
Kavitha and Muralikrishna                  Iraqi Journal of Science, 2025, Vol. 66, No. 10, pp: 4417– 4428 

                      DOI: 10.24996/ijs.2025.66.10.30  
 

___________________________________ 
*Email: pmkrishna@rocketmail.com 

4417 

 
An Intensive Study of Finite Dimensional Hesitant Fuzzy Normed Linear 

Spaces 
 

Krishnamoorthy Kavitha1, Prakasam Muralikrishna2* 
1 Research Scholar (PT). 

 2 PG and Research Department of Mathematics, Muthurangam Government Arts College (Autonomous), 

Vellore -2 , TN , INDIA, ( Affiliated to Thiruvalluvar University, Serkkadu, Vellore, INDIA ). 

 

Received: 25/1/2025      Accepted: 14/7/2025       Published: 30/10/2025        

 
Abstract  

     The author's previous covered the concept of fuzzy normed linear space into 

hesitant fuzzy normed linear space. This work introduces hesitant fuzzy n-normed 

linear space as a generalization of n-normed space in addition to the generic t-norm, 

which is the major objective, and provides an expanding family of S*-n-norms that 

correspond to fuzzy n-norms. The decomposition theorem of a hesitant fuzzy norm 

into a set of crisp norms has been proven to fail when a t-norm other than "min" is 

used. This paper also addresses essential conclusions for fuzzy normed linear spaces 

of limited dimensions within a broad t-norm framework. 

 

Keywords: t-norm, Hesitant fuzzy norm, Hesitant fuzzy normed linear space. 

 

1. Introduction 

     In 1984  there is a discussion of certain relationships between the axioms of KM fuzzy 

metric spaces and KM fuzzy normed spaces [1]. The concept of fuzzy sets, along with other 

concepts that are developed, which is explored in 1992 [2], after that the study examines the 

proximity properties of Bag and Samanta fuzzy normed spaces as well as Felbin fuzzy normed 

spaces [3]. During the year 2006, a number of the characteristics of fuzzy semi-normed and 

fuzzy normed spaces are investigated [4], and the year 2007 the analyse intuitionistic fuzzy n-

normed linear spaces using the Fibonacci lacunary statistical convergence approach found in 

[5]. In 2005, the authors demonstrate that, in the perspective of Bag and Samanta, every 

classical inner product on a linear space generates the fuzzy inner product as well as fuzzy 

norm [6], At the year 2020 the idea of a fuzzy metric space has been presented [7]. In 2023, a 

fuzzy normed linear space and considered the general t-norm proposed in [8] also an 

investigation is conducted into the relationship between convergence and Cauchy double 

sequence in fuzzy normed spaces [9], After that the idea of fuzzy normed linear space was first 

presented in 2019, as well as a fuzzy linear operators and fuzzy normed linear spaces were 

introduced in [10] . Further more fuzzy sets and logic are introduced in 2019 [11], more over 

in 1997 they described fuzzy soft Hilbert spaces and defined fuzzy soft symmetric operators as 

a particular kind of fuzzy soft linear operator [12]. In 1984 [13], there is an introduction to the 

notions of uniformly convex fuzzy normed linear space, fuzzy normal structure, fuzzy non-

expansive mapping, and strongly and weakly fuzzy convergent sequences. Around 1975, the 

authors in [14] established fuzzy inner product and examine the characteristics of the associated 
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fuzzy norm. In the year 2020 the definition and fundamental characteristics of fuzzy normed 

space are examined [15]. The discussion of intuitionistic fuzzy hyponormal operators can be 

found in [16]. Fuzzy n-normed linear space was first proposed in 2005 as a generalization of 

n-normed space [17]. During 2010 the ideas of fuzzy compact sets and sectional fuzzy 

continuous mappings are examined [18]. Further in 2020, insightistic fuzzy unitary operator on 

intuitionistic fuzzy Hilbert spaces is defined and discussed by [19], and the generalized 

quadratic functional equation's general solution is obtained and explained by [20]. Also, 

examination the idea of intuitionistic fuzzy n-normed linear spaces' Fibonacci lacunary 

statistical convergence can be found in [21]. The concept of inner product space in a 

neutrosophic vector space has been introduced in [22]. In 2007, the authors used intuitionistic 

fuzzy n-normed spaces to create lacunary ∆𝑚 -statistic convergent for triple sequences [23]. 

Moreover, a discussion of neutrosophic complex inner product spaces can be found in [24]. 

The concept of an I3 convergent and I3 cauchy convergent sequence in a fuzzy normed linear 

space is examined in [25], In 2021 the topic of rough deferred statistical convergence is covered 

in general [26], also in 2020, the concept of a linear operator's boundedness from one fuzzy 

normed linear space to another is presented [27]. In 2024, fuzzy metric spaces and fuzzy 

normed spaces were defined as SP-convergent sequences [28].  

 

     The ideas of Ceasaro summability in an intuitionistic fuzzy n-normed linear space are 

presented and discussed in 2022 [29]. Furthermore, a discussion of the notion of refined 

neutrosophic metric spaces and symbolic neutrosophic metric spaces  found in [30]. In 2025, 

the concept of hesitant fuzzy normed linear space was discussed in [31]. 

 

     Although the decomposition theorem greatly aids in the investigation of functional analysis, 

it necessitates meticulous adherence to the specific selection between this "min" t-norm and 

the t-norm of the triangle inequality is essential to the decomposition theorem's development. 

Hence, the question of to what extent the results of linear spaces with fuzzy norms may be 

determined using the broad version of the fuzzy norm ,that is, removing the restricted "min" 

Triangle inequality using the t-norm, naturally emerges. This work endeavored to address this 

issue in this study and it was successful in establishing several significant findings about 

completeness and compactness of finite dimensional hesitant fuzzy normed linear spaces.  

 

The paper is structured as follows: 

Using the universal t-norm, we define a hesitant fuzzy norm and provide an example of when 

the decomposition theorem for hesitant fuzzy norms into a family of crisp norms is invalid and 

establishes several fundamental results of hesitant fuzzy normed linear spaces of small 

dimensions. The Riesz lemma in a broad t-norm situation is established in the final section. 

 

2. Preliminaries 

  Within this part, the notion of hesitant fuzzy set and a few fundamental definitions are given. 

 

Definition 2.1: [3] 

On a linear space, a fuzzy set 𝓝 in 𝓜× [0, ∞) is known as a fuzzy norm on 𝓜 if it fulfills,  

(FN1) 𝓝 (d, 0) =0, ∀d∈ 𝓜. 

(FN2) 𝓝 (d, t)  =1, ∀𝑡 >0 ⇔d=0. 

(FN3) 𝓝 (𝜆d,t) = 𝓝 (d, t / |𝜆|),∀d∈ 𝓜,∀𝑡>0 ,∀𝜆∈𝕂∗(𝕂∗  is non negative real numbers). 

(FN4) 𝓝 (d +b, t +𝑠)⊇ 𝒩(d, t)∗ 𝓝 (b,𝑠), ∀ d,b ∈ 𝓜,∀ t,𝑠 > 0. 

(FN5) ∀d∈ 𝓜, 𝓝 (d,∙) is left continuous and lim
n→∞

𝒩 (d,∙) = 1. 

Thus, (𝓜, 𝓝 ,∗) is known fuzzy normed linear space. 
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Definition 2.2: [31]  

For a field ℝ or ℂ . Consider the t-norm * to be  continuous and 𝕏 be a vector space. The 

Hesitant fuzzy set ℋ in 𝓜×[0,∞) is known as hesitant fuzzy norm on in 𝓜, if it fulfills,  

HFN1. ℋ(d,0)= ∅∗ ,∀d∈ 𝓜. (Where ∅∗ means the empty set). 

HFN2. ℋ(d,𝑡)=𝑈, ∀𝑡>0, if and only if  d=0. (𝑈: universal set). 

HFN3. ℋ(λd,𝑡)=ℋ(d,𝑡|𝜆|),∀d∈ 𝓜,∀𝑡≥0,∀λ∈ℝ, (where ℝ  is non-negative real numbers).  

HFN4. ℋ(d+𝑦, 𝑡 +u)⊇ℋ(d, 𝑡 )∩ℋ(𝑦, u) ,∀ d,∈ 𝓜,∀ 𝑡, u ≥0. 

HFN5. ∀d ∈ 𝓜, ℋ (d, ∙)is left continuous and lim 𝑛→∞ℋ(d,𝑡)=𝑈. 

 

3. Hesitant Fuzzy n-Normed Linear Space 

       In this section, by extending Definition 2.2, the following concept of n-normed linear space 

with hesitant fuzzy is obtained. 

 

Definition 3.1: [31] 

We define Hesitant fuzzy n-normed linear space (HFnNLS) from the Definition 3.1 in [6]. 

Given a real field F, let Y be a linear space over it. 

A hesitant fuzzy subset 𝑯 of Y × Y × … × Y(𝑛 −times)=𝑹 (𝑹, set of real numbers) referred to 

a  hesitant fuzzy n-norm on 𝐘 if and only if  

HFnN 1: For all   t1 ∈ 𝑅  with  t1 = 0, 𝐻(𝓎11, 𝓎12 … 𝓎1𝑛, 0) = ∅∗(Empty set). 

HFnN 2: For all t1 ∈ 𝑅 with t1 > 0, 𝐻(𝓎11, 𝓎12 … 𝓎1𝑛, t1) = 𝑈∗(Universal set). 

HFnN 3 : 𝐻(𝓎11, 𝓎12 … 𝓎1𝑛, t1) is invariant under any permutation of 𝓎11, 𝓎12 … 𝓎1𝑛. 

HFnN 4 : For all t1 ∈ 𝑅 with t1 > 0, 

𝐻(𝓎11, 𝓎12 … 𝑐𝓎1𝑛, t1) = 𝐻 (𝓎11, 𝓎12 … 𝓎1𝑛,
𝑡1

∣𝑐∣
), if 𝑐 ≠ 0, 𝑐 ∈ 𝐹. 

HFnN 5 : For all t1, t2 ∈ 𝑅 with t1, t2 > 0, 
           𝐻(𝓎11, 𝓎12 … 𝓎1𝑛 + 𝑦1𝑚, t1 + t2) ⊇ 𝐻(𝓎11, 𝓎12 … 𝓎1𝑛, t1)⋂𝐻(𝓎11, 𝓎12 … 𝓎1𝑚, t2). 

HFnN 6: 𝐻(𝓎11, 𝓎12 … 𝓎1𝑛,•) is a non-decreasing function of 𝑅 and 

lim
t1→∞

𝐻(𝓎11, 𝓎12 … 𝓎1𝑛, t1) = 𝑈∗. 

Then (𝒀, 𝐻) is known as Hesitant Fuzzy n-Normed Linear Space (HFnNLS). 

 

Example 3.2: 

 

Let ( Y, || •,• … • || ) be a linear space with n-norm.  

 

Define 𝐻(𝓎11, 𝓎12 … 𝓎1𝑛, t1) =

{

∅∗  ,   if  t1 = 0, (𝓎11, 𝓎12 … 𝓎1𝑛) ∈ Y × Y × … × Y(𝑛 − 𝑡𝑖𝑚𝑒𝑠)
𝑈∗  , if and only if 𝓎11, 𝓎12 … 𝓎1𝑛 are linearly dependent

𝑆∗  ∈ 𝑃[0,1]  where  𝑆∗  is an arbitrary 

subset of 𝑃[0,1]  , Otherwise

 

Then (𝑋, 𝐻) is an HFnNLS. 

Proof: 

HFnN 1: For all t1 ∈ 𝑅 with t1 = 0, 
𝐻(𝓎11, 𝓎12 … 𝓎1𝑛, 0) = ∅∗, (𝓎11, 𝓎12 … 𝓎1𝑛) ∈ Y × Y × … × Y(𝑛 − times). 
HFnN 2: For all t1 ∈ 𝑅 with t1 > 0, 𝐻(𝓎11, 𝓎12 … 𝓎1𝑛, t1) = 𝑈∗, if and only if 

𝓎11, 𝓎12 … 𝓎1𝑛  are linearly independent. 

HFnN 3: 𝐻(𝓎11, 𝓎12 … 𝓎1𝑛, t1) is unaffected by any combination of  𝓎11, 𝓎12 … 𝓎1𝑛. 
HFnN 4: By the definition of For all t1 > 0, 

𝐻(𝓎11, 𝓎12 … 𝓎1𝑛, t1) =  𝑆∗  𝑎𝑛𝑑  𝐻 (𝓎11, 𝓎12 … 𝓎1𝑛,
𝑡1

∣𝑐∣
) =  𝑆∗ 

so that 
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𝐻(𝓎11, 𝓎12 … 𝑐𝓎1𝑛, t1) = 𝐻 (𝓎11, 𝓎12 … 𝓎1𝑛,
𝑡1

∣𝑐∣
). 

HFnN 5 :  

CASE (A) :  

If 𝓎11, 𝓎12 … 𝓎1𝑖 are linearly dependent, and 𝓎11, 𝓎12 … 𝓎1𝑗  are not linearly dependent, then 

(i) t1 = 0, t2 = 0; 
(ii) t1 = 0, t2 ≠ 0; 
(iii) t1 ≠ 0, t2 = 0; 
(iv) t1 ≠ 0, t2 ≠ 0. 
Subcase (i): 

If  t1 = 0, t2 = 0, then  

 𝐻(𝓎11, 𝓎12 … 𝓎1𝑖 + 𝓎1𝑗 , 0) = ∅∗ 

𝐻(𝓎11, 𝓎12 … 𝓎1𝑖, 0) = ∅∗  

𝐻(𝓎11, 𝓎12 … 𝓎1𝑗, 0) = ∅∗  

⇒ ∅∗ ⊇ ∅∗⋂∅∗. 

Subcase (ii): 

If   t1 = 0, t2 ≠ 0, then   

𝐻(𝓎11, 𝓎12 … 𝓎1𝑖 + 𝓎1𝑗, t1) = 𝑆∗ 

𝐻(𝓎11, 𝓎12 … 𝓎1𝑖 , t1) = ∅∗ 

 𝐻(𝓎11, 𝓎12 … 𝓎1𝑗 , t2) = 𝑆∗  

⇒ 𝑆∗ ⊇ ∅∗⋂𝑆∗. 

Subcase (iii): 

If t1 ≠ 0, t2 = 0, then  

𝐻(𝓎11, 𝓎12 … 𝓎1𝑖 + 𝓎1𝑗, t1) = 𝑆∗ 

𝐻(𝓎11, 𝓎12 … 𝓎1𝑖, t1) = 𝑈∗ 

 𝐻(𝓎11, 𝓎12 … 𝓎1𝑗 , t2) = ∅∗  

⇒ 𝑆∗ ⊇ 𝑈∗⋂ ∅∗. 

Subcase (iv): 

If t1 ≠ 0, t2 ≠ 0,  then   

𝐻(𝓎11, 𝓎12 … 𝓎1𝑖 + 𝓎1𝑗, t1 + t2) = 𝑆∗ 

𝐻(𝓎11, 𝓎12 … 𝓎1𝑖, t1) = 𝑈∗ 

 𝐻(𝓎11, 𝓎12 … 𝓎1𝑗, t2) = 𝑆∗ 

 ⇒ 𝑆∗ ⊇ 𝑈∗⋂ 𝑆∗. 
CASE (B): 

 If 𝓎11, 𝓎12 … 𝓎1𝑖 are not linearly dependent, and 𝓎11, 𝓎12 … 𝓎1𝑗   are linearly dependent, then 

(i) t1 = 0, t2 = 0; 
(ii) t1 = 0, t2 ≠ 0; 
(iii) t1 ≠ 0, t2 = 0; 
(iv) t1 ≠ 0, t2 ≠ 0. 
 

Subcase (i): 

If t1 = 0, t2 = 0, then   

𝐻(𝓎11, 𝓎12 … 𝓎1𝑖 + 𝓎1𝑗 , 0) = ∅∗ 

𝐻(𝓎11, 𝓎12 … 𝓎1𝑖, 0) = ∅∗  

𝐻(𝓎11, 𝓎12 … 𝓎1𝑗, 0) = ∅∗ 

⇒ ∅∗ ⊇ ∅∗⋂∅∗. 

Subcase (ii): 

If   t1 = 0, t2 ≠ 0, then   
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𝐻(𝓎11, 𝓎12 … 𝓎1𝑖 + 𝓎1𝑗, t1) = 𝑆∗, 

𝐻(𝓎11, 𝓎12 … 𝓎1𝑖 , t1) = ∅∗ 

 𝐻(𝓎11, 𝓎12 … 𝓎1𝑗 , t2) = 𝑈∗ 

⇒ 𝑆∗ ⊇ ∅∗⋂𝑈∗. 

Subcase (iii): 

If t1 ≠ 0, t2 = 0, then  

 𝐻(𝓎11, 𝓎12 … 𝓎1𝑖 + 𝓎1𝑗, t1) = 𝑆∗ 

𝐻(𝓎11, 𝓎12 … 𝓎1𝑖, t1) = 𝑆∗ 

 𝐻(𝓎11, 𝓎12 … 𝓎1𝑗 , t2) = ∅∗  

⇒ 𝑆∗ ⊇ 𝑆∗⋂∅∗. 

Subcase (iv): 

If  t1 ≠ 0, t2 ≠ 0,  then  

𝐻(𝓎11, 𝓎12 … 𝓎1𝑖 + 𝓎1𝑗, t1 + t2) = 𝑆∗ 

𝐻(𝓎11, 𝓎12 … 𝓎1𝑖, t1) = 𝑆∗ 

 𝐻(𝓎11, 𝓎12 … 𝓎1𝑗 , t2) = 𝑈∗ 

⇒ 𝑆∗ ⊇ 𝑆∗⋂ 𝑈∗. 

 

HFnN 6: Suppose,  

t2 > t1 > 0, then, 

𝐻(𝓎11, 𝓎12 … 𝓎1𝑛, t2) ⊇ 𝐻(𝓎11, 𝓎12 … 𝓎1𝑛, t1). 

Thus, 𝐻(𝓎11, 𝓎12 … 𝓎1𝑛, t1) is a non-decreasing function, also 

lim
t1→∞

𝐻(𝓎11, 𝓎12 … 𝓎1𝑛, t1) = 𝑈∗. 

Hence, then (𝑌, 𝐻) is known as hesitant fuzzy n-normed linear space. 

 

Remark 3.3: 

     We extend decomposition theorem (Fuzzy normed linear space) from the Theorem 2.2 in 

[3] to Hesitant fuzzy normed linear space. 

Consider the Hesitant fuzzy normed linear space (Y,H).Assume that, for all  t1 > 0, 
𝐻(𝓎1, t1) = ∅∗ ⇒ 𝓎1 = 0. 

Define  

ǁ 𝓎1 ǁ𝑆∗ = ⋀ {t1 > 0: 𝐻(𝓎1, t1) = 𝑆∗, 𝑆∗  ∈ 𝑃[0,1], 
then {ǁ  ǁ𝑆∗: 𝑆∗  ∈ 𝑃[0,1]} refers to the hesitant fuzzy norm (𝑆∗-norm )on Y and is an ascending 

family of norms on 𝑆∗ ∈ 𝑃[0,1]. 
 

Definition 3.4: 

We define a convergent sequence in Hesitant fuzzy normed linear space from the Definition 

2.3 in [3]. 

Consider the Hesitant fuzzy normed linear space (Y, H), and consider the sequence {𝓎𝑛} in Y. 

Then {𝓎𝑛} is called convergent if there exists  𝑦 ∈ 𝑌, so that lim
n→∞

𝐻(𝓎𝑛 − 𝓎, t1) = 𝑈∗ for 

every t1 > 0,then 𝓎 is said to be lim 
n→∞

𝓎𝑛 which represent the limit of the sequence {𝓎𝑛} . 

 

Definition 3.5: [3] 

We define closure of a set in Hesitant fuzzy normed linear space from the Definition 2.6 in [3]. 

A Hesitant fuzzy normed linear space is (Y,H). The closure of F is a subset B of Y if for 

any 𝓎 ∈ 𝐵, then there exists a sequence {𝓎𝑛} in 𝐹,so that  

lim
n→∞

𝐻(𝓎𝑛 − 𝓎, t1) = 𝑈∗. 
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Definition 3.6: [12] 

A binary operation ∗: [0,1] 𝑋 [0,1] → [0,1]  
is continuous 𝑡 −norm, if it meets the requirements listed below, 

A. ∗ is commutative and associative; 

B. 𝑏 ∗ 1 = 𝑏 ∀ 𝑏 ∈ [0,1]; 
C. 𝑏 ∗ 𝑐 ≤ 𝑑 ∗ 𝑒 whenever 𝑏 ≤ 𝑑 and 𝑐 ≤ 𝑒,   ∀𝑏, 𝑐, 𝑑, 𝑒 ∈ [0,1]. 
When ∗ is continuous, it is referred to be continuous 𝑡 − norm. 
 

Lemma 3.7: 

The underlying t-norm † is continuous at (1,1) in the Hesitant fuzzy normed linear space (Y, 

H), with {𝓎11, 𝓎12 … 𝓎1𝑛} representing a set of vectors in Y that are linearly independent. 

Then, for every set of scalars {𝛽1, 𝛽2 … 𝛽𝑛}, there exists 𝑎 > 0 and  

𝑆∗ ∈ 𝑃[0,1] ,      𝐻(𝛽1𝓎11 + 𝛽2𝓎12 … +𝛽𝑛𝓎1𝑛, 𝑎 ∑ ∣ 𝛽𝑙
𝑛
𝑙=1 ∣)⊂ 𝑈∗ − 𝑆∗. 

 

Proof: 

Let 𝑡1 =∣ 𝛽1 ∣ +∣ 𝛽2 ∣ + ⋯ ∣ 𝛽𝑛 ∣. 
If 𝑡1 = 0 then 𝛽𝑗 = 0 , ∀𝑙 = 1,2. . . 𝑛  and the relation  

𝐻(𝛽1𝓎11 + 𝛽2𝓎12 … +𝛽𝑛𝓎1𝑛, 𝑎 ∑ ∣ 𝛽𝑙
𝑛
𝑙=1 ∣) ⊂ 𝑈∗ − 𝑆∗ 

is equivalent to  

𝐻(𝛾1𝓎11 + 𝛾2𝓎12 … +𝛾𝑛𝓎1𝑛, 𝑎)⊂ 𝑈∗ − 𝑆∗,                                          (1) 

for some 𝑎 > 0, and 𝑆∗ ∈ 𝑃[0,1] and for all scalars 𝛾′𝑠 with 

∑ ∣𝑛
𝑙=1 𝛾𝑙 ∣= 1, where 𝛾𝑙 =

𝛽𝑙

∑|𝛽𝑙|
.  

If possible, suppose that Equation (1) is not true. 

Thus, for each 𝑎 > 0 and 𝑆∗ ∈ 𝑃[0,1], there exists a set of scalars {𝛾1,𝛾2 … 𝛾𝑛} with  

∑ ∣𝑛
𝑙=1 𝛾𝑙 ∣= 1,for which  

𝐻(𝛾1𝓎11 + 𝛾2𝓎12 … +𝛾𝑛𝓎1𝑛, 𝑎) ⊇ 𝑈∗ − 𝑆∗, 

then for 𝑎 =
1

𝑞
, 𝑞 = 1,2 …,there exists a set of scalars, {𝛾1

(𝑞), 𝛾2
(𝑞) … 𝛾𝑛

(𝑞)}  with  

 ∑ ∣𝑛
𝑙=1 𝛾𝑙

(𝑞) ∣= 1 ,such that 𝐻 (𝑧𝑞 ,
1

𝑞
) ⊇ 𝑈∗⟍ {

1

𝑞
 }, where  

𝑧𝑚 = 𝛾1
(𝑞)𝓎11 + 𝛾2

(𝑞)𝓎12 + ⋯ + 𝛾𝑛
(𝑞)𝓎1𝑛, 

since,∑ ∣𝑛
𝑙=1 𝛾𝑙

(𝑞) ∣= 1 and 0 ≤∣ 𝛾𝑙
(𝑞) ∣≤ 1 , for 𝑙 = 1,2, … 𝑛, 

so, for each 𝑙 the sequence  {𝛾𝑙
(𝑞)} the subsequence of {𝛾1

(𝑞)} is convergent since it is bounded. 

Let the limit of that subsequence be represented by 𝛾1, and the equivalent subsequence of 

{𝑧𝑞} by {𝑧1,𝑞}. According to the same reasoning, {𝑧1,𝑞} has a subsequence {𝑧2,𝑞}, for which 𝛾2 

is the matching subsequence of scalars{𝛾1
(𝑞)}. Following this process, we get the subsequence 

{𝑧𝑛,𝑞} after n steps.  

Since  𝑧𝑛,𝑞 = ∑ 𝛿𝑙
(𝑞)

𝓎𝑙
𝑛
𝑙=1   with ∑ ∣ 𝛿𝑙

(𝑞)
∣= 1𝑛

𝑙=1  and 𝛿𝑙
(𝑞)

→ 𝛾𝑗  as  𝑞 → ∞. 

Let 𝑧 = 𝛾1𝓎1 + 𝛾2𝓎2 … +𝛾𝑛𝓎𝑛, thus we have 

lim
n→∞

𝐻(𝑧𝑛,𝑞 − 𝑧, t1) = 𝑈∗ , ∀t1 > 0. 

Now ,for 𝓀11 > 0, choose m such that 
1

𝑞
< 𝓀11, we have  

𝐻(𝑧𝑛,𝑞 , 𝓀11) = 𝐻 (𝑧𝑛,𝑞 + 0 ,
1

𝑞
+ 𝓀11 −

1

q
) 

⊇  𝐻 (𝑧𝑛,𝑚 ,
1

𝑞
) ⋂ 𝐻 (0 , 𝓀11 −

1

𝑞
) 

⊇ 𝑈∗⟍ {
1

𝑞
 } ⋂ 𝐻 (0 , 𝓀11 −

1

𝑞
). 
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That is   

 lim
n→∞

𝐻(𝑧𝑛,𝑞 , 𝓀11) ⊇ 𝑈∗  

⇒ lim
n→∞

𝐻(𝑧𝑛,𝑞 , 𝓀11) = 𝑈∗. 

Now,  

𝐻(𝑧. 2𝓀11) = 𝐻(𝑧 − 𝑧𝑛,𝑞 + 𝑧𝑛,𝑞 , 𝓀11 + 𝓀11) ⊇ 𝐻(𝑧 − 𝑧𝑛,𝑞 , 𝓀11)⋂𝐻(𝑧𝑛,𝑞 , 𝓀11) 

⊇ lim
n→∞

𝐻(𝑧 − 𝑧𝑛,𝑞 , 𝓀11) ⋂ lim
n→∞

𝐻(𝑧𝑛,𝑞 , 𝓀11) 

⊇ 𝑈∗⋂ 𝑈∗ 

⇒ 𝐻(𝑧, 2𝓀11) = 𝑈∗, 
since 𝑘11 is random, by HFN, consequently  𝑧 = 0. Once more, considering that  

∑ ∣ 𝛿𝑙
(𝑞)

∣= 1𝑛
𝑙=1  and since the set of vectors {𝓎1, 𝓎2 … 𝓎𝑛} is linearly independent, so  

𝑧 = 𝛾1𝓎11 + 𝛾2𝓎12 … +𝛾𝑛𝓎1𝑛 ≠ 0. 
As a result, the lemma is proved and we reach a contradiction. 

 

Theorem 3.8: 

At (1,1) the continuity of the underlying t-norm * makes all finite dimensional Hesitant fuzzy 

normed linear spaces (Y, H) complete. 

Proof: 

Consider a Hesitant fuzzy normed linear space (Y,H), and dim 𝑌 = 𝑙. 
Consider {𝓎𝑛} to be a Cauchy sequence in Y and {𝑏1, 𝑏2 … 𝑏𝑙} to be a basis for Y. 

Let 𝓎𝑛 = 𝛿1
(𝑛)

𝑏1 + 𝛿2
(𝑛)

𝑏2 + ⋯ + 𝛿𝑙
(𝑛)

𝑏𝑙 where 𝛿1
(𝑛)

, 𝛿2
(𝑛)

, … 𝛿𝑙
(𝑛)

 are suitable scalars. 

So, 

lim
q,n→∞

𝐻(𝓎𝑞 − 𝓎𝑛, t1) = 𝑈∗ , ∀ 𝑡1 > 0.                                                (2) 

Now, from the Lemma 3.7, consequently, there is 𝑎 > 0 and 𝑆∗ ∈ 𝑃[0,1] , so that 

𝐻(∑ (𝑙
𝑘=1 𝛿𝑘

(𝑞)
− 𝛿𝑘

(𝑛)
)𝑏𝑘, 𝑐 ∑ ∣𝑙

𝑘=1 𝛿𝑘
(𝑞)

− 𝛿𝑘
(𝑛)

∣) ⊂ 𝑈∗ − 𝑆∗.                          (3) 

Again, for 𝑈∗ ⊃ 𝑆∗ ⊃ ∅∗ from Equation (2), consequently, there exists an integer that is 

positive  

𝑝0 , so 

  𝐻(∑ (𝑙
𝑘=1 𝛿𝑘

(𝑞)
− 𝛿𝑘

(𝑛)
)𝑏𝑘, 𝑡1) ⊃ 𝑈∗ − 𝑆∗, ∀ 𝑞, 𝑛 ≥ 𝑝0.                               (4) 

Now, from Equation (3) and Equation (4) we have, 𝐻(∑ (𝑙
𝑘=1 𝛿𝑘

(𝑞)
− 𝛿𝑘

(𝑛)
)𝑏𝑘, 𝑡1) ⊃ 𝑈∗ − 𝑆∗ 

⊃ 𝐻(∑ (𝑙
𝑘=1 𝛿𝑘

(𝑞)
− 𝛿𝑘

(𝑛)
)𝑏𝑘, 𝑐 ∑ ∣𝑙

𝑘=1 𝛿𝑘
(𝑞)

− 𝛿𝑘
(𝑛)

∣)   , ∀ 𝑞, 𝑛 ≥ 𝑝0. 

⇒ 𝑐 ∑ ∣𝑙
𝑘=1 𝛿𝑘

(𝑞)
− 𝛿𝑘

(𝑛)
∣< 𝑡1  , ∀ 𝑞, 𝑛 ≥ 𝑝0. 

⇒ ∑ ∣𝑙
𝑘=1 𝛿𝑘

(𝑞)
− 𝛿𝑘

(𝑛)
∣<

𝑡1

𝑐
  , ∀𝑞, 𝑛 ≥ 𝑝0. 

⇒ ∣ 𝛿𝑘
(𝑞)

− 𝛿𝑘
(𝑛)

∣<
𝑡1

𝑐
  , ∀ 𝑞, 𝑛 ≥ 𝑝0  and  𝑘 = 1,2,3 … 𝑙. 

Since, 𝑡1 > 0 is arbitrary ,from above we have lim
m,n→∞

∣ 𝛿𝑘
(𝑞)

− 𝛿𝑘
(𝑛)

∣= 0 for  𝑘 = 1,2 … 𝑙 

⇒ {𝛿𝑘
(𝑛)

}  is a cauchy scalar sequence for every  𝑘 = 1,2 … 𝑙 . 

So, each sequence {𝛿𝑘
(𝑛)

}  converges, and 𝓎 = ∑ 𝛿𝑘
𝑙
𝑘=1 𝑏𝑘,clearly  𝓎 ∈ 𝑌, 

Now,  ∀  𝑡1 > 0,   

𝐻(𝓎𝑛 − 𝓎,   𝑡1) = 𝐻 (∑(

𝑙

𝑘=1

𝛿𝑘
(𝑛)

𝑏𝑘 − ∑ 𝛿𝑘

𝑙

𝑘=1

𝑏𝑘 ,   𝑡1)                            

= 𝐻(∑ (𝑙
𝑘=1 𝛿𝑘

(𝑛)
− 𝛿𝑘)𝑏𝑘 ,   𝑡1). 

That is, 

𝐻(𝓎𝑛 − 𝓎,   𝑡1) ⊇ 𝐻 (𝑏1,
  𝑡1

𝑙∣𝛿1
(𝑛)

−𝛿1∣
)⋂ 𝐻 (𝑏2,

  𝑡1

𝑙∣𝛿2
(𝑛)

−𝛿2∣
)⋂… 𝐻 (𝑏𝑙,

  𝑡1

𝑙∣𝛿𝑙
(𝑛)

−𝛿𝑙∣
).        (5)                                 
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When  𝑛 → ∞ then 
  𝑡1

𝑙∣𝛿𝑘
(𝑛)

−𝛿𝑘∣
→ ∞ , since 𝛿𝑘

(𝑛)
→ 𝛿𝑘  for 𝑘 = 1,2, … 𝑙 and   𝑡1 > 0. 

From Equation (5) we obtain, utilizing the t-norm's continuity at (1, 1), 

 lim
n→∞

 𝐻(𝓎𝑛 − 𝓎,   𝑡1) ⊇  𝑈∗⋂ 𝑈∗⋂ …⋂𝑈∗ = 𝑈∗, ∀  𝑡1 > 0. 

⇒ lim
n→∞

 𝐻(𝓎𝑛 − 𝓎,   𝑡1) = 𝑈∗, ∀  𝑡1 > 0 

⇒𝓎𝑛 → 𝓎   ⇒ 𝑌 is complete. 

 

Definition 3.9: 

We define Hesitant fuzzy bounded in Hesitant fuzzy normed linear space from the Definition 

4.3 in [3]. 

Let 𝐴 ⊂ 𝑌 and (𝑌, 𝐻) be a Hesitant fuzzy normed linear space. If for every  𝑈∗, ∅∗ ⊂ 𝑆∗ ⊂ 𝑈∗, 

there exists 𝑡1 > 0  such that 𝐻(𝓎, 𝑡) ⊃  𝑈∗ − 𝑆∗ , ∀  𝑡1 > 0. Then A is considered hesitant 

fuzzy bounded. 

 

Theorem 3.10: 

In the finite dimensional Hesitant fuzzy normed linear space (Y,H), Assume that at (1,1) the 

underlying t-norm * is continuous. A subset A must be bounded and closed in order to be 

considered compact. 

 

Proof : 

The first assumption is that A is compact. We must demonstrate that A is bounded and closed. 

Assume that 𝓎.  A sequence {𝓎𝑛} in A then exists such that lim
𝑛→∞

𝓎𝑛 = 𝓎 

because A is compact. 

A subsequence of {𝓎𝑛}, {𝓎𝑛𝑙
}  exists and converges in A to a point. Since {𝓎𝑛} → 𝓎, once 

more, 

{𝓎𝑛𝑙
} → 𝓎 and 𝔂 ∈ A. Thus, A is closed. 

Assuming, if at all feasible, that A is unbounded, there exists 𝑆∗ = 𝑆0
∗,   ∅∗ ⊂ 𝑆0

∗ ⊂ 𝑈∗, 

In this way, for every positive integer j, there exists 𝓎𝑗 ∈ 𝐴, such that 𝐻(𝓎𝑗 , 𝑗) ⊂  𝑈∗ − 𝑆0
∗. 

Since 𝐴 is compact, there exists a subsequence {𝔂𝐧𝐥
} of {𝔂𝒏} converging to some element 𝑦 ∈

 𝐴. Thus 

lim
𝑙→∞

𝐻( 𝓎𝑛𝑙
− 𝓎, 𝑡1) =  𝑈∗  , ∀𝑡1 > 0. 

Also, 

𝐻(𝓎𝑛𝑙
, 𝑛𝑙) ⊆  𝑈∗ − 𝑆0

∗. 

Now, 

𝑈∗ − 𝑆0
∗ ⊇  𝐻(𝓎𝑛𝑙

, 𝑛𝑙) = 𝐻(𝓎𝑛𝑙
− 𝓎 + 𝓎, 𝑛𝑙 − 𝑡1 + 𝑡1) , 𝑤ℎ𝑒𝑟𝑒 𝑡1 > 0. 

⇒ 𝑈∗ − 𝑆0
∗ ⊇  𝐻(𝓎𝑛𝑙

− 𝓎, 𝑡1)⋂ 𝐻(𝓎, 𝑛𝑙 − 𝑡1) 

⇒ 𝑈∗ − 𝑆0
∗ ⊇  𝑙𝑖𝑚

𝑙→∞
𝐻(𝓎𝑛𝑙

− 𝓎, 𝑡1) ⋂ 𝑙𝑖𝑚
𝑙→∞

𝐻(𝓎, 𝑛𝑙 − 𝑡1) 

⇒ 𝑈∗ − 𝑆0
∗ ⊇ 𝑈∗⋂𝑈∗⇒ 𝑆0

∗ ⊆ ∅∗. 

Because of this contradiction, A is bounded. Assume, on the other hand, that A is bounded and 

closed, then demonstrate that A is compact. Consider, dim 𝑌 = 𝑚, where Y's basis is 
{𝑏11, 𝑏12 … 𝑏1𝑚}. Select a sequence in A called {𝑦𝑙} and assume  

𝓎𝑙 = 𝛿1
(𝑙)

𝑏11 + 𝛿2
(𝑙)

𝑏12 + ⋯ + 𝛿𝑚
(𝑙)

𝑏1𝑚 , 𝑤ℎ𝑒𝑟𝑒  𝛿1
(𝑙)

, 𝛿2
(𝑙)

, … 𝛿𝑚
(𝑙)

  are scalars. 

Now, from Lemma 3.12, there exists 𝑑 > 0, and 𝑆2
∗ ∈ 𝑃[0,1], such that , 

𝐻(∑ 𝛿𝑗
(𝑙)

𝑏1𝑗
𝑚
𝑗=1   , 𝑑 ∑ ∣ 𝛿𝑗

(𝑙)
∣𝑚

𝑗=1  ) ⊂  𝑈∗ − 𝑆2
∗ .                                       (6) 

Again, since 𝐴 is bounded, for 𝑆2
∗ ∈ 𝑃[0,1] such that 𝐻(𝓎, 𝑡1) ⊃  𝑈∗ − 𝑆2

∗  , ∀𝓎 ∈ 𝐴.  
So,  
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𝐻 (∑ 𝛿𝑗
(𝑙)

𝑏1𝑗

𝑚

𝑗=1

 , 𝑡1) ⊃  𝑈∗ − 𝑆2
∗.                                                           (7) 

From Equation (6) and Equation (7) we obtain,   

𝐻 (∑ 𝛿𝑗
(𝑙)

𝑏1𝑗

𝑚

𝑗=1

  , 𝑑 ∑ ∣ 𝛿𝑗
(𝑙)

∣

𝑚

𝑗=1

 ) ⊂  𝑈∗ − 𝑆2
∗ ⊂ 𝐻 (∑ 𝛿𝑗

(𝑙)
𝑏1𝑗

𝑚

𝑗=1

 , 𝑡1). 

⇒ 𝐻(∑ 𝛿𝑗
(𝑙)

𝑏1𝑗
𝑚
𝑗=1   , 𝑑 ∑ ∣ 𝛿𝑗

(𝑙)
∣𝑚

𝑗=1  )  ⊂  𝐻(∑ 𝛿𝑗
(𝑙)

𝑏1𝑗
𝑚
𝑗=1  , 𝑡1) 

⇒ 𝑑 ∑ ∣ 𝛿𝑗
(𝑙)

∣𝑚
𝑗=1 < 𝑡1 (because 𝐻(𝑦,•) is non-decreasing) 

⇒∣ 𝛿𝑗
(𝑙)

∣≤
𝑡1

 𝑑
  for  𝑙, 𝑗 = 1,2 … 𝑚. 

So, each sequence {𝛿𝑗
(𝑙)

}   (𝑗 = 1,2 … 𝑚) is bounded. 

The Bolzano-Weierstrass theorem can be applied repeatedly to show that every sequence 

{𝛿𝑗
(𝑙)

} has a convergent subsequence, say  {𝛿
𝑗

(𝑙𝑗)
} , ∀ 𝑗 = 1,2 … 𝑚.   

Let 𝓎𝑙1
= 𝛿1

(𝑙1)
𝑏11 + 𝛿2

(𝑙1)
𝑏12 + ⋯ + 𝛿𝑚

(𝑙1)
𝑏1𝑚 and {𝛿1

(𝑙1)
} , {𝛿2

(𝑙2)
} , … {𝛿𝑚

(𝑙𝑚)
}  are all 

convergent.  

Let 𝛿𝑗 = lim
𝑙→∞

𝛿
𝑗

(𝒍𝒑)
  , 𝑗 = 1,2 … 𝑚  and 𝓎 = 𝛿1𝑏11 + 𝛿2𝑏12 + ⋯ + 𝛿𝑚𝑏1𝑚   now for 𝑡1 > 0 , we 

have, 

𝐻 (𝓎𝑙𝑝
− 𝓎, 𝑡1) = 𝐻 (∑(

𝑚

𝑗=1

𝛿
𝑗

(𝑙𝑝)
− 𝛿𝑗)𝑏11, 𝑡1)) 

⊇ 𝐻( 𝑏11,
  𝑡1

𝑚∣𝛿1

(𝑙𝑝)
−𝛿1∣

 )⋂ 𝐻( 𝑏12,
  𝑡1

𝑚∣𝛿2

(𝑙𝑝)
−𝛿2∣

 )⋂… 𝐻( 𝑏1𝑙,
  𝑡1

𝑚∣𝛿𝑚

(𝒍𝒑)
−𝛿𝑙∣

 ) 

⇒ lim
𝑝→∞

𝐻 (𝓎𝑙𝑝
− 𝓎, 𝑡1) ⊇ lim

𝑝→∞
 𝐻( 𝑏11,

  𝑡1

𝑚∣𝛿1

(𝑙𝑝)
−𝛿1∣

)⋂….⋂ lim
𝑝→∞

𝐻(𝑏1𝑙,
  𝑡1

𝑚∣𝛿𝑚

(𝑙𝑝)
−𝛿𝑙∣

) 

⇒ lim
𝑝→∞

𝐻 (𝓎𝑙𝑝
− 𝓎, 𝑡1) ⊇ 𝑈∗⋂𝑈∗ … ⋂𝑈∗ , (𝛿

𝑗

(𝑙𝑝)
) → 𝛿𝑗   𝑎𝑠  𝑝 → ∞ 

(using the t-norm ∗ continuity at (1,1) 

⇒ lim
𝑝→∞

𝐻 (𝓎𝑙𝑝
− 𝓎, 𝑡1) = 𝑈∗. 

Since   t1 > 0 is arbitrary, it follows that lim
𝑝→∞

𝓎𝑙𝑝
= 𝑈∗ 

That is, {𝓎𝑙𝑝
} is a subsequence that convergent to {𝓎𝑙𝑝

} belongs to {𝓎𝑙} and converges to 𝔂 as 

a convergent subsequence. Since {𝓎𝑙} is a sequence in A and A is closed, y must be a member 

of A. Every sequence in A therefore converges to an element of A and possesses a convergent 

subsequence. Thus, A is compact. 

 

4. Riesz Lemma  

      In this section Riesz lemma is extended to Hesitant Fuzzy Normed Linear Space from the 

Lemma 5.1 in [3] from Fuzzy normed linear space. 

In the Hesitant fuzzy normed linear space (Y, H), let X and Z be subspaces. Let X be a closed 

and proper subset of  Z. After that, for each real number 𝜏 ∈ (0,1), there exists 𝑧 ∈ 𝑍. Such that 

𝐻(𝑧, 1) ≠ ∅∗ and  𝐻(𝑧 − 𝑥, 𝜏) = ∅∗, ∀𝑥 ∈ 𝑋. 
 

Proof: 

Since 𝑋 is a proper subset of 𝑍,there exists 𝑢 ∈ 𝑍 − 𝑋. 
Denote  𝑒 =∧𝑥∈𝑋 ∧ {𝑡1 > 0: 𝐻(𝑢 − 𝑥, 𝑡1) ≠ ∅∗} 

We claim that   𝑒 > 0,  if  𝑒 = 0, that is 
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∧𝑥∈𝑋 ∧ {𝑡1 > 0: 𝐻(𝑢 − 𝑥, 𝑡1) = 0.                                                         (8) 

 

This implies for a given 𝜇 > 0,  there exists   𝑥(𝜇) ∈ 𝑋 such that  

∧ {𝑡1 > 0: 𝐻(𝑢 − x, t1) ≠ ∅∗} <  𝜇. Obtaining 𝐻(u − x, μ) ≠ ∅∗. 
Choose 𝑆∗ ∈ 𝑃[0,1] such that, 𝐻(u − x, μ) ⊃ U∗ − 𝑆∗, that is , x ∈ B(u, U∗ − S∗, μ). 
Given that 𝜇 > 0  is arbitrary, 𝑢 must be in the closure of  X. Given that X is closed, it follows 

that  𝑢 ∈ 𝑋 which is contradictory, thus 𝑒 > 0. Taking  𝜗 ∈ (0,1) now, thus  
𝑒

𝜗
> 𝑒. 

Consequently,  for some  𝑥0 ∈ 𝑋, we have 

 𝑒 ≤ {𝑡1 > 0: 𝐻(𝑢 − 𝑥0, 𝑡1) ≠ ∅∗} < 𝑙 <
𝑒

𝜗
 .                                            (9) 

Let =
 𝑢−𝑥0

𝑙
 , now  𝐻(𝑧, 1) = 𝐻 (

 𝑢−𝑥0

𝑙
, 1). That is   

𝐻(𝑧, 1) = 𝐻(𝑢 − 𝑥0, 𝑙)                                                               (10) 

Now, ∧ {t1 > 0: H(u − x0, t1) ≠ ∅∗} < l   this implies  𝐻(u − x0, 𝑡1) ≠ ∅∗ 

From Equation (9) ,we have 𝐻(𝑧, 1) ≠ ∅∗. 
Now, for x ∈ 𝑋,  ∧ {t1 > 0: H(z − x, t1) ≠ ∅∗} =∧ {t1 > 0: H(u − x0 − lx, lt1) ≠ ∅∗}  

=
1

𝑙
∧ {𝑡1 > 0: 𝐻(𝑢 − 𝑥0 − lx, 𝑙𝑡1) ≠ ∅∗} ∧ {t1 > 0: 𝐻(z − x, t1) ≠ ∅∗} ≥

𝑒

𝑙
 (since 𝑥0 + 𝑙𝑥 ∈

𝑋). 

⇒ ∧ {t1 > 0: 𝐻(z − x, t1) ≠ ∅∗} >  𝜗  through Equation (8).  

 

⇒ 𝐻(z − x, ϑ) ⊆ ∅∗ 

⇒ 𝐻(z − x, ϑ) = ∅∗ , ∀𝑥 ∈ 𝑋. 
 

Theorem 4.1: 

Given a hesitant normed linear space (Y, H) and 𝐻(𝓎,•) (𝑥 ≠ 0), Y is finite dimensional if the 

set R={y: 𝐻(𝓎, 1)  ≠ ∅∗} is compact. 

 

Proof: 

Assume dim 𝑌 = ∞ ,if at all possible. Let 𝐻(𝓎1, 1) ≠ ∅∗ for every 𝓎1 ∈ 𝑌. 
Assume that the subspace of Y that 𝓎1 generates is 𝑌1. Given that dim 𝑌1 = 1 .This subset of 

Y is proper and closed. Consequently, by Riesz Lemma, there exists 𝓎2 ∈ 𝑌 such that  

𝐻(𝓎2, 1) ≠ ∅∗  and 𝐻 (𝓎2 − 𝓎1,
1

2
)=∅∗. 

The elements 𝓎1, 𝓎2 create a proper closed two-dimensional subspace of  𝑌. 
Through the Lemma 3.7, there exists 𝓎3 ∈ 𝑌 with 𝐻(𝓎3, 1) ≠ ∅∗ such that, 

𝐻 (𝓎3 − 𝓎1,
1

2
)=∅∗ , 𝐻 (𝓎3 − 𝓎2,

1

2
)=∅∗. 

We get a sequence {𝑦𝑛} of elements 𝑦𝑛 ∈ 𝑅 by continuing in the same manner, such that  

𝐻(𝓎𝑛, 1) ≠ ∅∗ and 𝐻 (𝓎𝑛 − 𝓎𝑚,
1

2
) = ∅∗ , (𝑚 ≠ 𝑛).                                (11) 

From Equation (11), consequently, neither the sequence {𝓎𝑛}  nor any of its subsequences 

converge.  

Since this defies the compactness of, dim 𝑌  is finite. 

 

5. Conclusions 

      We considered tackling substantial issues when dealing with finite dimensions. Linear 

spaces with fuzzy norms, this study extended certain fundamental principles by significantly 

relaxing the t-norm’s “min” constraint, and fuzzy norms in their general form can be utilized 

to extend the findings of Hesitant fuzzy normed linear spaces. In the broad t-norm context, it 

is assumed that there will be plenty of room to draw more ambiguous functional analysis 

results. 
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