph. Then

e - 2p? + 4p — 4(2p? + 4p — 3)°
ade = )

Proof. By Gershgirin’s theorem,

2p*>+4p-3

gade = Z | A |

a=1

2p*+4p—3 2p*+4p—3

2. ) tum

a=1 ao=1,00#a

IA

2p*>+4p—3 2p*+4p-3

2p*+4p-3
I

a=1 ao=1,a0#a

IA

2p* + 4p — 4(2p* + 4p — 3)°
2

Theorem 10: Let C.# ZG be a (2p* + 2p — 1, 8p? — 9p + 1)-graph. Then

Eade = \/ 2((8p> — 9p + 1) |det (ADE) |72sz2},,1 )

Proof.

a=1

2
2p%+2p—1
(sade(c///zg)Y:( > w)
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2p%+2p—1 2p%+2p—1
= Y R+ D el ol
a=1 a=1,a#ap
2p?+2p-1
=20+ Y |hal|ao]
a=1,a#ag
Then,
2p%+2p—1
Yo Pallte] =22 +2p-1) (P’ +p-1)
a=1,a#ap
1
2p*+2p-1 2(2%+20-1) (P2+p-1)
[T 1ral [l
a=1,a#ag
1
2p*+2p-1 2(2%+20-1) (P+p-1)
=22 +20-1) (P +p-1) | [[ malPCr2)
a=1,a#ag
2p?+2p—1 ﬁ
=202 +2p-1) (PP +p-1)| [] I%l
a=1,a#ap
2
2p?+2p—1 2p24+2p-1
=2(8p?-9p+1)| [[ 1%l
a=1,a#ag

= 2(8p? — 9p+ 1) |det (ADE) | 757

Eade = \/2 ((8p2 —9p + 1)|det(ADE)| 2P2+22p—1)

Conclusion

This study focuses on a specific family of cross monic zero divisor graphs constructed from commutative
rings, such as Zy x Zp[x1/(x* + px), Zy x Zp[x1/(x* + (p — 1)x), Z4 x Zp[x]/(x* + px) and Z4 x Zy[x]/(x* +
(p — 1)x). The research delves into the computation of various energy metrics associated with these graphs.
Specifically, it provides the Laplacian energy, which is related to the graph’s Laplacian matrix; the eccentricity
sum energy, which aggregates the eccentricities of vertices; and the Laplacian sum eccentricity energy, which
combines Laplacian and eccentricity aspects. Additionally, the work explores the maximum eccentricity energy,
which highlights the extremal eccentricity values, and the average degree-eccentricity energy, which reflects
the interplay between vertex degrees and their eccentricities. This comprehensive analysis offers deeper insights
into the structural properties of these algebraically defined graphs.
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