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where ke[R” x R" x R”}—> R, feR" 5 R, (xl,xz,...,x )e R".
n

Abstract

In this paper, we given some definitions about convergence of function, then we
taken an equation of nonlinear n-th integrable function and studied the continuity and
existence of solution of this equation while the equation has the form:

bb b
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ds,ds,...ds,

where ke{R”xR”xR”}eR, feR" >R, (xl,xz,...,x )e R",
n

1.Introduction

we know that every continues function is integrable, but in the case of integrable
function there is some conditions to be continues. We want to have these conditions to
the important of the integral subject and continuity.
The object of integration is to find lengths, areas, and volumes of irregular shapes,[1],
[2].
In [6] Maria Dobritoiu and Ana-Maria Dobritoiu found the existence and unigueness to
n-th order nonlinear integral equation In [4] Akbar H. Borzabadi, and Omid S. Fard
found the existence of solution to first kind single integral equation. In this paper we’ll
find the existence to equation (1).
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2.Continuety:
Definition: [3]

The sequence f, converges uniformly to function f if for every €>0 there is an
integer N such that n >N implies

Ifn ()—f ()| <e
Where t e R.
By using the above definition, we'll give the following new theorem:

Theorem 1:

Let f, be a sequence of bounded, continues, real-valued integrable functions on a
metric space (x,d). If f,—f uniformly, then f is uniformly continues where f is the
function (1).

Proof:

By the triangle inequality:
|f(X1, X2,. .., Xn) — fn(yl, V2,eeey yn) | < |f(X1, X2,..., Xn) — fn(Xl, X2,..., Xn) | + |fn(X1,
X250 0r Xn) = Fn V1, Y2seees Y0) |+ | 00V Y2ou v s Y1) - F(YL, Y2ourn V) | -

Since f,—f uniformly, there is an n such that:

| f(x1, X2,.. ., Xn) = Fa(X1, X2y, Xn) | < &/3, | (Y1, Y2o- ., Y0) - F(Y1, V2., o) | < &/3  for
Xi, Vi€ R".
Since f, from above is continues, there is a & > 0 such that d((Xs, Xa,..., xn), (Y1, Y2,.--,
Yn)) < 6 this implies

| fn(X]_, X2,..., Xn) _fn(yl, y2,..., Yn) | < 8/3.
It follows that:

d((X1, X25--+> Xn), (Y1, V2. --» Yn)) < & implies | f(x1, Xz,..., Xn) — F(Y1, Y2»-.., Yn) | < € this
means f is continues at (X1, Xa,..., Xp).

3.existence of solution:
We'll give the following new theorem to prove the existence of solution of (1).

Theorem 2:

Suppose at k € C [R"xR"x R"] and ok (partial derivative of k) exist and it is bounded
vector function on R"xR". then if {f.(s1,S2,...,sn)} be uniformly convergence sequence of
solutions to a function f (sy,Sz,...,sn) then a function solution to (1).

Proof:
Suppose {fn(51,52....,sn)} be a uniformly convergent sequence which is obtained from

solution of f*(sl,sz,...,sn) with every refined partition. Define

Y (81,52, - .,5n)= K(S1,52,- - .,8n, Xn, Fa(S1,S2,-..,5n)), V S1,52,...,sn €R" and X, is the sequence
of X1,Xo,....Xn.

Trivially Y, (s) € C [R"xR"x R"]. For given ¢ > 0 and for
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each s; €R" we have

| Ym(Sl,Sz,...,Sn)— Yn(Sl,Sz,...,Sn))| = | k(Sl,Sz,...,Sn, Xn, fm(Sl,Sz,...,Sn))— k(Sl,Sz,...,Sn,
Xn,fn(Sl,Sz,...,Sn))L Xp= X1,X2,...,Xn.

< | K(S1,25- - -,Sn, Xn,Fm(S1,52,- . -,5n))— K(51,52,. - -,Sn, Xin,F (51,2,-.,5n)) |
+K(S1,52,- - S0y » X, (51,52, -,5n)) = K(S1,825. - -,Sn, Xin,Fa(51,52,.--,5n)) |

By [5]

| (51,52, -»Sny X, Fn(S1,2- - -,8n))— K(S1,52,- - -,Sn, X F (51,82, .,5n)) |

+HK(S1,525- - -»Sny » XnsF (51,525- - ,5n)) — K(S1,52,.- - -»Sn Xy Fn(S1,52,.-,5n)) |

< |[ak(81,82,. .Sy » X1,X2,...,Xn ,fm(Sl,Sz,. ..»Sn))/0 Xn]( X - Xm)l

+|[ak(81,82,...,sn, Xn ,fn(Sl,Sz,...,Sn))/af(sl,SZ,...,Sn)] (fm(Sl,Sz,...,Sn)- f*(Sl,Sz,...,Sn))|+
|[ak(31,32,. <5Sny 5 X1,X2,...,Xn ,fm(Sl,Sz,. . .,Sn))/a Xn]( X - Xn)l

+H[OK(S1,52,. . -,Sny X ,Fa(S1,52,. - -,80))/OL(51,52. . -,8n)] (Fa(S51,52,. - -,8n)- F (51,52,. . .,5n))|
< M(Xn = X| + |( Fa(S1,52,.- . .,8n)— T (51,52, . .,sn))

+([Xm = X| + |( fn(51,52,. . ..80)— T (51,52, .,5n))]

where M is a large positive number such that

|[ak(31,32,...,sn, , Xn ,fn(Sl,Sz,...,Sn))/a Xn]S M.

Now for & > 0, there is a positive integer number N such that for each | > N

| Xj—X|<¢g and |fj(S1,52,...,50)— f*(Sl,Sz,...,Sn)| < g,

Thus for given ¢” > 0 and the above N, for each

m, n > N we have

| Ym(S1,52,.-.,8n)— Yn(51,52,...,8n)) | <4M €’.

and thus by choosing ¢’ = ¢ /4M

we have

| Ym(S1,52,---»Sn)— Yn(S1,52,...,8n)) | <&,

that is the sequence {Y} is uniformly convergence,

,and thus Y, — Ywhere Y(51,52,...,5n) =K(51,52,...,8n,X, T (51,52, . .,5n)),

Now we can result:

bb b
nlg)nooﬂ...f{Yn(sl, S, § ) dsyds,...ds, =

bb b
H{ lim Y (s, 8 ) dsyds,...ds, =

@ —
P — T

b
Y (52,08 ) dsyds,...ds,

bb b >
[T TK(s8 S X X X, (88,0008 ))dS S, S,

and it means that { f (51,S,...,sn)} is a solution of (1).

The following example is applying to the above theorem by taking n=3:
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Example (1)
The nonlinear n-th times integrable equation is
f(X1, X2, X3) = 1/4[exp(8 X1 X2 X3)-1] [eXp(-11 X1 X2 X3)-eXP(-3 X1 X2 X3)-€Xp(-7 X1 X2

X3)+exp(Xy X2 X3)]/ x2x3x3, where
333

f(X1, X2, X3) =0+ Hjslsze><p((f(sl,sz,33)(x1x2x3)) ds, ds, ds,
-1-1-1

The exact solution of this equation is (s1,52,83) = s,” —S,” —S,.

The following figure shows by using matlab program the exact solution (s;,5,,S3):
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