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Abstract  

     The stochastic variable order fractional differential equations have so 

many difficulties in their analytic solution, therefore, numerical methods may 

be the most cases are the suitable methods of finding the solution. This 

research is presenting a numerical method for solving stochastic variable 

order fractional differential equations. The approach is based on the Eulers 

method, the calculations are written using the mathematical software 

MATLAB R2025a. 
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1.Introduction: 

Recently, much attention has been focused on fractional differential 

equations(FDEs) because they can be used to model computational processes 

with memory and inherited properties1 which are not exactly matched by the 

conventional integer models. These come from a very wide field of 

applications that include engineering, environmental, financial biological and 

physics among others[1] [2]. To further enhance the flexibility of modeling, 

variable order fractional derivatives have been recently introduced wherein 

the order can vary with respect to time or space hence able to capture more 

details in systems whose dynamics change non-uniformly[3] [4]. 

Stochastic variable-order fractional differential equations (SVFDEs) have 

recently become a powerful mathematical apparatus in modeling complex 

dynamical systems with randomness and memory effects. Indeed, they turn 

out to be deeply suitable for describing engineering, physical, environmental, 

biological, and financial phenomena when the system is based on the history 

of the phenomenon. Therefore, an accurate solution is a major challenge for 

this type of equation because of its complex dependence on randomness and 

variable order derivative. 

However, most real phenomena are random and noisy. This has inspired the 

formulation of stochastic fractional differential equations(SFDEs) which 

inherit non-locality from fractional calculus and randomness from real 

phenomena [5]. This led to the integration of variable-order derivatives to the 
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emergence of a new type of models known as stochastic variable-order 

fractional differential equations (SVFDEs). 

The analytical solution of SVFDEs becomes cumbersome due to the 

randomness and the time-varying memory effect. Therefore, to suffice this 

more effective numerical method that approximates the solution, in this paper 

we use and improve Euler’s classic method for approximating such solutions 

[6][7]. 

The aim of the research is to find an approximate solution to solve stochastic 

differential equations of variable order using Euler’s method and calculating 

the approximate relative error to ensure the accuracy of the solution with the 

analytical solution.   

2. Preliminaries 

   In this section, we briefly review key definitions and concepts related to 

fractional calculus, variable-order derivatives, and stochastic processes that 

will be used throughout the paper. 

2.1 Definition (Caputo Fractional Derivative): 

   The Caputo fractional derivative of order   of a function , is 

defined as[1]: 

                                    2.1 

where  (.) is the Gamma function. 

2.2 Definition (Variable-Order Caputo Derivative): 

 The variable-order Caputo derivative is defined as [2]:   

 let  be a continuous function the value of  depended on time t 

                     2.2 

 

2.3 Definition (Wiener Process): 

A stochastic process is called a standard Wiener process (or 

Brownian motion) if [8]: *-  

 1.  almost surely, 

 2.  has independent and normally distributed increments, 

 3. , 

 4. Paths of  are continuous almost surely.  

2.4 Stochastic Fractional Differential Equation (SFDE): 

A basic form of a stochastic fractional differential equation with variable 

order is given by: 

                               2.3 
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where  is the variable-order fractional derivative,  and 

 are deterministic functions, and  represents white noise (the 

formal derivative of a Wiener process). 

2.4 Relative Error  

   Relative error puts absolute error into perspective because it compares the 

size of absolute error to the size of the true value. Note that the units drop off 

in this calculation, so relative error is dimensionless (unitless).[12] 

 
 

3. Mathematical model Problem Statement  

We consider the following stochastic variable-order fractional differential 

equation (SVFDE) of the form: 

                3.1 

with the initial condition: 

,                                                          3.2 

where: 

• denotes the Caputo fractional derivative of variable 

order , 

 •  is the unknown stochastic process, 

 •  and  are known continuous functions, 

 •  is a standard Wiener process defined on a filtered probability space 

, 

 •  is a given random variable independent of  

This type of SVFDE arises in modeling real-world systems exhibiting both 

memory effects and randomness, such as anomalous diffusion in 

heterogeneous media [9];[3]. The variable-order derivative captures time-

varying memory effects, which makes it more flexible than constant-order 

models [10]. 

The aim of this paper is to construct a stable and convergent numerical 

method to approximate the solution of (3.1). 

4. Fractional Euler Scheme Method to Solve SVFDE 

To find an approximate solution to the stochastic variable-order fractional 

differential equation (SVFDE) given in (3.1), we use a modified version of 

the modified Euler-Maruyama method for Kabuto's variable-order 

derivatives. Let the time interval be divided into N uniform steps of 
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size , and let , for . We denote the numerical 

approximation of  by . The variable-order Caputo derivative at 

 is approximated by the Grünwald–Letnikov-type discretization: 

              4.1 

where the weights are given by: 

 where          4.2 

Using this, the fractional Euler scheme for the SVFDE (3.1) becomes: 

       ,    4.3 

where 

 • the approximate solution at time . 

 • the approximate solution at time . 

 • the time step raised to the variable order . 

 •  the weights associated with the fractional order . 

 • the deterministic part of the equation (usually represents a 

deterministic equation). 

 • The stochastic part of the equation (interaction with the Wiener 

process). 

 • The Wiener increment, where  is the Wiener 

process, . 

This method provides a first-order approximation in the weak sense, and its 

convergence can be established under Lipschitz continuity and linear growth 

conditions on  and  [3]; [11]. 

5. Numerical Experiment 

  In this part of the research, we will give mathematical examples to prove the 

variable_order Euler method for solving the stochastic variable_order 

fractional differential equation (SVFDE). 

 

5.1 Example 

   Consider the following stochastic fractional differential equation with 

variable order: 

                   5.1  

with and  . 

According to suggested methodology, the numerical solution to (5.1) in the 

interval   with fixed step  and number of steps , the 

numerical approximation is given by: 
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Table1:Numerical Solution Table (Euler Method with Variable Order) 

Steps n Time    
0 0 1 0 

1 0.1 1.3715 0.8715 

2 0.2 0.9343 0.24855 

3 0.3 1.1063 0.63915 

4 0.4 1.71 0.115685 

5 0.5 2.068 0.1213 

6 0.6 2.82 0.1786 

7 0.7 3.59 0.218 

8 0.8 3.373 0.1578 

9 0.9 3.69 0.20035 

10 1 2.83 0.985 

11 1.1 3.5243 0.21093 

12 1.2 2.34 0.57785 

13 1.3 1.41 0.24 

14 1.4 0.923 0.218 

15 1.5 -0.011032 0.47253 

16 1.6 -0.146 0.14048 

17 1.7 -0.197 0.124 

18 1.8 -0.17 0.0715 

19 1.9 -0.25 0.165 

20 2 -0.131 0.006 
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5.2 Example  

   Consider the following stochastic fractional differential equation with 

variable order: 

                     5.2 

with and . 

According to suggested methodology, the numerical solution to (5.2) in the 

interval   with fixed step  and number of steps , the 

numerical approximation is given by: 

 
 

Table2:Numerical Solution Table (Euler Method with Variable Order) 

Steps n Time    
0 0 1 0 

1 0.1 1.34 0.84 

2 0.2 0.884 0.214 

3 0.3 1.04 0.598 

4 0.4 1.596 0.1076 

5 0.5 1.9 0.10102 

6 0.6 2.61 0.166 

7 0.7 3.314 0.1009 

8 0.8 3.12 0.1463 

9 0.9 3.41 0.185 

10 1 2.62 0.1125 
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When there is difficulty in finding the analytical solution, the approximate 

relative error is employed to verify the accuracy and convergence of the 

numerical solution. This is considered one of the commonly used methods. 

As we know, when the error close to the zero, it helps us to determine the 

stability of the method used to solve the stochastic variable_order fractional 

differential equation (SVFDE). 

Using Mathlab software in both examples, we get (table1, Fig.1, table2, 

Fig.2) for  Eulr Maruyama method. 

4.Conclusions 

   In this paper, we derive a numerical method that is the simplest method, 

Euler's method, for solving fractional-order differential equations of a 

physical nature. The randomness of the equation and the change in the time-

dependent order between zero and one made it difficult to find the solution 

analytically, so we resorted to numerical methods to find the solution in an 

approximate way to solve this type of equations, and the methods can be 

generalized to a larger number of variable orders From the results we 

obtained for the variable , we can conclude the behavior of the equation 

and how randomness and damping affect the variable . If this equation 

represents any phenomenon on the ground (physics, engineering, finance, 

environment, biology), then the results can provide conclusions, theories, and 

scientific facts based on these results. 
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For future work the following problems could be recommended: 

1- Solve the problem it was given by equation (3.1) by using Runge- 

Kutta(RK) method 

2- Use the method to solve SVFEDs with multi_order or with non-linear 

diffusion coefficients 

3- Derives other methods that highest order. 

Through these points, we can apply numerical methods to models of 

mathematics finance, biology and physics. 
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 الحل العذدي للمعادلاث التفاضليت الكسريت العشوائيت راث الرتبت المتغيرة باستخذام طريقت أويلر

 

 :البحث مستخلص

يواجه حل المعادلات التفاضلية الكسرية العشووايية رات الربةوة المتريورع بوعو اتل بيليليوةد ،ذيوذع  لوزا        

بُعووذا القوورع العذديووة ثووم امةًوور اد اووةد ليلوواد اليوولذ لووزلث  يُقووذاد ثووزا الةيوو   ريقووةد ،ذديووةد ليوول          

الكسرية العشوايية رات الربةوة المتريورعذ بعتموذ ثوزط القريقوة ،لوة  ريقوة   يلور           المعادلات التفاضلية

 .MATLAB R2025a  بُكتب اليسا ات  استخذاد  رنااج الرياضيات

المعوادلات التفاضولية الكسورية رات الربةوة المتريورع  ال وضوا  الةي وا    ريقوة          الكلماث المفتاحيت:

 .  يلر

 ؟  كلا   سالت ماجستير او اطروحت دكتوراهالبحث مستل من ر لاحظت : هل م

 

  

 


