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A B S T R A C T  
 

 

In this article, we study some of the basic geometric properties involved in finding an estimate or 

determining the value of the coefficients on the basis that the function is characterized by the starlike 

and convexity of the order 𝜗, respectively. In addition to other properties, all this is done by defining a 

new class of analytic univalent functions by applying a quantum integral that implicitly contains a 
Ruscheweyh's quantum derivative to this special class, described by some of its non-variable 

coefficients.  

 

 

DOI: 10.53851/psijk.v2.i7.   16 -22 

 

 
1. INTRODUCTION1 
The research starts  by assuming the class 𝔄, which is the 

set of all the analytic univalent functions that have the 

following natural form: 

𝑓(𝑧) =  𝑧 + ∑ 𝑎𝑘  𝑧
𝑘

∞

𝑘=2

.                              (1.1) 

By fulfilling the normalized conditions 𝑓(0) =
0, 𝑓 ′(0) = 1, all of this is in the famous unit disc 𝒰 =
{𝑧 ∈ ℂ: |𝑧| < 1}.  

Now we will take a subclass 𝔄∗of our original class such 

that each function has the following form: 

𝑓(𝑧) =  𝑧 − ∑ 𝑎𝑘  𝑧
𝑘

∞

𝑘=𝑛+1

, (𝑎𝑘 ≥ 0).                         (1.2)  

Since the quantum derivative operator or Jackson 

derivative operator plays an important and effective role 

in this field of complex analysis, especially recently, 

many researchers have used this operator in their research 

and obtained important and interesting results such as 

(Illafe, Mohd, Yousef, & Supramaniam, 2024)   (Bangi, 

2024) (Alsoboh & Oros, 2024) (Al-Rawashdeh, 2025) 

(Abubaker, Matarneh, Khan, Suha, & Kamal, 2024) 

(Delphi, 2024) 

 
*Corresponding Author Institutional Email: 
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Let us not forget that the first person  who defined this 

operator was Jackson in his researches (Jackson, 1905) 

(Jackson, 1909)  (Jackson, 1910a)  (Jackson, Fukuda, 

Dunn, et al., 1910b)  where he studied the 𝔮 calculation 

and its applications in his researches. 

Let us remember the definition of the involutional 

product of two functions 𝑓 defined by (1.1) and 𝑗 defined 

as follows: 

𝑗(𝑧) =  𝑧 +  ∑ 𝑏𝑘  𝑧
𝑘

∞

𝑘=2

,                              (1.3) 

 

in class 𝔄, it is symbolized by the symbol 𝑓 ∗ 𝑗 and is 

known as follows: 

(𝑓 ∗ 𝑗)(𝑧) =  𝑧 +  ∑ 𝑎𝑘  𝑏𝑘𝑧𝑘

∞

𝑘=2

.                              (1.4) 

 

Now I need to recall the concept of the 𝔮-number [𝜁]𝔮 as 

follows: 

[𝜁]𝔮 =  
1 − 𝔮𝜁

1 − 𝔮
,                                                       (1.5) 
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if 𝜁 is complex number, and 

[𝜁]𝔮 = 1 + ∑ 𝔮𝑘

𝑚−1

𝑘=1

,                                         (1.6) 

if 𝜁 = 𝑚 is natural number. 

Based on what we have mentioned [0]𝔮 = 0, on 

condition 0 <  𝔮 < 1. 

Under the same condition we take the definition of the 𝔮-

factorial  [𝑘]𝔮! as 

[𝑘]𝔮! =  (

1 𝑖𝑓 𝑘 = 0

∏ [𝑚]𝔮

𝑘

𝑚=1
𝑖𝑓 𝑘 ∈ ℕ

 

[𝑠]𝔮,𝑘! is also known as 

[𝑠]𝔮,𝑘! =  (

1 𝑖𝑓 𝑘 = 0

∏ [𝑚]𝔮

𝑠+𝑘−1

𝑚=𝑠
𝑖𝑓 𝑘 ∈ ℕ

 

and that is when  𝑠 ∈ {0, 1, 2, … . }. 

Likewise, Jackson's quantum derivative for a function 

belonging to the class 𝔄 under the same condition is 

usually written in the following form: 

𝔇𝔮𝑓(𝑧) =  (

𝑓(𝑧) −  𝑓(𝔮𝑧)

(1 − 𝔮)𝑧
𝑖𝑓 𝑧 ≠ 0

𝑓 ′(𝑧) 𝑖𝑓 𝑧 = 0

 

it  is certainly true when 𝑓 ′(𝑧) exists.In addition we have: 

(𝔇𝔮
2𝑓)(𝑧) = (𝔇𝔮(𝔇𝔮𝑓))(𝑧).                                       (1.7) 

In Source No. [11], Ruscheweyh's 𝔮-derivative of a 

function in the class 𝔄 is defined in the following way: 

ℛ𝔮,𝜁𝑓(𝑧) = 𝑓(𝑧) ∗  (𝑧 + ∑
[𝜁 + 1]𝔮,𝑘−1

[𝑘 − 1]𝔮!
 𝑧𝑘

∞

𝑘=2

) ,      𝜁

>  −1.             (1.8) 

 

More over, in the research in sources No. (Srivastava, 

Wanas, & Srivastava, 2021) (Srivastava, Ahmad, Khan, 

Khan, & Khan, 2019)  the 𝔮 integration operator for a 

function in the class 𝔄 was defined by: 

ℛ𝔮,𝜁
−1𝑓(𝑧) + ℛ𝔮,𝜁(𝑧)

= 𝑧(𝔇𝔮𝑓(𝑧)),                                           (1.9) 

ℛ𝔮,𝜁
−1𝑓(𝑧) = 𝑧 + ∑

[𝑘]𝔮!

[𝜁 + 1]𝔮,𝑘−1

 𝑧𝑘 , 𝑘

∞

𝑘=2

≥ 2.                          (1.10) 

A special case of it was studied in source No. (Noor, 

1999) when 𝔮 →  1−. 

The 𝔮 integral operator 𝔍𝔮
𝜁
 in source [13] was defined by 

the following formula: 

𝔍𝔮
𝜁

𝑓(𝑧) = 𝑓(𝑧) ∗  ℛ𝔮,𝜁
−1𝑓(𝑧)

= 𝑧 +  ∑
[𝑘]𝔮!

[𝜁 + 1]𝔮,𝑘−1

 𝑎𝑘𝑧𝑘 .                 (1.11)

∞

𝑘=2

 

The following relations are also true. 

𝔍𝔮
𝜁

𝑓(𝑧) =  𝑧(𝔇𝔮𝑓(𝑧)),           (1.12) 

𝔍𝔮
1𝑓(𝑧) =  𝑓(𝑧).                          (1.13) 

Now we come to the heart of the article, which is defining 

our class as a first step, as follows: 

Definition 1.1: If we determine or prove the conditions , 

𝜁 > −1, 0 <  𝔮 < 1, 𝜒 ∈  ℂ \{0}, 0 <  𝜐 ≤ 1, 𝜙 ≤ 1, in 

the light of this, the function𝑓 ∈  𝔄∗ , is an element of the 

class ℌ𝔮
𝜁

(𝜒, 𝜙, 𝜈) if the following inequality is satisfied: 

|
1

𝜒
(

𝑧𝔇𝔮 (𝔍𝔮
𝜁

𝑓(𝑧))

𝔍𝔮
𝜁

𝑓(𝑧)
−  𝜙)| <  𝜈,                     (1.14) 

and don't forget that 𝑧 is in the open unit disk. 

 

2. DISCUSSION OF THE EMERGING RESULTS 

 In this part of the article, we present and discuss the most 

important results and facts that have been reached and 

proven by first studying the characteristics and 

determining the values of the coefficients in the 

following theorem: 

Theorem 2.1: The function  𝑓, which is formulated in the 

form (1.2), is an element of the distinct class ℌ𝔮
𝜁

(𝜒, 𝜙, 𝜈) 

if and only if the following condition is met: 

∑
([𝑘]𝔮 −  𝜙 +  𝜐|𝜒|) [𝑘]𝔮!

[𝜁 + 1]𝔮,𝑘−1

 𝑎𝑘  ≤   (1 −  𝜙 +  𝜐|𝜒|),

∞

𝑘=2

(2.1) 

 

that's when 𝜁 > −1, 0 <  𝔮 < 1, 𝜒 ∈  ℂ\ {0}, 0 <  𝜐 ≤
1, 𝜙 ≤ 1. 

Proof: The first step to start the proof is to take 𝑓 in the 

defined class ℌ𝔮
𝜁

(𝜒, 𝜙, 𝜈). So 

ℛ𝑒 (
𝑧𝔇𝔮 (𝔍𝔮

𝜁
𝑓(𝑧))

𝔍𝔮
𝜁

𝑓(𝑧)
−  𝜙) >  −𝜐|𝜒|.            (2.2) 

Let's take the quantity on the left side of the previous 

equation and simplify it as follows: 

𝑧𝔇𝔮 (𝔍𝔮
𝜁

𝑓(𝑧))

𝔍𝔮
𝜁

𝑓(𝑧)
=  

𝑧 − ∑ [𝑘]𝔮
[𝑘]𝔮!

[𝜁+1]𝔮,𝑘−1
 𝑎𝑘𝑧𝑘∞

𝑘=2

𝑧 −  ∑
[𝑘]𝔮!

[𝜁+1]𝔮,𝑘−1
 𝑎𝑘𝑧𝑘∞

𝑘=2

 .   (2.3) 

Consequently, 

ℛ𝑒 (

(1 −  𝜙)𝑧 −  ∑ ([𝑘]𝔮 −  𝜙)
[𝑘]𝔮!

[𝜁+1]𝔮,𝑘−1
 𝑎𝑘𝑧𝑘∞

𝑘=2

𝑧 −  ∑
[𝑘]𝔮!

[𝜁+1]𝔮,𝑘−1
 𝑎𝑘𝑧𝑘∞

𝑘=2

)

>  −𝜐|𝜒|.            (2.4) 

Now we give the variable 𝑧 only the real value, i.e. on the 

real axis and approaching one from the left, and thus we 

complete the proof of the first step. 

The second step of the proof is to prove the fact that 

inequality (2.1) is true and we start by taking 
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|
𝑧𝔇𝔮 (𝔍𝔮

𝜁
𝑓(𝑧))

𝔍𝔮
𝜁

𝑓(𝑧)
−  𝜙|

=  |

(1 −  𝜙)𝑧 − ∑ ([𝑘]𝔮 −  𝜙)
[𝑘]𝔮!

[𝜁+1]𝔮,𝑘−1
 𝑎𝑘𝑧𝑘∞

𝑘=2

𝑧 −  ∑
[𝑘]𝔮!

[𝜁+1]𝔮,𝑘−1
 𝑎𝑘𝑧𝑘∞

𝑘=2

| 

≤

(1 −  𝜙 +  𝜐|𝜒|) (1 −  ∑ [𝑘]𝔮
[𝑘]𝔮!

[𝜁+1]𝔮,𝑘−1
 𝑎𝑘

∞
𝑘=2 )

1 − ∑
[𝑘]𝔮!

[𝜁+1]𝔮,𝑘−1
 𝑎𝑘

∞
𝑘=2

≤  1 −  𝜙 +  𝜐|𝜒|.        (2.5)  
Here lies the importance of the maximum modulus 

theorem in its application and obtaining that 𝑓 is an 

element of the distinct class ℌ𝔮
𝜁

(𝜒, 𝜙, 𝜈). 

Thus, we have successfully demonstrated the proof of the 

theorem. 

We note that for the extreme functions in the special class 

ℌ𝔮
𝜁

(𝜒, 𝜙, 𝜈), it can be written in the form: 

𝑓(𝑧) = 𝑧 − 
(1 −  𝜙 +  𝜐|𝜒|) [𝜁 + 1]𝔮,𝑘−1

([𝑘]𝔮 −  𝜙 +  𝜐|𝜒|) [𝑘]𝔮!
 𝑧𝑘 , 𝑘

≥ 2.                 (2.6) 

That is, the theorem is sharp for them, and thus we obtain 

the following clear result. 

Corollary: If we take the function 𝑓, which has the 

formula (1.2), in the special class ℌ𝔮
𝜁

(𝜒, 𝜙, 𝜈), its 

coefficients satisfy the following condition: 

𝑎𝑘 ≤  
(1 −  𝜙 +  𝜐|𝜒|) [𝜁 + 1]𝔮,𝑘−1

([𝑘]𝔮 −  𝜙 +  𝜐|𝜒|) [𝑘]𝔮!
 , 𝑘 ≥ 2 .         (2.7) 

As we have previously noted, the extreme functions 

achieve the equality condition for inequality (2.7). 

Now we come to the main goal of this article, which is to 

define a basic subclass of the class ℌ𝔮
𝜁

(𝜒, 𝜙, 𝜈), by fixing 

a finite number of coefficients of its functions defined in 

the form (1.2), i.e. with a finite number of fixed 

coefficients in the following form: 

Definition 2.3: Let ℌ𝔅𝔮
𝜁

(𝜒, 𝜙, 𝜈, 𝜏𝑚) be a subclass of the 

distinct class ℌ𝔮
𝜁

(𝜒, 𝜙, 𝜈), each of its elements or rather 

its functions, is written in the following form: 

𝑓(𝑧) = 𝑧 − ∑
(1 −  𝜙 +  𝜐|𝜒|) [𝜁 + 1]𝔮,𝑘−1𝜏𝑙

([𝑙]𝔮 −  𝜙 +  𝜐|𝜒|) [𝑙]𝔮!
 𝑧𝑙

𝑚

𝑙=2

− ∑ 𝑎𝑘  𝑧
𝑘

∞

𝑘=𝑚+1

.        (2.8) 

     

The class ℌ𝔅𝔮
𝜁

(𝜒, 𝜙, 𝜈, 𝜏𝑚) is equivalent to the class 

ℌ𝔮
𝜁

(𝜒, 𝜙, 𝜈) when𝜏𝑚 = 1. 

 As we see in sources (Lashin, Badghaish, & Alshehri, 

2024)  (Maran, Juma, & Al-Saphory, 2025) (Al-Saleem, 

2025) (Akyar, 2025) (Al-Hawary, Frasin, & Salah, 2025)  

various classes of univalent functions that have the 

property of negative coefficients and fixing a finite 

number of them have been studied.This is an important 

step in serving the development of geometric field in 

mathematics, the queen of sciences. 

From the series of results, we have the following 

theorem. 

Theorem 2.4: The function 𝑓 of the form (1.2) is an 

element of the class ℌ𝔅𝔮
𝜁

(𝜒, 𝜙, 𝜈, 𝜏𝑚) if and only if the 

following condition is met: 

∑
([𝑘]𝔮 −  𝜙 +  𝜐|𝜒|) [𝑘]𝔮!

[𝜁 + 1]𝔮,𝑘−1

 𝑎𝑘  

∞

𝑘=𝑚+1

≤   (1 −  𝜙 +  𝜐|𝜒|) (1

−  ∑ 𝜏𝑙

𝑚

𝑙=2

).          (2.9) 

Proof: We use the important fact in Theorem 2.1 . In 

addition, we take 

𝑎𝑘 =  
(1 −  𝜙 +  𝜐|𝜒|) [𝜁 + 1]𝔮,𝑘−1𝜏𝑙

([𝑘]𝔮 −  𝜙 +  𝜐|𝜒|) [𝑘]𝔮!
, 𝑘

= 2, 3, … 𝑚             (2.10) 

to arrive at 

∑ 𝜏𝑙

𝑚

𝑙=2

−  ∑
(1 −  𝜙 +  𝜐|𝜒|) [𝜁 + 1]𝔮,𝑘−1

([𝑘]𝔮 −  𝜙 +  𝜐|𝜒|) [𝑘]𝔮!
 𝑎𝑘

∞

𝑘=𝑚+1

≤ 1,          (2.11)  
 which leads us to the proof of the theorem easily and 

simply. 

The result in the inequality (2.9) is strict for a function of 

the form 

𝑓(𝑧)
= 𝑧

−  ∑
(1 −  𝜙 +  𝜐|𝜒|) [𝜁 + 1]𝔮,𝑘−1𝜏𝑙

([𝑙]𝔮 −  𝜙 +  𝜐|𝜒|) [𝑙]𝔮!
 𝑧𝑙

𝑚

𝑙=2

−  
(1 −  𝜙 +  𝜐|𝜒|) [𝜁 + 1]𝔮,𝑘−1(1 − ∑ 𝜏𝑙

𝑚
𝑙=2 )

([𝑘]𝔮 −  𝜙 +  𝜐|𝜒|) [𝑘]𝔮!
 𝑧𝑘, (2.12) 

while the value of 𝑘 starts from 𝑚 + 1 and larger. 

Corollary 2.5: If 𝑓 is an element of the class 

ℌ𝔅𝔮
𝜁

(𝜒, 𝜙, 𝜈, 𝜏𝑚), then its coefficients are met: 

𝑎𝑘

≤  
(1 −  𝜙 +  𝜐|𝜒|) [𝜁 + 1]𝔮,𝑘−1(1 − ∑ 𝜏𝑙

𝑚
𝑙=2 )

([𝑘]𝔮 −  𝜙 +  𝜐|𝜒|) [𝑘]𝔮!
,     (2.13) 

as we mentioned when 𝑘 ≥ 𝑚 + 1. 

Let us pause for a moment and observe and test the 

convexity of the class ℌ𝔅𝔮
𝜁

(𝜒, 𝜙, 𝜈, 𝜏𝑚) by studying and 

applying the convexity theories and thus stating and 

proving the validity and truth of the opposite of the case, 

all within proposal of the following theorem. 
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Theorem 2.6: A function 𝑓 is an element of the class 

ℌ𝔅𝔮
𝜁

(𝜒, 𝜙, 𝜈, 𝜏𝑚) if and only if it can be written in the 

form 

𝑓(𝑧) =  ∑ 𝜂𝑘𝑓𝑘,                                   (2.14)

∞

𝑘=𝑚

 

under the condition 

∑ 𝜂𝑘 = 1,   𝜂𝑘 ≥ 0                                   (2.15)

∞

𝑘=𝑚

 

and take the functions 

𝑓𝑚(𝑧)

= 𝑧 −  ∑
(1 −  𝜙 +  𝜐|𝜒|) [𝜁 + 1]𝔮,𝑙−1𝜏𝑙

([𝑙]𝔮 −  𝜙 +  𝜐|𝜒|) [𝑙]𝔮!
 𝑧𝑙  

𝑚

𝑙=2

 .    (2.16) 

𝑓𝑘(𝑧)
= 𝑧

−  ∑
(1 −  𝜙 +  𝜐|𝜒|) [𝜁 + 1]𝔮,𝑙−1𝜏𝑙

([𝑙]𝔮 −  𝜙 +  𝜐|𝜒|) [𝑙]𝔮!
 𝑧𝑙

𝑚

𝑙=2

−  
(1 −  𝜙 +  𝜐|𝜒|) [𝜁 + 1]𝔮,𝑘−1(1 −  ∑ 𝜏𝑙

𝑚
𝑙=2 )

([𝑘]𝔮 −  𝜙 +  𝜐|𝜒|) [𝑘]𝔮!
 𝑧𝑘,    (2.17) 

for all values of 𝑘 starting from 𝑚 + 1 onwards. 

Proof: First, we prove the first part by taking the function 

𝑓, which can be written as follows: 

𝑓(𝑧) =  ∑ 𝜂𝑘𝑓𝑘.                                   (2.18)

∞

𝑘=𝑚

 

So, in other words, it can be written as 
𝑓(𝑧)
= 𝑧

− ∑
(1 −  𝜙 +  𝜐|𝜒|) [𝜁 + 1]𝔮,𝑘−1𝜏𝑙

([𝑙]𝔮 −  𝜙 +  𝜐|𝜒|) [𝑙]𝔮!
 𝑧𝑙

𝑚

𝑙=2

− ∑
(1 −  𝜙 +  𝜐|𝜒|) [𝜁 + 1]𝔮,𝑘−1(1 −  ∑ 𝜏𝑙

𝑚
𝑙=2 )

([𝑘]𝔮 −  𝜙 +  𝜐|𝜒|) [𝑘]𝔮!

∞

𝑘=𝑚+1

𝑧𝑘  .  (2.19) 

We call Theorem 2.4 and conclude the following 

∑
(1 −  𝜙 +  𝜐|𝜒|) [𝜁 + 1]𝔮,𝑘−1(1 − ∑ 𝜏𝑙

𝑚
𝑙=2 ) 𝜂𝑘

([𝑘]𝔮 −  𝜙 +  𝜐|𝜒|) [𝑘]𝔮!

∞

𝑘=𝑚+1

 

.
([𝑘]𝔮 −  𝜙 +  𝜐|𝜒|) [𝑘]𝔮!

[𝜁 + 1]𝔮,𝑘−1

 

= (1 −  ∑ 𝜏𝑙

𝑚

𝑙=2

) (1 −  𝜙 +  𝜐|𝜒|)(1 − 𝜂𝑚)

≤  (1 − ∑ 𝜏𝑙

𝑚

𝑙=2

) (1 −  𝜙

+  𝜐|𝜒|),        (2.20) 

This  gives us our desired goal, which is the truth that 𝑓 

is an element of the class ℌ𝔅𝔮
𝜁

(𝜒, 𝜙, 𝜈, 𝜏𝑚). 

To complete the proof, we come to the second part and 

take 𝑓 ∈  ℌ𝔅𝔮
𝜁

(𝜒, 𝜙, 𝜈, 𝜏𝑚). Now since we are in 

Corollary 2.6, we proved that: 

𝑎𝑘

≤  
(1 −  𝜙 +  𝜐|𝜒|) [𝜁 + 1]𝔮,𝑘−1(1 − ∑ 𝜏𝑙

𝑚
𝑙=2 )

([𝑘]𝔮 −  𝜙 +  𝜐|𝜒|) [𝑘]𝔮!
,      (2.21) 

when 𝑘 ≥ 𝑚 + 1. 

𝜂𝑘

=  
([𝑘]𝔮 −  𝜙 +  𝜐|𝜒|) [𝑘]𝔮!

(1 −  𝜙 +  𝜐|𝜒|) [𝜁 + 1]𝔮,𝑘−1(1 −  ∑ 𝜏𝑙
𝑚
𝑙=2 )

.      (2.22) 

We also put 

𝜂𝑚 = (1 −  ∑ 𝜂𝑘

∞

𝑘=𝑚+1

). 

Consequently, it can be written 

𝑓(𝑧) =  ∑ 𝜂𝑘𝑓𝑘,   

∞

𝑘=𝑚

 

and once we complete the proof of this part, we have 

completed the proof of the theorem. 

The proof of the previous theorem lies in our ability to 

determine the extreme points of the wonderful class 

ℌ𝔅𝔮
𝜁

(𝜒, 𝜙, 𝜈, 𝜏𝑚) and thus study the properties of these 

distinctive points. In fact , they are the same functions 

shown in equations (2.16}) and (2.17) in the statement of 

the theorem, which we will clearly shown in the 

following result. 

Theorem 2.7: The functions 

𝑓𝑚(𝑧)

= 𝑧 −  ∑
(1 −  𝜙 +  𝜐|𝜒|) [𝜁 + 1]𝔮,𝑙−1𝜏𝑙

([𝑙]𝔮 −  𝜙 +  𝜐|𝜒|) [𝑙]𝔮!
 𝑧𝑙  

𝑚

𝑙=2

 .    (2.23) 

𝑓𝑘(𝑧)
= 𝑧

−  ∑
(1 −  𝜙 +  𝜐|𝜒|) [𝜁 + 1]𝔮,𝑙−1𝜏𝑙

([𝑙]𝔮 −  𝜙 +  𝜐|𝜒|) [𝑙]𝔮!
 𝑧𝑙

𝑚

𝑙=2

−  
(1 −  𝜙 +  𝜐|𝜒|) [𝜁 + 1]𝔮,𝑘−1(1 − ∑ 𝜏𝑙

𝑚
𝑙=2 )

([𝑘]𝔮 −  𝜙 +  𝜐|𝜒|) [𝑘]𝔮!
 𝑧𝑘, (2.24) 

for all values of 𝑘 starting from 𝑚 + 1 onwards, are 

exactly the extreme points of the wonderful class 

ℌ𝔅𝔮
𝜁

(𝜒, 𝜙, 𝜈, 𝜏𝑚). 

I would like to point out that I have noticed through my 

review of previous research that some of them take the 

summation from 𝑚 to ∞ when determining the extreme 

points 𝑓(𝑘), and this is wrong. At first I decided to point 

out some of this research, but I eventually backed down 

and wrote it as note only. 

3. IDENTIFICATION OF Q-STARLIKE AND Q-

CONVEX REGIONS OF ORDER 𝝍(𝟎 ≤  𝝍 < 1) 

FOR THE CHARACTERISTIC CLASS 

𝕳𝕭𝖖
𝜻
(𝝌, 𝝓, 𝝂, 𝝉𝒎) WITHIN THE UNIT DISK 𝓤 

In this part of the article we show the regions where the 

functions of the defined class ℌ𝔅𝔮
𝜁

(𝜒, 𝜙, 𝜈, 𝜏𝑚) are q-

starlike and q-curved in our attempt to derive and 
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determine the radius of these regions shown in the 

following two theorems. 

Theorem 3.1: If we take the function 𝑓 in the class 

ℌ𝔅𝔮
𝜁

(𝜒, 𝜙, 𝜈, 𝜏𝑚), it has a q-starlike property of order 

𝜓(0 ≤  𝜓 < 1) in the disk |𝑧| < 𝔯∗(𝜒, 𝜙, 𝜈, 𝜏𝑚, 𝜓), and 

𝔯∗(𝜒, 𝜙, 𝜈, 𝜏𝑚, 𝜓) is the largest value that satisfies the 

property 

∑([𝑙 − 1]𝔮 +  1 −  𝜓)
(1 −  𝜙 +  𝜐|𝜒|) [𝜁 + 1]𝔮,𝑙−1𝜏𝑙

([𝑙]𝔮 −  𝜙 +  𝜐|𝜒|) [𝑙]𝔮!
 𝔯𝑙−1

𝑚

𝑙=2

+  
(1 −  𝜙 +  𝜐|𝜒|) [𝜁 + 1]𝔮,𝑘−1(1 − ∑ 𝜏𝑙

𝑚
𝑙=2 )([𝑘]𝔮 −  𝜓 + 1)

([𝑘]𝔮 −  𝜙 +  𝜐|𝜒|) [𝑘]𝔮!
 𝔯𝑘−1

≤ 1 −  𝜓.    (3.1) 

The extreme functions is 

𝑓(𝑧)
= 𝑧

−  ∑
(1 −  𝜙 +  𝜐|𝜒|) [𝜁 + 1]𝔮,𝑙−1𝜏𝑙

([𝑙]𝔮 −  𝜙 +  𝜐|𝜒|) [𝑙]𝔮!
 𝑧𝑙

𝑚

𝑙=2

−  
(1 −  𝜙 +  𝜐|𝜒|) [𝜁 + 1]𝔮,𝑘−1(1 −  ∑ 𝜏𝑙

𝑚
𝑙=2 )

([𝑘]𝔮 −  𝜙 +  𝜐|𝜒|) [𝑘]𝔮!
 𝑧𝑘.    (3.2) 

The theorem acquires the limiting property in it. 

Proof: In order for the function 𝑓 ∈  ℌ𝔅𝔮
𝜁

(𝜒, 𝜙, 𝜈, 𝜏𝑚) 

have the q-starlike property of order 𝜓(0 ≤  𝜓 < 1), we 

start by taking the quantity 

|
𝑧𝑓′(𝑧)

𝑓(𝑧)
−  1| 

≤
∑ [𝑙 − 1]𝔮

(1− 𝜙+ 𝜐|𝜒|) [𝜁+1]𝔮,𝑙−1𝜏𝑙

([𝑙]𝔮− 𝜙+ 𝜐|𝜒|) [𝑙]𝔮!
 𝔯𝑘−1𝑚

𝑙=2 +  ∑ [𝑘 − 1]𝔮𝑎𝑘𝔯𝑘−1∞
𝑘=𝑚+1

1 − ∑
(1− 𝜙+ 𝜐|𝜒|) [𝜁+1]𝔮,𝑙−1𝜏𝑙

([𝑙]𝔮− 𝜙+ 𝜐|𝜒|) [𝑙]𝔮!
 𝔯𝑘−1𝑚

𝑙=2 − ∑ 𝑎𝑘𝔯𝑘−1∞
𝑘=𝑚+1

. (3.3) 

It must be 

≤ 1 −  𝜓, 
by setting |𝑧| ≤  𝔯, so we have 

∑([𝑙 − 1]𝔮 +  1 −  𝜓)
(1 −  𝜙 +  𝜐|𝜒|) [𝜁 + 1]𝔮,𝑙−1𝜏𝑙

([𝑙]𝔮 −  𝜙 +  𝜐|𝜒|) [𝑙]𝔮!
 𝔯𝑙−1

𝑚

𝑙=2

+ ∑ ([𝑘 − 1]𝔮 −  𝜓 + 1)𝑎𝑘𝔯𝑘−1

∞

𝑘=𝑚+1

≤ 1 −  𝜓.    (3.4) 

By referring to Theorem 2.4, we have the important fact 

𝑎𝑘

=  
(1 −  𝜙 +  𝜐|𝜒|) [𝜁 + 1]𝔮,𝑘−1(1 −  ∑ 𝜏𝑙

𝑚
𝑙=2 )𝜂𝑘

([𝑘]𝔮 −  𝜙 +  𝜐|𝜒|) [𝑘]𝔮!
,      (3.5) 

that's when 𝜂𝑘 ≥ 0, ∑ 𝜂𝑘
∞
𝑘=3 ≤ 1, 𝑘 ≥ 3. 

We determine the value of 𝑘∗ =  𝑘∗(𝔯) so that the 

quantity 

(1 −  𝜙 +  𝜐|𝜒|) [𝜁 + 1]𝔮,𝑘∗−1([𝑘∗]𝔮 −  𝜓 + 1)

([𝑘∗]𝔮 −  𝜙 +  𝜐|𝜒|) [𝑘∗]𝔮!
 𝔯𝑘∗−1, (3.6) 

has its highest value by fixing the value of 𝔯 in it. 

After that we have 

 ∑ ([𝑘 − 1]𝔮 −  𝜓 + 1)𝑎𝑘𝔯𝑘−1

∞

𝑘=𝑚+1

≤
(1 −  𝜙 +  𝜐|𝜒|) [𝜁 + 1]𝔮,𝑘−1(1 − ∑ 𝜏𝑙

𝑚
𝑙=2 )([𝑘∗]𝔮 −  𝜓 + 1)

([𝑘∗]𝔮 −  𝜙 +  𝜐|𝜒|) [𝑘∗]𝔮!
 𝔯𝑘∗−1. 

 (3.7) 
Finally, we have determined the region where the 

functions in the class ℌ𝔅𝔮
𝜁

(𝜒, 𝜙, 𝜈, 𝜏𝑚) are q-starlike of 

order 𝜓(0 ≤  𝜓 < 1) which is |𝑧| < 𝑟 (𝜒, 𝜙, 𝜈, 𝜏𝑚, 𝜓), 

provided that 

∑([𝑙 − 1]𝔮 +  1 −  𝜓)
(1 −  𝜙 +  𝜐|𝜒|) [𝜁 + 1]𝔮,𝑙−1𝜏𝑙

([𝑙]𝔮 −  𝜙 +  𝜐|𝜒|) [𝑙]𝔮!
 𝔯𝑙−1

𝑚

𝑙=2

+  
(1 −  𝜙 +  𝜐|𝜒|) [𝜁 + 1]𝔮,𝑘∗−1(1 − ∑ 𝜏𝑙

𝑚
𝑙=2 )([𝑘∗]𝔮 −  𝜓 + 1)

([𝑘∗]𝔮 −  𝜙 +  𝜐|𝜒|) [𝑘∗]𝔮!
 𝔯𝑘∗−1

≤ 1 −  𝜓.    (3.8) 

We can now determine the value of 𝔯∗ =
𝔯∗(𝜒, 𝜙, 𝜈, 𝜏𝑚, 𝜓) and the value of 𝑘∗(𝔯∗) associated with 

it by 

∑ ([𝑙 − 1]𝔮 +  1 −  𝜓)
(1− 𝜙+ 𝜐|𝜒|) [𝜁+1]𝔮,𝑙−1𝜏𝑙

([𝑙]𝔮− 𝜙+ 𝜐|𝜒|) [𝑙]𝔮!
 𝔯∗𝑙−1 +𝑚

𝑙=2

 
(1− 𝜙+ 𝜐|𝜒|) [𝜁+1]𝔮,𝑘∗−1(1− ∑ 𝜏𝑙

𝑚
𝑙=2 )([𝑘∗]𝔮− 𝜓+1)

([𝑘∗]𝔮− 𝜙+ 𝜐|𝜒|) [𝑘∗]𝔮!
 𝔯∗𝑘∗−1 ≤ 1 −

 𝜓.    (3.9)  

Which is the q-starlike radius of the functions in the class 

ℌ𝔅𝔮
𝜁

(𝜒, 𝜙, 𝜈, 𝜏𝑚). 

Since the concepts of 𝜓-starlike and 𝜓-curvature radii are 

related to each other.As  we have found or defined the 

first, it is natural to think about defining the region of the 

𝜓 -curvature in the unit disk 𝒰 for the functions in our 

special class ℌ𝔅𝔮
𝜁

(𝜒, 𝜙, 𝜈, 𝜏𝑚) by proposing the 

following theorem: 

Theorem 3.2: If we take the function 𝑓 in the class 

ℌ𝔅𝔮
𝜁

(𝜒, 𝜙, 𝜈, 𝜏𝑚), it has a q-convex property of order 

𝜓(0 ≤  𝜓 < 1) in the disk  |𝑧| < 𝔯∗∗(𝜒, 𝜙, 𝜈, 𝜏𝑚, 𝜓), and 

𝔯∗∗(𝜒, 𝜙, 𝜈, 𝜏𝑚, 𝜓) is the largest value that satisfies the 

property 

∑[𝑙]𝔮([𝑙 − 1]𝔮 +  1 −  𝜓)
(1 −  𝜙 +  𝜐|𝜒|) [𝜁 + 1]𝔮,𝑙−1𝜏𝑙

([𝑙]𝔮 −  𝜙 +  𝜐|𝜒|) [𝑙]𝔮!
 𝔯𝑙−1

𝑚

𝑙=2

+  
(1 −  𝜙 +  𝜐|𝜒|) [𝜁 + 1]𝔮,𝑘−1(1 − ∑ 𝜏𝑙

𝑚
𝑙=2 )([𝑘]𝔮 −  𝜓 + 1)

([𝑘]𝔮 −  𝜙 +  𝜐|𝜒|) [𝑘]𝔮!
 𝔯𝑘−1

≤ 1 −  𝜓.    (3.10) 

The extreme functions is 

𝑓(𝑧)
= 𝑧

−  ∑
(1 −  𝜙 +  𝜐|𝜒|) [𝜁 + 1]𝔮,𝑙−1𝜏𝑙

([𝑙]𝔮 −  𝜙 +  𝜐|𝜒|) [𝑙]𝔮!
 𝑧𝑙

𝑚

𝑙=2

−  
(1 −  𝜙 +  𝜐|𝜒|) [𝜁 + 1]𝔮,𝑘−1(1 − ∑ 𝜏𝑙

𝑚
𝑙=2 )

([𝑘]𝔮 −  𝜙 +  𝜐|𝜒|) [𝑘]𝔮!
 𝑧𝑘. (3.11) 

The theorem acquires the limiting property  

Proof: To prove the theorem, we take 

|
𝑧𝑓′′(𝑧)

𝑓′(𝑧)
| ≤ 

[∑[𝑙]𝔮([𝑙 − 1]𝔮 +  1 −  𝜓)
(1 −  𝜙 +  𝜐|𝜒|) [𝜁 + 1]𝔮,𝑙−1𝜏𝑙

([𝑙]𝔮 −  𝜙 +  𝜐|𝜒|) [𝑙]𝔮!
 𝔯𝑘−1

𝑚

𝑙=2

+  ∑ [𝑘]𝔮[𝑘 − 1]𝔮𝑎𝑘𝔯𝑘−1

∞

𝑘=𝑚+1

] / 
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[1 −  ∑[𝑙]𝔮

(1 −  𝜙 +  𝜐|𝜒|) [𝜁 + 1]𝔮,𝑙−1𝜏𝑙

([𝑙]𝔮 −  𝜙 +  𝜐|𝜒|) [𝑙]𝔮!
 𝔯𝑘−1

𝑚

𝑙=2

− ∑ [𝑘]𝔮𝑎𝑘𝔯𝑘−1

∞

𝑘=𝑚+1

] . ( 3.12) 

∑[𝑙]𝔮([𝑙 − 1]𝔮 +  1

𝑚

𝑙=2

−  𝜓)
(1 −  𝜙 +  𝜐|𝜒|) [𝜁 + 1]𝔮,𝑙−1𝜏𝑙

([𝑙]𝔮 −  𝜙 +  𝜐|𝜒|) [𝑙]𝔮!
 𝔯𝑙−1

+ ∑ [𝑘]𝔮([𝑘 − 1]𝔮 −  𝜓 + 1)𝑎𝑘𝔯𝑘−1

∞

𝑘=𝑚+1

≤ 1 −  𝜓.    (3.13) 

We determine the value of 𝑘∗ =  𝑘∗(𝔯) so that the 

quantity 

(1 −  𝜙 +  𝜐|𝜒|) [𝜁 + 1]𝔮,𝑘∗−1([𝑘∗]𝔮 −  𝜓 + 1)

([𝑘∗]𝔮 −  𝜙 +  𝜐|𝜒|) [𝑘∗]𝔮!
 𝔯𝑘∗−1, (3.14) 

has its highest value by fixing the value of 𝔯 in it. 

After that we have 

 ∑ [𝑘]𝔮([𝑘 − 1]𝔮 −  𝜓 + 1)𝑎𝑘𝔯𝑘−1

∞

𝑘=𝑚+1

≤
(1 −  𝜙 +  𝜐|𝜒|) [𝜁 + 1]𝔮,𝑘−1(1 − ∑ 𝜏𝑙

𝑚
𝑙=2 )([𝑘∗]𝔮 −  𝜓 + 1)

([𝑘∗]𝔮 −  𝜙 +  𝜐|𝜒|) [𝑘∗]𝔮!
 𝔯𝑘∗−1.  

 (3.15) 
Finally, we have determined the region where the 

functions in the class ℌ𝔅𝔮
𝜁

(𝜒, 𝜙, 𝜈, 𝜏𝑚) are q-convex of 

order 𝜓(0 ≤  𝜓 < 1) which is |𝑧| < 𝑟 (𝜒, 𝜙, 𝜈, 𝜏𝑚, 𝜓), 

provided that 

∑[𝑙]𝔮([𝑙 − 1]𝔮 +  1 −  𝜓)
(1 −  𝜙 +  𝜐|𝜒|) [𝜁 + 1]𝔮,𝑙−1𝜏𝑙

([𝑙]𝔮 −  𝜙 +  𝜐|𝜒|) [𝑙]𝔮!
 𝔯𝑙−1

𝑚

𝑙=2

+  
(1 −  𝜙 +  𝜐|𝜒|) [𝜁 + 1]𝔮,𝑘∗−1(1 − ∑ 𝜏𝑙

𝑚
𝑙=2 )([𝑘∗]𝔮 −  𝜓 + 1)

([𝑘∗]𝔮 −  𝜙 +  𝜐|𝜒|) [𝑘∗]𝔮!
 𝔯𝑘∗−1

≤ 1 −  𝜓.    (3.16) 

We can now determine the value of 𝔯∗∗ =
𝔯∗∗(𝜒, 𝜙, 𝜈, 𝜏𝑚, 𝜓) and the value of 𝑘∗(𝔯∗∗) associated 

with it by 

∑ [𝑙]𝔮([𝑙 − 1]𝔮 +  1 −  𝜓)
(1− 𝜙+ 𝜐|𝜒|) [𝜁+1]𝔮,𝑙−1𝜏𝑙

([𝑙]𝔮− 𝜙+ 𝜐|𝜒|) [𝑙]𝔮!
 𝔯∗∗𝑙−1 +𝑚

𝑙=2

 
(1− 𝜙+ 𝜐|𝜒|) [𝜁+1]𝔮,𝑘∗−1(1− ∑ 𝜏𝑙

𝑚
𝑙=2 )([𝑘∗]𝔮− 𝜓+1)

([𝑘∗]𝔮− 𝜙+ 𝜐|𝜒|) [𝑘∗]𝔮!
 𝔯∗∗𝑘∗−1 ≤ 1 −

 𝜓,    (3.17)  

which is the q-convex radius of the functions in the class 

ℌ𝔅𝔮
𝜁

(𝜒, 𝜙, 𝜈, 𝜏𝑚). 

 

4. CONCLUSION 

Using the q-integral operator that implicitly contain the 

q-Ruscheweyh derivative, a new class of analytic 

univalent functions has been defined.They are  

distinguished by some of their finite negative invariant 

coefficients, and their most interesting fundumental 

geometric properties have been studied. In the future, the 

study of geometric properties can be extended to include 

other interesting properties. Researchers can also draw 

inspiration from this work to study other distinct classes, 

serving the field of geometry and complex analysis. The 

results we have reached can also be studied and analyzed 

on classes of multivalent functions. 
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