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This paper investigates a novel triple complex integral transform, highlighting its
properties and its applications to functional, integral, and partial differential equations.
Several fundamental theorems describing the general characteristics of the triple complex
integral transform are formulated and rigorously proved. The concept of convolution
associated with the transform is also examined, its properties are established, and a
detailed proof of the convolution theorem is presented. Integral transformations are
regarded as one of the most important methods for solving partial differential equations,
as they often simplify both the solution procedure and the underlying mathematical
operations. In particular, higher-order partial differential equations admit simpler
solutions in the framework of integral transforms. The triple complex transform
considered in this work (Complex Sadik triple integral transform) is likewise shown,
through illustrative examples, to yield simpler solution steps compared with previous
methods. The central objective of this study is to develop the triple complex integral
transform as an effective tool for solving initial and boundary value problems in applied
mathematics and mathematical physics.
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1 INTRODUCTION

ntegral transforms have long demonstrated their ability
to address highly complex problems by providing ac-
curate solutions through relatively simple steps, and they
have achieved many successes in practical applications 1 o © .
across various scientific fields [1-5]. Among the most HOE Py / e/ {/ g(B)e '/xﬁdﬁ} dx
important of these transforms is the Laplace transform, o o

representation of a non-periodic function g(y) for all real
values of y, which is now universally recognized as the
Fourier integral theorem.

which has been highly successful in mathematical analysis
and in solving linear and integral differential equations.
Its basic concepts were introduced by Laplace through
his studies of probability theory and celestial mechanics,
leading to results that helped make this transform one of
the most widely used in mathematics. Fourier, working on
the theory of heat analysis, developed the modern theory
of heat conduction and introduced the Fourier series,
which have been applied in many scientific disciplines as
well as in engineering. His work also led to the integral

In addition, throughout the nineteenth and twentieth
centuries, Fourier’s theorem was regarded as a corner-
stone of mathematical analysis, and both Kelvin and Peter
Guthrie Tait noted that it addressed some of the most
important problems in contemporary physics. It is worth
noting that Fourier developed the concepts of the Fourier
transform and its inverse through the Fourier integral
theorem, and these ideas were already familiar to Laplace;
in fact, the Laplace transform can be viewed as a special
case of the Fourier transform. A. L. Cauchy contributed
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to the development of several basic concepts in the theory
of Fourier transforms, while S. D. Poisson applied the
Fourier transform in his study of the propagation of water
waves. Despite the many developments in Laplace and
Fourier transforms, it was Oliver Heaviside who played
a decisive role in making the Laplace transform widely
used. He applied it to solve ordinary differential equations
in electrical circuits and electrical systems, which led to
the creation of modern operational differentiation and
integration. Heaviside also used his method to solve
telegraph equations and second-order partial differen-
tial equations with constant coefficients. Later, T. J.
Bromwich contributed to the theory of complex functions,
providing a rigorous mathematical foundation for these
methods. Following the work of Bromwich, J. R. Carson,
Van der Pol, and G. Doetsch further developed operational
calculus in a precise and systematic way. After the
Laplace and Fourier transforms had demonstrated their
effectiveness in solving many problems in mathematics,
science, and engineering, the use of integral transforms
for solving differential equations became a natural trend
because of their importance and efficiency in handling
complex problems in mathematics and in fields such
as science, security, and other applications [6—-13]. At
present, researchers increasingly employ triple integral
transforms to obtain mathematical solutions in areas
such as solving partial differential equations, Laplace
equations, Mboktara equations, wave equations, and
in other fields including communications, physics, and
engineering [14-18].

Therefore, the primary aim of this paper is to study
the triple complex integral transform, examining its
properties through examples and applications to function-
al, integral, and partial differential equations. Several
fundamental theorems concerning the general properties
of the triple complex integral transform are rigorously
proved. In addition, the convolution of g(y,z,h) and
v(y,z,h), together with its properties and the associated
convolution theorem, is analyzed in detail. We restrict
our work here to the theoretical construction of this
triple transform in order to obtain exact solutions to
linear partial differential equations and to solve initial
and boundary value problems in applied mathematics and
mathematical physics. In future work, it may be possible
to identify additional properties and results that can be
used to treat nonlinear partial differential equations.

© 2025 The Author(s).
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2 OVERVIEW AND EXAMPLES OF THE
TRIPLE COMPLEX INTEGRAL TRANS-
FORM:

The triple complex integral transform of a function
G(y, z, h), involving three variables y, z, and h, defined
within the first octant of the yzh-plane, is expressed as a
triple integral in the following form:

g(b,m,n) = (S5); [G(y,z, h)]
=S¢ {85 (SS[G(y,z,h);y — bliz

—m)} h — n}

(D

therefore

g(b,m,n) = (55); [G(y,z, )]

1 [se] [Se] (o] .
:F/o /0 /0 G (y, 2, h)e™H° by +mzsnit) gy gz
2)

Where j is a complex number, f, b, m,n are complex
parameters,Im(f°b) < 0,Im(f°m) < 0,Im(f%n) <
0,f* # 0O,and «@,6 are real numbers. g(b) =
S¢[G(y);y — b] of g(y) and to define by

¢(b) = SS[G(y)] = fi /0 " G(y)e i B gy
Re(y) > 0

The inverse complex integral transform of g(y) is repre-
sented and defined as follows:

1 r+oo s
b)el L ®Y) gp
s | o

G(y) = {55} [e(b)] =

r>0
(3)

Clearly, (S¢)s represents a linear integral transform,
as demonstrated below:

(S4); = {kiG1(y, 2, h) + k2G2(y,z, h)} )

%[/Omfom/f{klcmy,z,hn 5

k2Go(v,z,h)} e_jfé(b”m“"h)dydzdh]

1 [Se] [Se] [Se] .
e [ / / / (kiG1(y, z, h)} e~ yemzenhi gy gz gy
0 0 0

* '/ / / {kZGZ(y’ e h)} e_jfﬁ(by+mz+nh)dydzdh:|
0 0 0
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(6) (11)
Lk [T 61z ) eI i gy gz = L {/ eI Ub=e) gy
re o Jo Jo T F7 o (12)
+k2/oo/oo‘/oo{Gz(y,z, h)}e_jf‘y(b”mz*”h)dydzdh] / e_jfa({m"}z)dz+/ e‘-ffé({"“'}h)dh}

o Jo Jo 0 0
(7
1
where k; and k, are constants. = - (13)
The inverse triple  complex  transform, fe(b—e)(m=1)(n-i)

{S¢}y " (g(b,m,n) = G(y,z,h), is defined using the
following triple integral formula:

-1
{s¢}7" (g(b, m,n) = G(y,z h)
1 réco
= [/ eI 0Y) g
2rfe | ), _ e

0+00 s g+oo s
/ QI PP ma) g / oif <"h>dn]
0—0 g—o0

It follows that {SZ}_

®)

! (g(b, m, n) adheres to the lin-

3) Similarly if G(y, z, h) = exp{j(ey + tz+ ih)}, then

g(b,m,n) = (SZ)3 {exp(ey +tz +ih)}
B 1 (14)
~ fe(b - je)(m— jt)(n— ji)
— (85); {cos(ey +tz + ih)+
jsin(ey +tz+ih)} = (15)

(b+je)(m+ jt)(n+ ji)

earity property.
HIfG(y,z, h)

g(b,m,n) = (SZ):’, (p)
= S5 {85 (Spsy — b3z

— m)}; h — n}

=pfory>0,z>0and & > 0 then

{(yz—en)h -

7o (b2 + 2) (m?

+12) (n? +1?)

— (85); {cos(ey + 1z +ih)}+
7 (85); {sin(ey + 1z +ih)} =

(ez +1y)i} + j{(yz —en)i+ (ez +1y)h}

fo (b2 +e?) (m? +12) (n® +?)

g(b,m,n) = (55)5 (p) (16)
9
B p— ./ / / _Jfé(bermth)ddedh ) Therefore
(S5)5 {cos(ey + 1z +ih)}
o0 o0 0 {(yz—et)h — (ez + ty)i} (17
P i £ (b i £ (m i £ (nh —
e [/0 PiFo y)db./o Qi Fo Z)dm./o Qi Fo( >dn] e s ] e
= L And
f*(bmn)
(10) (S5)5 {sin(ey + 1z +ih)} =
{(yz —et)i + (ez +ty)h} (18)
a 2 2 2 2 2 2
DI G(y, 2, h) = exp(ey+1z+ih) forall y, z and h, then fop?+e2) (m? +12) (n? +22)
g(b,m,n) = Ife=¢t=1i=1then
( ); {exp(ey +tz +ih)} = (82); {cos(y +z+ h)}
h—z—-y—nh} (19)
—jf% ({b-e}y+{m—t}z+{n—i}h) - {yz
I / / / ¢ dydzdh FO@2 1) (2 +1) (2 + 1)
© 2025 The Author(s). 25 1 CCBY 4.0
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And

(S5)5 {sin(y + z+ h)}

B {yz+zh+ hy -1} (20)
S fe B2+ 1) (m2+1) (n2+ 1)

4 If G(y,z, h) = cosh(ey +tz + ih), then
(SZ)3 {cosh(ey +tz +ih)} = % {(SZ)3 [exp(ey+

tz+ih)] + (SZ)3 [exp(—ey —tz — ih)]}

1 1 1
b m-0n-10)  (b+e)m+nn+i)
(2D

Also,

(S%), {sinh(ey + 1z + ih)} = % {(59),

1z +ih)] = (Sg); lexp(-ey — 1z = im)]}

[exp(ey+

1 [ 1 B 1
2f@ | (b—e)(im—-t)(n—i) (b+e)(m+1t)(n+i)
(22)

SYIfG(y,z, h)

( ); {yzh®} =

7o / / / {yzh®} e~ by4maentd) gy gz

_ % {/°°{ys}e—jf5<by>a,y+ /w{yzs}e—jf%mz)dz
s!

it 1
/ {(h*) e I h)dh} I {bm :

_L{
- 7

= yzh®, then

s! s!

ms+l ’ ns+l

bs+lms+1ns+l

{s!}* }

We are aware of the relationship between Gamma notation
and factorial notation I'(u + 1) = u!, then

iy
1

roe+1) r@+1) r'e+1
po+T o+l

ns+l

|

B

019!e!
b9+1mﬁ+lns+l

(25)

Here, 6, and ¢ are represented positive integers.

Theorem 1: First Shifting Theorem: If
(52)3 {G(y,z,h)} = g(b,m,n), then:
(Szcz)% {e—(ey+tz+ih)G(y’ z, h)}
1 . (26)
= f—ag{[b +el, [m+1], [n+i]}
Proof: If (S§)3 {G(y,z,h)} = gb,mn) =

2o [ T Gz, ey ematn) gy dzdh, then

(52)3 {e—(ey+tz+ih)G(y, z, h)}

1 o o oo o
= f_“/() /0 /0 G(y,z, h)e J e (by+mz+nh) 7

e—(ey+l‘z+ih)dydzdh

:L/Oo/Oo‘/ooG(y’z’h)e—jf5{[b+e]y+[m+t]z+[n+i]h}
f*Jo Jo Jo

dydzdh

/” o-iFoIb+ely}
1 0
fe

It

[T Gzttt gy
0 0
(28)

is worth noting that the integral within the brackets

adheres to the properties of the double.

The complex transform is presented as:

(23) [/Oo/mG(y’Z’ h)e—jf5{[m+t]z+[n+i]h}dzdh]
o Jo (29)

Here, s represents a positive integer. Also

6!
b9+1

9!
S+l

g!
ns+1

(5¢), {»?27h*} = _{

~ 1{ 19! }
frx

|

(24)

b9+1mﬁ+1ns+1

© 2025 The Author(s).
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1 e

F‘/ e IF BTl Y o (y 1, n + i)
0

1 .

—Fg{[b+e] [m +1], [n+i]}

(30)
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Theorem 2: Change of Scale Property: If then
(85)3{G(y,z,h)} = g(b,m, n), then:
aé)+0+sg(b m, n) 69+19+sg(b m, n)

1 b 09m? - 05m0
(S6), G ley 1z, i)} = —— [_ ﬁ,g] 31) Ob99m? dn® b09m? dn®
f eti t 1 |: / / / G(y z, h)e—]f (by+mZ+nh)dde
fa/
Proof: If (53)3 {G(v,z,h)} = g(b,m,n) = o ) go+e
| [ o oo —ifS h . —jfebyl | 2
77 o Jo Jo Gz mye i Byemanh) dydzdp, then: [f" {6[)9/ e IO one
() s
G(y, z, hye 77 lmztnhl g qp dy}]
(S C) {G(ey,tz,ih)} ./0 ./0
. (36)
. / / / Gley, tz,ih)e 31 by+mzsnh) gy 47 g
f It is worth noting that the integral within the brackets
/ eI Aby]} adheres to the properties of the double.
fcl

The complex transform and is presented as:

[/ / Gley, tz, i) 6{[mz]+["h}dzdh] dY} pre
o (32) 36 9 / / G(y,z,h)e” JFo{lmz]+nh} g g —
mvn¢

)2 h G (y,z, h)} (37
It is important to note that the integral within the (s a)z {( ) o )} (37 37
brackets complies with the properties of the double (37)
complex transform and is expressed as:f

So that
/ / G ey, 1z,ih)e~IF° mzl+lnh) g qp 9%+ eg(b,m,n) [ 1 (8% % _icsipy
o (33) ob09mPone | f W/ ¢
=l T3l [(50), {(=D"**2"hG (y.z. )} dy] }
So that — (SC) {fa( 1)0+19+8G(y’ z, h)yezﬁhg}
L / o-ire eyl L [ ey, ] (38)
fa b 9
(34) Therefore
! [é m z}
fa/etl > t ’ 1 S )3 {G(}’,Z, h)yﬁzé)hs} —
O+9+
Theorem 3: Multiplication by y?z7 h®: 1 {(_1)0+ﬁ+£ [5 :g(l;, m,ﬂ)} (39)
If (S5); {G(y, 2z, h)} = g(b,m,n), then: fe oboOm?one
Theorem 4: If the function G (y, zh) is triple complex
8¢);{G(y,z. h)y?2"h*} = transform then:
L yorored " g (b mn) es) 0
f(t ob9om?one 63G h 1
AR (M) = —{bmng(b,m,n) ~ bmg(b,m,0)
Proof: dydzoh f
If (85)5{G(y,z,h)} = g(b,m,n) = ~ bng(b,0,n) — mng(0,m,n) + bg(b,0,0)
e [T Gz, e yemzeni) gy gz ap, +mg(0,m,0) +ng(0,0,n) — g(0,0,0)}
(40)
©2025 The Author(s). 253
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2-If
o [°G(y.z.h
DN O L) R
” 0 th 92¢(0. 2. h 41)
b?g(0,z,h) — b 8(0,z,h) 97¢(0,z, )}
oy 9y?

Theorem 5: If L (S5), {G(y,z, h)} = g(b,m,n), then

(S6);{G(y=v.2-6,h—€)Z(y—y,2—6,h—€)

_ e—(yb+6z+eh)g(b’m, I/L)

(42)

Here, Z(y, z, h) represents the Heaviside unit step func-

tion, which is defined as: z(y — e,z —
y>e,z>th>i:and Z(y—e,z -
y<e,z<th<i.

Proof: If (85),{G(y.z,h)} = g(b,mn) =

# BT Gy, hye It ®(by+mz+nh) gy d-dh, then

t,h—1i) = 1, Here,
t,h —i) = 0 where

(85):{G(y-v,2=6,h—€)Z(y —y,z—6,h— €)}

Jm/ [ cto-rz-sn-ezi-

z—-6,h— e)e_]f (by+mz+nh) gy gz dh
(43)

1 (o) (o) (o]
= — G(y—y,2-06,h-
w [ eo-vean-a

e_jfé(by+mz+nh) ddedh

This can be obtained by substituting: y —y = v,z -0 =
wLh—€e=x

— e—(by+m6+ne) [L/oo‘/oo‘/oo
f¥Jo Jo Jo

G(y—v,z2—90,h— e)e_jfd(bwm"”x)dvdudx]

(45)

— e*(by+m6+ne)

g(b,m,n). (46)

Theorem 6: If G(y,z, h) is a periodic function with
periods y, d,and €, i.e., G(y+vy,z+6, h+¢€) = G(y,z, h)
and if (S5); {G(y,z, h)} exists, then

. 3 1
(Sa)3 {G(y,z,h)} = {1 _ e_(by+m6+ne)} fa

o .
/‘7/ /6 Gz, h)e—jfé(by"'mz"'nh)ddedh
0 0 0

© 2025 The Author(s).
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Proof: If

);{G(y.2,h)} = g(b,m,n) =

fa / / / G(y,z, h)e i1 * by+mz+nh) g - qp =

F / / / G(y, Z, h)e_]f (by+mZ+nh)ddedh+
0 0 0

1 oo (o] (oo} X

F/o /0 /0 G (y, 2, hye /" By*mzn) gy gz gy

(48)

Puttingy =v +7y,z=u+09,h = x + € in second triple
integral, we get:

g(b,m,n) =

1 Y o ore s
F./ / / Gy, z, h)e T (by+mznh) gy 47 dh+
o Jo Jo

1 (o] [se] (o)
e~ (by+méine) {—/ / / Gv+y,u+d,x+
f*Jo Jo Jo

e)e_jfé (bv+mu+nx)dvdudx}
(49)

fa/ / / G(y z, h)e” Jfs (by+mz+nh)dydzdh

—(by+m6+ne)

{F/ / / G(v,u,x)e_jfa(b”m“”x)dvd}udx}
o Jo Jo

(50)

1 b% 9 € s
= 7o / / / G(y,z, hye 1" (byrmz+nh) gy dzdp
0 0 0

+ e—(by+m6+n€)g(b’ m, n)
(51)

1
{l_ef(b)ﬂrmé”rne) }fa

/(')y /(.)6 /(-)e G(y,z, h)e_jfa(by+m2+nh)dydzdh

- g(b,m,n) =

(52)

CCBY 4.0
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Convolution and the Convolution Theorem for Triple
Complex Transform

The convolution of G (y, z, h) and W (y, z, h) is denot-
ed by (G * = = W)(y, z, h) and defined by:

(G *xxW)(y,z, h)
Yy prz prh
= / / / G(y-v,z=06,h—e)W(y,6,e)dyddde
o Jo Jo
(53)
Theorem 7: Convolution Theorem: Let
(85);{G(y.z. )} = g(b,m,n)and (S5); {W(y,z, h)} =

w(b, m, n), then:

(85); {(G * == W)(y,2,h)}

= (S2)3 {G(y’ <, h)} : (52)3 {W(y’ Z, h)} (54)
=g(b,m,n)-w(b,m,n)

Or, equivalently,
(52)3_1 {g(b,m,n)w(b,m,n)} (55)

=(GxxxW)(y,z,h)

The term (G % W)(y, z, h) is defined by a triple integral,
commonly referred to as the convolution integral of
G(y,z,h) and W(y, z, h). Physically, (G ***W)(y, z, h)
represents the combined output resulting from the inter-
action of G(y, z, h) and W(y, z, h).

Proof: By definition, we have:

(2l G emem =7z [ [ [

(G = W) (y, z, h)e_jf(s(b”m“"h)dydzdh
0 e—jfd(by”'””'h)dydzdh
G()")’az—é,h—f)
y rz rh W(y’ 69 E)
/0 /0 fO dydédde
dydzdh

1

|

This can be expressed using the Heaviside unit step
function as:

1 00 (o] (o]
F[ /0 /0 /0 eI I (by+mzsnh) gy 4o gy €

(56)

IR Wy, 6. e)dydsde
1 o= i (by+mz+nh)
bR

=— 58
7o (58)

G(y_%Z—5,h_€)
Z(y_%Z—(S,h_f)
dydzdh

which is, by Theorem 5,

1 (o8] [e9) (o) .

(59)

‘/oo/oo/we—jfé(by+m6+ne)
0 0 0
]

W(y, 6, €)dyddde

= g(b’m’n)% [

(60)
=g(b,m,n) - -w(b,m,n) (61)

Thus, the proof of the convolution theorem is concluded.

3 APPLICATION

Consider the following homogeneous partial differen-
tial equation:

(53g(y, z,h)

62
0y0zoh 62)
subject to the conditions:

)+g(y,z,h) =0

8(3,2,0) = "%, g(y,0,h) = 7", g(0,2,h) = 7",
2(0,0,h) = ¢, ¢(0,2,0) = €%, g(»,0,0) = e”,
2(0,0,0) = 1

(63)

Applying the general triple transform (S;)3 to both sides
of the above equation, we obtain the following equation

(S ) (63g(y,z, h)
3

0ydzdoh
Running the triple integral transform of the above equa-

a ) +(855); 8(y. 2. h) (64)

e poo poo 57) tion, we obtain the following equation:
/ / / G(y—v.2-6,h—¢) 57
0o Jo Jo 1 1
Z(y—v,z2—-6,h— €)W (.6, €)dyddde}dydzdh] f—ayth(y, 2, h)+ FG(y’ 2, h) = Gi(y,z, h) (65)
©2025 The Authors). 255
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1
Gi(y,z,h) = };;{yzhg(y,z,h)-—yzg(y,z,O)
— yhg(y,0,h) — zhg(0,z, h)
+yg(y,0,0) +z¢(0,2,0)
+ hg(0,0,h) — g(0,0,0)}

+g(y.z, h)

Simplifying equation the equation(61), we have the
following equation

#yth(y,z, h)+ f—laG(y,z, h) = Gi(y,z, h) (67)

faGl (y’ <5 h)

G(y,z,h) = T+ yeh

(68)

Applying the inverse triple transform {S 2}_1 , we get the

solution of equation (1) in the original sp
_ ey (L6102, )
g(y.2.h) = {S¢} ( Tt yoh (69)
1! fa fa/ fa y+z—h
= 7
{si} (y—lz—1h+1) ¢ (70)

which is the exact solution of equations (61) and (62).

4 CONCLUSION

This triple transform provides an effective technique
for obtaining exact solutions to many engineering and
physical problems involving third-order partial differen-
tial equations. The triple complex integral transformation
introduced here is more general than many existing triple
integral transforms, and it can be applied to solve both
linear and nonlinear partial differential equations, as well
as partial integro-differential equations. These equations
play a central role in engineering and the life sciences,
and the transform also has potential applications in the
encryption of many systems.
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