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coefficients.

In this article, we study some of the basic geometric properties involved in finding an estimate or
determining the value of the coefficients on the basis that the function is characterized by the starlike
and convexity of the order I, respectively. In addition to other properties, all this is done by defining a
new class of analytic univalent functions by applying a quantum integral that implicitly contains a
Ruscheweyh's quantum derivative to this special class, described by some of its non-variable
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1. INTRODUCTION

The research starts by assuming the class 2, which is the
set of all the analytic univalent functions that have the
following natural form:

f(2)=z+ ) az*. (1.1
; "

By fulfilling the normalized conditions f(0) =
0,f'(0) = 1, all of this is in the famous unit disc U =
{zeC|z| <1}

Now we will take a subclass €*of our original class such
that each function has the following form:

f(2)=z— Z a, z*, (a, = 0). (1.2)
k=n+1

Since the quantum derivative operator or Jackson
derivative operator plays an important and effective role
in this field of complex analysis, especially recently,
many researchers have used this operator in their research
and obtained important and interesting results such as
(Illafe, Mohd, Yousef, & Supramaniam, 2024) (Bangi,
2024) (Alsoboh & Oros, 2024) (Al-Rawashdeh, 2025)
(Abubaker, Matarneh, Khan, Suha, & Kamal, 2024)
(Delphi, 2024)

*Corresponding Author Institutional Email:
hazha hussain@su.edu.krd (Hazha Zirar Hussain)

Let us not forget that the first person who defined this
operator was Jackson in his researches (Jackson, 1905)
(Jackson, 1909) (Jackson, 1910a) (Jackson, Fukuda,
Dunn, et al., 1910b) where he studied the g calculation
and its applications in his researches.

Let us remember the definition of the involutional
product of two functions f defined by (1.1) and j defined
as follows:

j@) = z+ Zbk z¥, (1.3)
k=2

in class 2, it is symbolized by the symbol f * j and is
known as follows:

F*)@) = 72+ Zak bz~ (1.4)
k=2

Now I need to recall the concept of the g-number [{], as

follows:

1— g%
Kl = T4

q

, (1.5)
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if { is complex number, and
-1

[(lg=1+ Z q, (1.6)

if { = m is natural number.
Based on what we have mentioned [0], =0, on
condition 0 < g < 1.
Under the same condition we take the definition of the g-
factorial [k],! as

1 ifk=0

[k]q! = nk [m], if k€N

[$]qk! is also known as
1 ifk=0

[slok! = nﬁ_k_l[m]q ifkeN

and that is when s € {0, 1,2, ....}.

Likewise, Jackson's quantum derivative for a function
belonging to the class A under the same condition is
usually written in the following form:

f@) - flaz) .
o= a-wz U770
f'(@ ifz=0
it is certainly true when f'(z) exists.In addition we have:
(D)@ = (Dg(D)) (D). 1.7)

In Source No. [11], Ruscheweyh's g-derivative of a
function in the class U is defined in the following way:

S [C+ g
R%ff(z) :f(Z) * <Z+k=2[k—7{‘]’:!1 Zk>, ¢

> —1. (1.8)

More over, in the research in sources No. (Srivastava,
Wanas, & Srivastava, 2021) (Srivastava, Ahmad, Khan,
Khan, & Khan, 2019) the g integration operator for a
function in the class U was defined by:

Reif(2) + Roe(2)

=2(D,f (2)), ) (1.9)
-1 k]! K
R =z+ ) ——— 7k
o f(2) =z RZZ TER
> 2. (1.10)

A special case of it was studied in source No. (Noor,
1999) wheng — 1°.

The q integral operator Sg in source [13] was defined by
the following formula:

f(2) = f(Z) * Rq‘%f(Z)

_Z+Z a,z". (1.11)
(+1 q,k-1 i

The followmg relatlons are also true.

3@ = 2(Def@),  (112)
3f (@) = f(@. (1.13)

Now we come to the heart of the article, which is defining
our class as a first step, as follows:

Definition 1.1: If we determine or prove the conditions ,
{(>-1,0< g<1 ye C\{0},0<v<1 ¢p<1,in
the light of this, the functionf € A", is an element of the
class Sbg()(, ¢,v) if the following inequality is satisfied:

1( 22 (ng(Z))_
X\ 3f@

and don't forget that z is in the open unit disk.

< v, (1.14)

2. DISCUSSION OF THE EMERGING RESULTS
In this part of the article, we present and discuss the most
important results and facts that have been reached and
proven by first studying the characteristics and
determining the values of the coefficients in the
following theorem:

Theorem 2.1: The function f, which is formulated in the

form (1.2), is an element of the distinct class 335 . o,v)
if and only if the following condition is met:

([k]q = ¢ + vlxl) [K],!
Z T % S (-l
2.1)
that's when { > —-1,0< g<1, y€ C\{0},0< v <

1, ¢ <1
Proof: The first step to start the proof is to take f in the
defined class Sﬁg (x, ¢,v). So

20, (35 ()
3@
Let's take the quantity on the left side of the previous
equation and simplify it as follows:

zD, (ng(Z)) z — Yi=2[klq [y @, z"

- ¢ |> —vlxl (2.2)

— — (+1]qk 1 ) (23)
3./ () Z—= Yy {+1 akzk
Consequently,
0 [k]q k
(1= ¢)z— Xi-([K], — ¢) Az
:R, <+1]qk 1
¢ s ye My
k=2 [¢+1)qp-n
> —v|yl. (2.4)

Now we give the variable z only the real value, i.e. on the
real axis and approaching one from the left, and thus we
complete the proof of the first step.

The second step of the proof is to prove the fact that
inequality (2.1) is true and we start by taking
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7D, (3if@)

3@

(1= $)z = Tiea((Kly ~ @) gy e”
- L yo M .

— a
k=2141)gk-r ¥

(= ¢+ vixD (1= Zinalbly o= )
°e) [k]q
1= Bz, &
< 1— ¢+ vyl (2.5)
Here lies the importance of the maximum modulus
theorem in its application and obtaining that f is an
element of the distinct class 555 x, o, v).
Thus, we have successfully demonstrated the proof of the
theorem.
We note that for the extreme functions in the special class
355 (x, ¢, v), it can be written in the form:
) g AP VDR Ui,
([kle = & + vlxl) [K],!
> 2. (2.6)
That is, the theorem is sharp for them, and thus we obtain
the following clear result.
Corollary: If we take the function f, which has the
formula (1.2), in the special class .Sf)g ., o,v), its

coefficients satisfy the following condition:
(A= ¢+ vlxD [{+ gp-1

([k]q - ¢ + Ule) [k]ql
As we have previously noted, the extreme functions
achieve the equality condition for inequality (2.7).

Now we come to the main goal of this article, which is to
define a basic subclass of the class Sﬁg (x, @, v), by fixing
a finite number of coefficients of its functions defined in
the form (1.2), i.e. with a finite number of fixed
coefficients in the following form:

Definition 2.3: Let 55232 (x, ¢, v, T,n) be a subclass of the

distinct class 555 (x, @,v), each of its elements or rather
its functions, is written in the following form:

" (= ¢+ o) €+ gt

<

1

ay < k=2, (27)

T =2 2= g+ vl [
- Z a, z¥. (2.8)
k=m+1

The class 5;’)232()(, ¢,v,T,,) is equivalent to the class

Sjg()(, ¢,v) whent,,, = 1.

As we see in sources (Lashin, Badghaish, & Alshehri,
2024) (Maran, Juma, & Al-Saphory, 2025) (Al-Saleem,
2025) (Akyar, 2025) (Al-Hawary, Frasin, & Salah, 2025)

various classes of univalent functions that have the
property of negative coefficients and fixing a finite
number of them have been studied.This is an important
step in serving the development of geometric field in
mathematics, the queen of sciences.

From the series of results, we have the following
theorem.

Theorem 2.4: The function f of the form (1.2) is an

element of the class 55285()(, ¢, v, T,) if and only if the
following condition is met:
([kly— & + vixl) [k],!

[( + 1]q k-1 i

k=m+1

< (A-9¢+vixD (1

- irl) (2.9)

=2
Proof: We use the important fact in Theorem 2.1 . In
addition, we take

_ A=+ vlxD [(+ 1gr-1T

R (TR e D I
=2,3,..m (2.10)
to arrive at
N (1= ¢+ vlxD [ + Ugps
Z;lkzﬂ (ke — &+ vlx) Tkl
<1, (2.11)

which leads us to the proof of the theorem easily and
simply.

The result in the inequality (2.9) is strict for a function of
the form

f(@)
=2z
N g+ D €+ U
=2 ([l]q -+ Ule) [Ho!
= o D R4 a0 = Bm)

([klo = ¢ + vlxl) [k],
while the value of k starts from m + 1 and larger.
Corollary 2.5: If f is an element of the class
55235 (x, ¢, v, T), then its coefficients are met:

Qg
(A= ¢+ vlxD [+ 1]ge-1(1 —

([k]q - ¢ + Ule) [k]q'
as we mentioned when k > m + 1.
Let us pause for a moment and observe and test the

Xit2T1)

, (2.13)

convexity of the class 5%g (¢, ,v, t,,) by studying and
applying the convexity theories and thus stating and
proving the validity and truth of the opposite of the case,
all within proposal of the following theorem.
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Theorem 2.6: A function f is an element of the class
35235 (x, @, v, ty) if and only if it can be written in the
form

f@= ) mefi (214)
k=m
under the condition
Z =1 1,20 (2.15)
k=m
and take the functions
(@

. Z 1=+ vIxDI[¢+1],-1T A

2.16
L (U= ¢+ vlxl) [Uy! (2.16)

=z
~ i(l = G+ VD [+ Uamy
L ([, - ¢+ vlxl) 11!
_ A=+ vlxD [+ 11— X271)
([kle = & + vlxl) [K],!
for all values of k starting from m + 1 onwards.

Proof: First, we prove the first part by taking the function
f, which can be written as follows:

f@= ) mfe 2.18)
k=m
So, in other words, it can be written as
f(@

m

Z A=+ vlxD[{+ k1T i
L (M= ¢+ vixl) [0
~ i (= g+ ) €+ Uggen L= BT o
Wt ([kls = ¢ + vix]) [k],!
We call Theorem 2.4 and conclude the following
v (L= ¢+ D[S+ g a (L= BE, ) me
([kl; = ¢ + vixl) [k],!
([kl, — ¢ + vixl) [k],!
' [{+ gxr-1

= (1— Zrl>(1 — ¢+ vlxDA - np)
=2
< (1— Z‘Q)(l_ (0]

=2
+ v|x)), (2.20)

This gives us our desired goal, which is the truth that f

is an element of the class 55232 P, v, ).

To complete the proof, we come to the second part and

take f € 55232()(, ¢,v,7,,). Now since we are in

Corollary 2.6, we proved that:

=z

k=m+1

z¢, (2.17)

(494
1=+ vixD[{+ 1gr-1(1— X227

< , 2.21
([kl, — ¢ + vlxl) [k],! (221)
when k > m + 1.
Nk
([kls — ¢ + vlxl) [k],! 222)

T A=+ D+ e (1 — 21,10

We also put
Nm = (1 - Z 77k>-
k=m+1

Consequently, it can be written

fl2) = Z Nicfro
k=m

and once we complete the proof of this part, we have
completed the proof of the theorem.

The proof of the previous theorem lies in our ability to
determine the extreme points of the wonderful class
Sf)iBg (x, @,v, ) and thus study the properties of these
distinctive points. In fact , they are the same functions
shown in equations (2.16}) and (2.17) in the statement of
the theorem, which we will clearly shown in the
following result.

Theorem 2.7: The functions

fn(@)
L 11— ¢+ vlxD[{+ 117 , (2.23)
S ([, — ¢+ vixl) 11!
fr(2)
=Z
) i A- ¢+ vl [(+ Uyamt
S (U= o+ vl [y
= o D R4 g0 = BT o

([klo — ¢ + vixl) [k]!
for all values of k starting from m + 1 onwards, are
exactly the extreme points of the wonderful class

$B; (1, 9.V, Tm).

I would like to point out that I have noticed through my
review of previous research that some of them take the
summation from m to co when determining the extreme
points f(k), and this is wrong. At first I decided to point
out some of this research, but I eventually backed down
and wrote it as note only.

3. IDENTIFICATION OF Q-STARLIKE AND Q-
CONVEX REGIONS OF ORDER (0 ¥ <1)
FOR THE CHARACTERISTIC CLASS

9B (1, ¢, v, T,,) WITHIN THE UNIT DISK U

In this part of the article we show the regions where the
functions of the defined class 55585()(, b,v,1,,) are q-
starlike and g-curved in our attempt to derive and
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determine the radius of these regions shown in the
following two theorems.

Theorem 3.1: If we take the function f in the class
53232()(, ¢,Vv,Tn), it has a g-starlike property of order
Y(0 < P < 1) in the disk |z| < t*(x, @, v, T, ¥), and
v (x, P, v, T, YP) is the largest value that satisfies the

property
— o+ vlxDIC+ 1]
-1 1- z -1
Z([ 1 9)° W= ¢+ o)Wt
+ (1 — ¢+ vlxD[{+ 1] k-1 (1— 1=sz)([k]q

([k1g = ¢ + vixl) [k],!
<1-1y. (3.1
The extreme functions is

f@
=z

Ip + 1) rk*l

~ i(l = G+ VD [+ Uymy
~ ([Ug = ¢+ vlxl) [Uy!
(= ¢+ VD €+ Tgees (1=
([klo — ¢ + vixl) [k],
The theorem acquires the limiting property in it.
Proof: In order for the function f € 35235()(, bV, Tm)

have the g-starlike property of order (0 < ¥ < 1), we
start by taking the quantity

Z?iz Tl) Zk

(3.2)

zf'(2) 1|
f(@)
ol — 1], Pt e e = 1!
< ([t1g— ¢+ vlx1) [Ug! (3.3)
- Zm A=+ vlxD [(+1]g1-1T1 k-1 — e a,rk-1 T
([tla= &+ vlx1) [Ug! le=m-+1 %k
It must be
<1- 1p,

by settlng |z] < r,s0we have

— ¢+ vlxD [+ 1gam 4
-1 1-—
Z([ v 1= 9)° (0= ¢+ ol

+ Z (= 1], — P+ D
k=m+1
<1-1. (34)
By referring to Theorem 2.4, we have the important fact

ag
_ A=+ vixD IS+ 1gr-1(1 = X210k

([k]q - ¢ + Ule) [k]ql

that's when 1, = 0,231, < 1,k = 3.
We determine the value of k™ = k*(r) so that the
quantity
A=+ vlxD[¢+ 1]q,k*—1([k*]q

([k*]q - ¢ + Ule) [k*]q!
has its highest value by fixing the value of r in it.
After that we have

Z (lk =11, — ¥+ 1)apx*?

k=m+1

C= ¢+ virD [L+ Hoema (1 =
- (i

» 35)

1/)+)k*

~1.(3.6)

o) ([k], -

P+1) oy
¢+ lel) [k*],!

(3.7)

Finally, we have determined the region where the
functions in the class .5235 (x, @,v, t),) are g-starlike of
order Y(0 < ¥ < 1) which is |z| <7 (x,d,V, T, V),
prov1ded that

— ¢+ vlxD[{+ g,

l-1],+ 1—

Z([ b lp) (- o+ UIXI) (1!

. - ¢+ ol [§+ Ugper1 (1= T2, 1) ([K)g — ¥ + 1) e
([k1y = & + vixl) [k*1q!

<1-1y. (38

We can now determine the value of 1t"=

v (x, b, Vv, T, P) and the value of k*(x*) associated with

it by
m (1= ¢+ vlx) [[+1]g1-1T1
Pl =10+ 1- 9) (Itl— ¢+ vlxT) [1lg!
(1= @+ vlxD [{+1)g g7 g (1= T2 7)) (k7 lq— Y+1) L pr—q
(K Tq— 9+ vlxl) [~°],! '
Y. (3.9)
Which is the g-starlike radius of the functions in the class
$B; (1, 6V, Tm)-
Since the concepts of Y-starlike and 1-curvature radii are
related to each other.As we have found or defined the
first, it is natural to think about defining the region of the
Y -curvature in the unit disk U for the functions in our

r>~<l—1 +

<1-

special class 35235()(, ¢,v,T,,) by proposing the
following theorem:

Theorem 3.2: If we take the function f in the class
35235()(, ¢,v,T,,), it has a g-convex property of order
Y0 < Y <1)inthedisk |z]| <t™(x, b, v, T, V), and
™ (x, §,V, T, ) is the largest value that satisfies the

property
N (A= ¢+ oD [§+ gt
;[l]“(“_” MR (TN P T
+ A=+ vlxD I+ U111 - X, Tz)([k]q -
([k1g = ¢ + vixl) [k],!
<1-1. (3.10)
The extreme functions is

f (Z)

P+1) -

Z 1-¢+vixD[(+ 1]q,l—1Tl I

(g — ¢+ vixl) [
(1— ¢+ vlxD [{+ gk 1(1
([klg = & + vlxl) [K],!

The theorem acquires the limiting property
Proof: To prove the theorem, we take

2f"()| _

) F@
A= g+ vl I+ oamt

1.1 - —
[;H“([ Ut =)= o,

+ Z (K], [k — 1]qakrk‘1]/

k=m+1

Xt T)

z¥.(3.11)
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d+ vlxD [§+ 11T 1

m (1-
P_;m“(m—

¢+ vixl) [1!

kil[k]qakr’”] (3.12)
i[l]q([l -1, + 1
O
+k2;1m4m—1h—¢+1pﬂbl

<1-13y. (3.13)
We determine the value of k* = k*(¥r) so that the
quantity
(1= ¢+ vIxD [T + g1 ([k]q —
([k*]a = ¢ + vlxl) (k71!
has its highest value by fixing the value of r in it.
After that we have

Z [kl ([k = 1], — 9 + 1) arc

1p+)k*

k=m+1
A= o+ vl [+ 10 (- mt)(lkl,— ¥ +1) ot
- (k*]q— & + vlxl) [k*],!
(3.15)

Finally, we have determined the region where the
functions in the class 55235 (X, ¢, v, t,,) are g-convex of
order P(0 < P < 1) which is |z| <7 (x, P, Vv, T, V),

pr0V1ded that

— ¢+ vlxD[{+1]g-1m -1
Z[l] (=1 1= )% W= &+ vll) 11!
+ (1 — ¢+ vlxD) [+ Ugpe—a (1 = 2, 7)([K"], —

([eTq = ¢ + vlx) [k°]!

<1- 9. (3.16)
We can now determine the value of ™ =
™ (x, P, v, 7, YP) and the value of k*(r™) associated
with it by

Ip + 1) rk"—l

(1- ¢+UIX|) [C+1lqi-1Tt _sxl—1
Eallle(E = e+ 1= V) = = e &
(1= @+ vlxD [{+ g (- Zz_le)( V) ke g

([k*1q— P+ vix]) [k*1q!
v, (317)

which is the q-convex radius of the functions in the class

$BS (X, bV, Tn).

4. CONCLUSION

Using the g-integral operator that implicitly contain the
g-Ruscheweyh derivative, a new class of analytic
univalent functions has been defined.They are
distinguished by some of their finite negative invariant
coefficients, and their most interesting fundumental
geometric properties have been studied. In the future, the
study of geometric properties can be extended to include
other interesting properties. Researchers can also draw

1,(3.14)

inspiration from this work to study other distinct classes,
serving the field of geometry and complex analysis. The
results we have reached can also be studied and analyzed
on classes of multivalent functions.
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