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1. Introduction
The soft set theory introduced by Molodtsov in 1999 [2], this theory has been studied by mathematicians in

different ways such as algebraic, topological and categorical [1, 3, 6, 8, 10, 12]. On the other hand, there are some concepts
that are interdisciplinary, the action is one of the such concepts and it has a great important in mathematics and physics
[5, 13]. It is an integral part of the theory of group and dynamical systems which represent a mathematical equation class
that defines time-based systems with specific properties [4, 11]. Furthermore, the theory of dynamical systems,
a mathematical theory such as soft set theory, is directly related to the developments in the understanding of complex and
nonlinear systems of physics and mathematics [7, 9].

In this study, soft action is defined and studied as a new concept. Examples of this concept is given and some
important properties are presented. Some concepts related to the action such as stabilizers, centralizers and normalizers
are defined in the soft approach. Finally, the concept of cartan soft group space is introduced and some relations between

it and the soft group space are investigated .

2. Notations and Basic Definitions
This section contained the basic definitions, propositions that are needed through this work.

Definition (2.1)[15]
Let G be a group, E be a set of parameters, a soft set (H, E) is called a soft group over G if H(w) < G (i.e
H(w) is a subgroup of G) forall w € E.

Definition (2.2)[14]
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Let (G, u, T) be a topological group and (F, E) be a non-null soft set over G, then (G, T, F, E) is called a soft
topological group (Stg) over G if:

i) F(w) < Gforallw € E.

it) The mapping u,(x,%) = xy of the topological space F(w) X F(w) onto F(w) and the inversion

Yo: F(0) = F(w) , Y, (x) = x~1 are continuous for all w € E.

Example (2.3)

Let G = S3 = {eg, (12),(13),(23),(123),(132)} is the group of permutations on S = {1,2,3} and T be a
topology on G with bases 8 = {{eg}, {(12)},{(123)},{(132)}}, £ = {w;, w,, w3} and(F,E) be a soft set,
where F(w;) = {eg}, F(wy) = {eg, (12)}, F(w3) = {eg, (123),(132)}, then (G, T, F, E) is Stg.

Definition (2.4)
A Stg (G, T, F,E) is called soft compact if (F (w), Tr(w)) are compact spaces for all w € E.

Example (2.5)
Let G = (Z,, +,) with discrete topology T, E = {w;,w,} and (F,E) be a soft set where F(w;) =
{0}, F(wy) = Z,. Then (G, T, F, E) is a compact Stg.

Definition (2.6)[14]

Let (G, T, F,E) be a Stg and let (X, T, E) be a soft topological space (briefly Sts). A soft action of (G,T,F, E)
on (X,T, E) is a continuous map ¢,,: F (w) X X(w) = X(w) for all w € E such that:

(i) ¢, (eg, x) = x forall x € X(w).

(ii) 90 (9, P (g %)) = 9o, (gg * *) , forall g, g +€ F(w) and x € X(w).
The Sts (X, T, E) is called ""Soft Group space" which is denoted by (SG-space).

Example (2.7)
Let (G, T, F, E) be a Stg, then every Sts (X, T, E) is SG-space, where ¢,,: F(w) X X(w) > X(w) defined by
00(9,9%) = gg *, forallw € E.

Definition (2.8)[14]

Let (X,T, E) be a SG-space, then for allx € X(w) the set Orb,,(x) = {¢,(g,%):g € F(w)} forall w € E is
called the soft Orbit of x.

Definition (2.9)[14]



Al-Qadisiyah Journal of Pure Science Vol. (28) Issue (1) (2023)

Let (X,T,E) be a SG -space, then the set Stab,,(x) = {g € F(w): ¢, (g, x) = x} for all w € E is called the

soft stabilizer of x.

Definition (2.10)[14]
Let (X,T,E) be a SG -space, then the soft kernel of the soft action ¢, is defined by Kergp, ={g €
F(w):¢,(g,x) =« forall x € X(w)}and w € E.

Proposition (2.11)

Let (X,T, E) be a SG-space, if X be a Hausdorff space, then for all w € E:

i) Kerg,,is a closed normal subgroup of F(w).

ii) Stab,,(x) is a closed subgroup of F(w) , for all x € X(w).

proof:

i) It is clear that Ker¢,, is a normal subgroup of F(w) forall w € E

Now let g € cl(Kerg,), then there is anet {gg}genin Kerg,, suchthat gg — g, then ¢, (gp, %) = ¢, (g, *)
for all x € X(w), but gg € Kerg,,, then ¢, (gg, x) = x, for all x € X(w).

Then g € Kerg,,.Hence Ker, ¢ is closed.

ii) It is clear that Stab,, (x) < F(w), for all x € X (w).

Let g € cl(Stab,(x)), then there is a net {gg}gen in Stab,,(x) such that gg — g.
But ¢, (gp, %) = x & 90 (9p, %) = Pu (9, %)

Since X (w) is a Hausdorff Space, then ¢, (g, x) = x

So g € Stab,,(x).Thus Stab,(x) is closed set.

Definition (2.12)
Let (X,T,E) be a SG-space. A subset M of X(w) is said to be thin relative to a subset N of X(w) if the set
((M,N)) ={g € F(w): ¢,(g, M) N N # @} has a neighborhood whose closure is compact set in F (w) for all

w € E.If M is thin relative itself, then it is called thin.

Remarks (2.13)

Let (X,T,E) be a SG-Space, then:

(i) Since ¢, (g, M) NN = ¢, (g,M N e, (g_l,N)), then if M relative to N, then N is relative to M.

(ii) Since @, (g, P (g1, M) N @ (g2, N) = 0 (g2 90 (951991, M) N N) , it follows that if M and
N relatively thin, then so any translates ¢,,(g;, M) and ¢, (g2, N).

(iii) If M and N are relatively thin and M' € M, N' € N, then M' and N' are relatively thin. In particular a
subset of a thin set is thin.

(iv) If M, N be compact subsets of X(w), then ((M, N)) is closed in F(w)
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(v) If M, N are compact subsets of X(w), then ((M, N)) is compact in F (w).

Theorem (2.14)

Let (X, T, E) be a Hausdorff SG-Space and M, N are compact subset of X (w), then for all w € E:
(i) ((M, N)) is closed subset of F(w).

(ii) ((M,N)) is compact when M and N are relatively thin.

Proof:

(1) Let h € cl((M, N)), then there is a net {gg}geq in (M, N)) such that gg - h.

Since gg € ((M, N)), then there is a net {ag}geq in M which is compact such that ¢, (gg, ag) € N.

Since Mand N are compact and X (w) is Hausdorff space, then there are m € M, n € N such thatag - m

and ¢, (gp,ag) = n.

Since gg = h, 9, (9p, ag) = ¢, (h,m).

Since X (w) is Hausdorff space, then ¢,, (h, m) = n, thus ¢, (h, M) N N + @.
Then h € (M, N)).Thus ((M, N)) is closed set.

(i) Let {gp}pen be anetin ((M, N))

Since ((M, N)) is closed from(i), then there is h € cl((M, N)) such that gg — h.

Then every net in (M, N)) has a subnet (say itself) convergent to h.Therefore ((M, N)) is compact.

3. Cartan Soft Group Space

In this section we introduce a new concept namely cartan soft group space and introduce some results
about it.
Definition (3.1)
A SG-Space (X,T,E) is called Cartan soft group space (CSG-space) if every point in X(w) has a thin
neighborhood, for all w € E.

Example (3.2)
Let G = (R\{0},.) with usual topology, £ = {w;, w,}and let (F, E) be a soft set over G such that F(w,) =
F(wy) = R\{0}. Let (X,I,E) be a sts such that X(w;) = X(w,) = R?. If we define P, = Po, =

0w R\{0} X RZ > R? by @, (1, (x,4)) = (rx,4) for all w € E, then (X,T,E) isn’t CSG —space because
(0,0) € R? has no thin neighborhood.

Theorem (3.3)
A SG-space X is CSG —space if (G, T, F, E) is soft compact.

Proof:
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Let x € X(w) and M is a neighborhood of x, then ((M,M)) has a neighborhood F(w) whose closure is
compact, hence (X, T, E) is CSG-space.

Theorem (3.4)

If (X, T, E) be a CSG-spac, then for all w € E:
(i) Orb, (x) is closed

(ii) Stab,,(x) is compact

Proof:

(1) Let ¢ € cl(0Orb,,(x)), then there is a net {yg}gen in OTby, (x) such that yg — 4.

Since (X,T,E) be a CSG-space, then has a thin neighborhood M

Since yg € Orb,, (x), then there is a net {gB}BEQ in F (w) such that Vg = Qo (g,;,x) forall § € Q.
Then {¢,, (gﬁ,x)}ﬂeﬂ is a net in M where ¢, (g,;,x) -y

There is By € 2 and ¢, (9p 9z, Pw(9p, X)) = 9w (gp, X)

Thus {gp gl}[)l} € ((M, M)), hence the net {gg ggol} has a convergent subnet (say itself).

Then there is g € F(w) such that g,;g[}()l — g, hence gg = ggp,-

Then ¢, (gp,X) = ©u(99gp, X) and @, (ggp,, X) = 4, s0 4 € Orb,,(x). Thus Orb,(x) is closed set.
(ii) Let x € X(w), then there is a compact thin neighborhood N of x

Since Stab,, (x) is closed in F(w) by (2.11), and since Stab,, (x) € ((N, N)) which is compact by theorem
(2.14), hence Stab,, is compact.

Theorem (3.5)
Let (X,T,E) be a CSG-space, let (H, E) be a soft closed subgroup of (F,E) over G, and let Y be an open

(closed) subspace of X (w) which is an invariant under H(w). Then Yis cartan H-space.

The proof is trivial.

Corollary (3.6)

Let (X, T, E) be a CSG-Space, and let Y be an open (closed) subspace of X(w) which is an invariant under
F(w), then Y is cartan G-space.

Corollary (3.7)

Let (X,T,E) bea CSG-Space, and let (H, E) be a soft closed subgroup of (F, E) over G, then X (w) is cartan
soft H-space.

Definition (3.8)
Let (X, T, E) be a CSG-space, for any point x € X(w), then for all w € E:
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(1) Jo(x) = {y € X(w): there is a net {gg}pen in F(w) and there is a net {xg}pen in X(w) with gg —
o and yg — x such that ¢, (gp, xp) = ¢} is called first soft prolongation limit set of X(w).

(ii) Ay (x) = {y € X(w): there is anet {gg}pe, in F(w) with gg — oo such that ¢, (gg, x) = ¢} is called
soft limit set of X (w).

It is clear that the set A, (x) is a subset of J,(x) forall w € E.

Example (3.9)

Let G = (R,.) with discrete space, E = {w;,w,} and let (F,E) be a soft set over G, such that F(w;) =
F(wy) = X(wq1) = X(wz) = R, if we defined ¢,,, = ¢y, = ¢, F(w) X F(w) - F(w) by ¢,(9,h) = g.h
for all w € E, then (X, T, E) is a SG-space and A, (x) = Ay, (x) = {0}, Jo, (%) = Jo, (x) = {0}.

Example (3.10)

Let G = (Z, +)with discrete topology T, E = {w;, w,} . Let (F, E) be a soft set over G, such that F(w;) =
F(wy) =Z, let (X,T,E) be a soft topological space over Rsuch that X(w;) = X(w,) = R\{0}. Define
Pw,Z X R = Rby @4, (g,%x) = x, for allx € X(w;). And ¢,,:Z X R > R by ¢,,(g,x) = g + x, for all
x € X(w,). Then (X, T, E) is SG-space such that Ay, (x) =Ju,(x) = {x},and A, = ],,(x) = 0.

Theorem (3.11)

Let (X,T, E) be a SG-space, then for all x € X(w) and forall w € E:
(i) A, (x) is an invariant set under F (w).

(ii) Orb, (x) is closed iff A, (x) S Orb, (x).

(iii) If x & A, (x), then Stab,,(x) is compact.

(iv) Ay, (x) is closed set.

(v) cl(Orb,(x)) = Orb,(x) U A, (x).

(1) 90 (9, Aey(X)) = Ay (0(9, X)) = Ay (X).

Proof:

(i) Let ¢ € A, (x) and g € F(w),then there is a net {gﬁ} in F(w) with gg — oo such that ¢, (gg, x) = ¢.
It is clear that {ggg}geqn is a netin F(w) with ggg — o

By continuity of ¢,,, we have ¢, (g, 9, (9, %)) = 0o (9, %)-

Thus ¢, (99, %) = P (g, 4). Hence ¢, (g, %) € 4, (x), but (g, %) € F (A, (%))
Then F(A,(x)) = Ay, (x). Therefore A, (x) is an invariant set under F (w).

(it) Suppose Orb,,(x) is closed and let ¢ € A, (x)

Then there is a net {gg}pen in F(w) with gg — oo such that ¢, (g, x) > ¢

But ¢, (gp, x) € Orb,,(x), then ¢ € Cl(Orbw (x)) = 0rb,(x). Therefore A, (x) S Orb,(x).
6
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Conversely

Suppose that A, (x) < Orb,,(x) and let ¢ € CL(Orb,,(x)), then there is a net {yg}gen in OTb,, (x) such that
Ygp 2 Y.

Then yg = ¢, (gp, x) = ¢ for some net {gp}pep in F(w).Hence either gg > o or gg = g

If gg — o, then ¢ € A, (x). Hence Orb,(x) is closed

If gg — g, then ¢, (9, %) = ¢, (g, %) = y. Therefore Orb,,(x) is closed.

(iii) Let x € A, (x), suppose that Stab,,(x) isn’t compact

Then there is a net {gﬂ} in Stab,, (x) such that gg — o0

Since ¢4, (gp, x) = x forall B € 0. Then ¢, (gp, x) = x which is contradiction

Thus Stab,, (x) is compact.

(iv) Let ¢ € cl(A,(x)), then there is a net {yg}geq in A, (X) such that yg — ¢ Then for all B € (2, there is

anet {g5}sem, in F(w) with g5 — o0 and ¢,,(g5,%) - ¥p
Then there is a subnet {gfj}gieMﬁ such that ¢, (ggi", xX) >y

Now either ggii — 00 or ggii ->g

Ifgaii — oo, then ¢ € A, (x).

If g5 — g, then (pw(ggii,x) - @, (g,%x) =y, hence y € A, (x)

Therefore A, (x) is closed for all w € E.

(v) If Orb,, (x) is closed, then cl(Orb, (x)) = Orb,(x)

Hence cl(0Orb,(x)) = A, (x) U Orb,(x) from(ii).

If Orb,,(x) isn’t closed, let ¢ & Orb,,(x) and ¢ € A, (x), then there is a net {gg}gen in F(w) with gg >
such that ¢, (gg, x) = %

Since {ggp}pen is anetin F(w) with ggg — 0, 50 ¢4, (ggp, x) = 0, (9, %)

That is ¢, (g9, %) € 4,(x), but ¢, (g,4) € Orb,(x)

Then 4, (x) € Orb,(x), therefore by (ii) Orb,(x) is closed. Hence cl(Orb,,(x)) = Orb,(x) U A, (x).

(vi) clear.

Theorem (3.12)

Let (X,T,E) be a SG-space, x € X(w), then for all w € E:
(i) J,,(x) is an invariant under F(w).

(ii) J» (x) is closed set.

(ii)y € J,(x) iff x € ], (»).

(V) 90 (9]0 (X)) = Jo (@90 (g, %)) = Jo ().
Proof:
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(1) Let ¢ € J,(x) and g € F(w), then there are nets {gg}gen in F(w) with gg = wand {xp}gecn in X(w)
with {¥g} — x such that ¢, (g, xg) = ¥

It is clear that {ggpg}gepn is a netin F(w) with ggg — o

Thus ¢, (99, Xp) = Pw(g, %), then ¢, (g, %) € J,(X)

But ¢, (9, %) € F(Jo (%)), then F(J,(x)) = Jo (%)

(i) Let ¢ € cl(J,(x)), then there is a net {yg}ge in J,,(x) such that yg—.

Then there is a net {gf}(gEMﬁin F(w) with gg — o and yg — x such that ¢, (gg,)(,;) - ¥g.

Then there is a diagonal subnet { ggii}(gie m such that @, (ggi‘, xXp) = Y-

Now either g 5; — 00 or ggii g

If ggii — o, then ¢ € [, (x), thus J,, (x) is closed.

Ifga; - g, then ¢, (ggii’)(ﬁi) - 9,(9,xp,) = ¢ Hence ¢ € ], (x), therefore J, (x) is closed.

(iii) Let ¢ € J,,(x), then there are nets {gg}gen in F(w) and {xg}pep in X(w) with gg — oo and {5} — x
such that ¢, (gg, Xp) = %

If we put 0, (gp, Xp) =Yg > ¥

Since gEl — oo and (pw(ggl,yﬁ) - x,thenx € ], (¢).

The converse is similar

(iv) Is clear.

Theorem (3.13)

Let (X,T,E) be a SG-space, x € X(w), then for all w € E:

(i) If (X, T, E)is discrete, then A,,(x) = J,(x), forall x € X(w).
(i) If x € J,(x), then ¢ € ], (») for all ¢ € Orb,(x).

(iii) If y € A, (x), then ¢ € J,,(») for some ¢ € X(w).

(iv) If x € ], (x), then A, (x) = @ for all x € X(w).

Proof:

(i) Clear

(ii) Let x € J,(x) and ¢ € Orb,(x)

Since J,,(x) is an invariant, then ¢ € ], (x) for all ¢ € Orb,(x)
Then x € J,,(¢), but J, (%) is an invariant

Then y € J,(¢).
(iii) let ¢ € A, (x), then there is a net {gg}gepn in F(w) with gg — oo such that ¢, (gg, x)— 4.

Putyg = ¢, (95, %) > ¢
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Since gEl — oo and since ¢@,, (gl}l,y,;) =@, (gEl, Vo (gp X)) = x
Then x € J,(¢)

Since ], (#) is an invariant, then ¢, (gp, x) € J,, ().

Since ¢, (gp, x) = ¢ and ], (¢) is closed, then ¢ € ], (¢).

(iv) Letx & ], (x) for all x € X(w)

Ify € A,(x), then ¢ € ], (¢) from (iii) and it is contradiction
Thus A, (x) = @ for all x € X(w).

Theorem (3.14)

Let (X,T, E) be a SG-space, if A,,(x) = @ for all x € X(w), then Orb,,(x) isn’t compact for all w € E.
Proof:

Suppose that Orb,,(x) is compact

Let {gp}pen be anetin F(w) with gg — o0

Since {¢,,(9p,X)}peq is a net in Orb,,(x) which is compact, then {¢,,(gp, x)}gen has a subnet (say itself)
which is convergent to ¢ for some ¢ € X(w).Thus ¢ € A, (x), this is contradiction.

Then Orb,,(x) isn’t compact.

Theorem (3.15)

Let (X,T, E) be a CSG-space, then A, (x) = @ for all x € X(w).

Proof:

Suppose A, (x) # @, then there is a point ¢ € X(w) such that ¢ € A4, (x).

Then there is a net {gg}pen in F(w) with gg — oo such that ¢, (g, x) > ¢

Let U be a compact thin neighborhood of ¢, then there is B, € (2 such that ¢, (g, x) € U forall B = fB,, we
get 0o (995, 9py X) = Pw(gp.X) EU.

Thus gﬁg[;ol € ((U,U)) which is compact

Hence the net {(gp ggol)} pen has a convergent subnet (say itself), that is there is g € F(w) such that gg ggol -

g, this contradiction. Then ¢ & A, (x). Hence A, (x) = 0.

Theorem (3.16)

Let (X, T, E) be a CSG-space, and x € X(w). If x € ], (x), then x has no thin neighborhood.
Proof:

Let x € J,(x) and suppose that x has a thin neighborhood

Then there is a compact neighborhood U of x such that ((U, U)) has a compact closure.

Since x € ], (x), then there are nets {gg}gen in F(w) with gg — coand {xg}ge, in X(w) with yg — x such

that ¢, (9, xg) = x
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Since U is a neighborhood of x, then there is B, € £ such that xg, ¢, (gp, xg) € U for all § = .
So gg € ((U,V)) forall B = B, which is compact closure, therefore the net {gg}ge, has convergent subnet.

This is contradiction.

Theorem (3.17)
Let (I, f,,) be a morphism from SG-space (X,T, E) into SG-space (X’, E',f") such that f,,: X(w) = X'(w) be
homeomorphism for all w € E. If (X,T,E) is CSG-space, then so is (X’, E‘,f‘).
Proof:
Let ¢ € X'(w), since f,, is homeomorphism for all w € E, then there is x € X(w) such that £, (x) = ».
Since (X, T, E) is CSG-space, then x has a thin neighborhood M.
Since f;, is homeomorphism, then f,(M) is neighborhood of ¢ in X' (w).
Since f,, is an injective and equivariant function for all w € E, then:
g € (M, M) © ¢u(g:M)NM #0
© 90 (9 fo(M)) N fo,(M) # @
< g € ((fo(M), fu(M)))
Then (M, M)) = ((fo (M), foo(M)))
Since ((M, M)) has compact closure, then so is ((f,,(M), f,,(M))).
Then (X', E,I") is CSG-space.
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