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Unitary Correlation Operator Method (UCOM) has been used to 

inspect the ground state properties of 24Mg and 28Si nuclei, such 

as, charge densities, the root mean square ( 𝑟𝑚𝑠 ) radii and 

elastic electron scattering form factors. Inelastic longitudinal 

electron scattering form factors have been computed for iso 

scalar or transition ∆T=0 of the (0+0 → 21
+0) and (0+0 → 41

+0  

transitions) for the 24Mg and 28Si nuclei. The results of the 

computations have been discussed, and a comparison of those 

results with the experimental data has occurred. It was assured 

that the unitary correlation operator method is suitable for 

studying the nuclear structure. 
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1. Introduction 

UCOM is a broad method that can be utilized to 

account for correlations in nuclear many-body 

systems that are caused by short-range interactions. 

The correlations can either be realized in effective 

operators defined by similarity transformations or 

imprinted in correlation-less many-body states like 

Slater determinants.UCOM is a limpid and 

axiomatic model since it directly presents 

correlation functions to describe short-range central 

and tensor correlations. States with several bodies 

are assigned a varying degree of freedom due to of 

these relationships [1]. When effective charges are 

utilized, one of the models that has been infallible in 

characterizing the static attributes of nuclei is the 

shell model within a limited model space. Form 

factor computations based solely on the model space 

wave function are insufficient to replicate electron 

scattering details. Consequently, it is necessary to 

incorporate core polarization effects into the 

computations [2]. Hamoudi et-al. examine the 

inelastic form factors, the shape of the ground state 

two body charge density distributions (2BCDD), the 

impact of the two body short-range correlation 

function and the Tassie model were all taken into 

consideration while evaluating the core polarization 

transition density in their work [3]. Roth et-al. 

provided a summary of advances in nuclear 

structure theory aimed at unitary transformation-

based descriptions of these interaction-induced 

correlations [4]. They concentrated on UCOM, which 

provides a simple, all-encompassing, and reliable 

method for the handling of short-range correlations. 

They went into great detail on the UCOM formalism 

and emphasized how it relates to other approaches 

for describing short-range correlations and creating 

efficient interactions. Mahmood and Flaiyh have 

employed an effective two-body density operator [5]. 

For a point nucleon system with tensor force 

correlations. The operator has been utilized to 

derive a shape for the ground-state 2BCDD, which 

is viable in some light nuclei. The goal of the 

research is to examine the influences of central and 

tensor correlations on the ground state 2BCDD, root 

mean square charge radii, and elastic and inelastic 

scattering form factors for 24Mg and 28Si nuclei. 

 

2. Theoretical formulations 

The operator is utilized to express the nuclear density 

composed of A points, such as particles [6]:  

𝜌̂(1) (𝑟
→
) = ∑𝛿 (𝑟

→
− 𝑟

→

𝑖)

𝐴

𝑖=1

  … (1) 
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To convert this operator into a two-body density takes 

the shape of: 

∑𝜹(𝒓
→

− 𝒓
→

𝒊)

𝑨

𝒊=𝟏

≡
𝟏

𝟐(𝑨 − 𝟏)
 ∑{𝜹 (𝒓

→
− 𝒓

→

𝒊)

𝒊≠𝒋

+ 𝜹(𝒓
→

− 𝒓
→

𝒋)}     … (2) 

Actually, the coordinates of the two particles, 𝑟𝑖⃗⃗  and 

𝑟𝑗⃗⃗  can really undergo a beneficial transformation 

that is in express of relative (𝑟𝑖𝑗⃗⃗  ⃗ ) and center of mass 

( 𝑅
→

𝑖𝑗 ) coordinates [7]: 

 

𝑟𝑖⃗⃗ =  
1

√2
(𝑅𝑖𝑗
⃗⃗ ⃗⃗  ⃗ + 𝑟𝑖𝑗⃗⃗  ⃗)      … (3 − 𝑎) 

 

𝑟𝑗⃗⃗ =  
1

√2
(𝑅𝑖𝑗
⃗⃗ ⃗⃗  ⃗ − 𝑟𝑖𝑗⃗⃗  ⃗)      … (3 − 𝑏) 

Inserting equations (3-a) and (3-b) into eq. (2) get: 

𝜌
∧
(2) (𝑟

→
) =

1

2(𝐴 − 1)
 ∑{𝛿 [𝑟

→
−

1

√2
(𝑅

→

𝑖𝑗 + 𝑟
→

𝑖𝑗)]

𝑖≠𝑗

+ 𝛿 [𝑟
→

−
1

√2
(𝑅

→

𝑖𝑗 − 𝑟
→

𝑖𝑗)] }  … (4) 

Using the identity; 

𝛿(𝑎𝑟
→
) =

1

|𝑎|
𝛿(𝑟

→
) 

Where 𝑎 is a constant, then equation. (4) becomes: 

𝜌
∧
(2)𝑐ℎ (𝑟

→
) =

√2

2(𝐴 − 1)
 ∑{𝛿 [√2𝑟

→
− 𝑅

→

𝑖𝑗 − 𝑟
→

𝑖𝑗]

𝑖≠𝑗

+ 𝛿 [√2𝑟
→

− 𝑅
→

𝑖𝑗 + 𝑟
→

𝑖𝑗] }   … (5) 

Two-body correlation functions 𝐶̃  can generate a 

correlated two-body charge density operator as 

follows:  

𝜌
∧
(2)𝑐𝑜𝑟𝑟 (𝑟

→
) =

√2

2(𝐴 − 1)
 ∑ 𝐶̃ {𝛿 [√2𝑟

→
− 𝑅

→

𝑖𝑗 − 𝑟
→

𝑖𝑗]

𝑖≠𝑗

+ 𝛿 [√2𝑟
→

− 𝑅
→

𝑖𝑗 + 𝑟
→

𝑖𝑗] } 𝐶̃     … (6) 

where the correlation operator C is described as 

[4,8]: 
𝐶 = 𝐶𝛺𝐶𝑟     … (7) 

where 𝐶𝑟  central correlations and 𝐶𝛺  describes 

tensor correlations, each of these unitary operators 

is indicated by [8]: 

𝐶𝑟 = 𝑒𝑥𝑝 [−𝑖 ∑𝑔𝑟,𝑖𝑗

𝑖<𝑗

]            𝑎𝑛𝑑       𝐶𝛺

= 𝑒𝑥𝑝 [−𝑖 ∑𝑔𝛺,𝑖𝑗

𝑖<𝑗

]     … (8) 

The specifics of the generators 𝑔𝑟 and 𝑔𝛺 will rely on 

the particular NN interaction under account [8]. The 

𝑔𝑒𝑛𝑒𝑟𝑎𝑡𝑜𝑟 for the central correlation is expressed in 

a ℎ𝑒𝑟𝑚𝑖𝑡𝑖𝑧𝑒𝑑 shape as follows: 

𝑔𝑟 = ∑
1

2
𝑆,𝑇

[𝑞𝑟𝑠𝑆𝑇(𝑟) + 𝑠𝑆𝑇(𝑟)𝑞𝑟]𝛱𝑆𝑇      … (9) 

Where 𝛱𝑆𝑇 is the dropping operator unto a two-body 

𝑠𝑝𝑖𝑛  𝑆  and 𝑠𝑜𝑠𝑝𝑖𝑛  𝑇 .  For a two-body system, the 

correlation function may be computed using a 

numerically the function 𝑅+(𝑟) . Thus, the 

parameters used are the numerically specified 𝑅+(𝑟) 
by [4,8]: 

𝑅+(𝑟) = 𝑟 + 𝛼 (
𝑟

𝛽
)
𝜂

𝑒𝑥𝑝{− 𝑒𝑥𝑝(
𝑟

𝛽
)}      … (10) 

The parameter 𝛼  is dominant the aggregate 

magnitude of the shift, 𝛽 is the length scale, and 𝜂 is 

determined the steepness around  𝑟 =  0. 

In a hermitized form, the complete generator for the 

tensor correlations is expressed as follows:                 

𝑔𝛺 = ∑𝜗𝑇(𝑟)

𝑇

 𝑆12(𝑟   , 𝑞 𝛺)𝛱1𝑇     … (11) 

Making use of the public definition for a rank 2 

tensor operator: 

𝑆12(𝑎  , 𝑏⃗ ) =
3

2
[(𝜎 1. 𝑎 )(𝜎 2. 𝑏⃗ ) + (𝜎 1. 𝑏⃗ )(𝜎 2. 𝑎 )]

−
1

2
 (𝜎 1. 𝜎 2)(𝑎 . 𝑏⃗ + 𝑏⃗  . 𝑎 )     … (12) 

The amplitude is presented by the tensor correlation 

function 𝜗𝑇(𝑟). For 𝜗𝑇(𝑟)  
The next parameter used is utilized [4,8]: 

𝜗(𝑟) = 𝛼 [1 − 𝑒𝑥𝑝 (−
𝑟

𝛾
)] 𝑒𝑥𝑝 (−𝑒𝑥𝑝 (

𝑟

𝛽
))  … (13) 

The expectation values of the associated two-body 

charge density operator of equation (6) provide the 

2BCDD of nuclei, which can be written as follows: 

𝜌𝑐ℎ(𝑟) =   ⟨𝛹 | 𝜌
∧
(2)𝑐𝑜𝑟𝑟. (𝑟

→
) | 𝛹 ⟩ =

∑ ⟨𝑖 𝑗| 𝜌
∧
(2)𝑐𝑜𝑟𝑟. (𝑟

→
) [ | 𝑖𝑗 ⟩ − | 𝑗𝑖 ⟩ ]𝑖⟨𝑗    … (14)  

where two particles wave function is utilized by [9]: 

 
[𝑖𝑗⟩

=  ∑
∑ ⟨𝑗𝑖𝑚𝑖𝑗𝑗𝑚𝑗|𝑡𝑖𝑚𝑡𝑡𝑗𝑚𝑡𝑗

⟩ (𝑗𝑖𝑗𝑗) 𝐽𝑀𝐽⟩

𝑇𝑀𝑇

 (𝑡𝑖𝑡𝑗) 𝑇𝑀𝑇⟩   

… (15)𝐽𝑀𝐽

 

The space-spin portion (𝑗𝑖𝑗𝑗) 𝐽𝑀𝐽⟩ of the two-particle 

wave function built  in the 𝑗𝑗 -coupling planner 

should be converted to the 𝑟𝑖𝑗⃗⃗  ⃗  and 𝑅
→

𝑖𝑗  coordinates 

since our correlated operator for the two-body 

charge density in equation (6) is created in these 

coordinates defines the mean square charge radii of 

the nuclei under consideration by [6].  

〈𝑟2〉 =  
4𝜋

𝑍
 ∫ 𝜌𝑐ℎ(𝑟) 𝑟

4 𝑑𝑟   … (16)
∞

0

 

Utilizing the ground-state charge density allocation 

(from equation (14)), the elastic form factor should 

be examined. Since the fallen and dispersed electron 

waves are regarded as a plane wave, the form factor 

http://www.anjs.edu.iq/
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in the Plane Wave Born Approximation is just the 

Fourier’s convert of the CDD. As a result [10, 11]:    

𝐹(𝑞) =
4𝜋

𝑍
∫ 𝜌𝑐ℎ(𝑟)

∞

0

𝑗0(𝑞𝑟)𝑟
2𝑑𝑟   … (17) 

where 𝑗0(𝑞𝑟) = 𝑠𝑖𝑛( 𝑞𝑟)
(𝑞𝑟)

, equation (17)  should be 

written as follows: 

𝐹(𝑞) =
4𝜋

𝑞𝑍
∫ 𝜌𝑐ℎ(𝑟)

∞

0

𝑠𝑖𝑛( 𝑞𝑟)𝑟 𝑑𝑟       … (18) 

where 𝐹𝑓𝑠(𝑞)  is the adjustment for finite nucleon 

size and 𝐹𝑐𝑚(𝑞)  is the center of mass correction, our 

computations require multiplying the form factor of 

equation. (18) by these corrections; these take the 

forms [12]. 

𝐹𝑓𝑠(𝑞) = 𝑒
−0.43𝑞2

4     … (19) 

𝐹𝑐𝑚(𝑞) = 𝑒
𝑞2𝑏2

4𝐴       … (20) 
Inserting these adjustments into equation. (18), we 

get;  

𝐹(𝑞) =
4𝜋

𝑞𝑍
∫ 𝜌𝑐ℎ(𝑟)

∞

0

𝑆𝑖𝑛(𝑞𝑟)𝑟 𝑑𝑟𝐹𝑓𝑠(𝑞)𝐹𝑐𝑚(𝑞) … (21) 

Inelastic longitudinal form factors, including 

angular momentum 𝐽and 𝑞, is given as follows [13]. 

|𝐹𝐽
𝐿(𝑞)|

2

=
4𝜋

𝑍2(2𝐽𝑖 + 1)
| ⟨𝑓‖𝑇̂𝐽

𝐿(𝑞)‖𝑖⟩ |
2
|𝐹𝑐𝑚(𝑞)|2|𝐹𝑓𝑠(𝑞)|

2
  

                     … (22) 
The longitudinal operator is acquainted as [12]: 

𝛵̂𝐽𝑡𝑧
𝐿 (𝑞) = ∫𝑑𝑟 𝑗𝐽(𝑞𝑟) 𝑌𝐽(𝛺)  𝜌(𝑟, 𝑡𝑧)   … (23) 

where 𝜌(𝑟, 𝑡𝑧) is the operator of charge density. With 

the configuration mixing, the reduced matrix 

elements in 𝑠𝑝𝑖𝑛  and 𝑖𝑠𝑜𝑠𝑝𝑖𝑛  space of the 𝛵̂𝐽𝑡𝑧
𝐿 (𝑞) 

between the system's initial and final particle states 

are expressed as [12]: 

⟨𝑓 ‖|𝑇̂𝐽𝑇
𝐿  |‖ 𝑖⟩ = ∑𝑂𝐵𝐷𝑀𝐽𝑇(𝑖, 𝑓, 𝐽, 𝑎, 𝑏)

𝑎,𝑏

 ⟨𝑏 ‖| 𝑇̂𝐽𝑇
𝐿  |‖ 𝑎⟩    

  … (24) 
OBDM is the One Body Density Matrix element, 

which is computed in formulas of the iso spin–

reduced matrix element. The longitudinal operator 

of several particles reduced matrix elements is given 

as [12]:  

⟨𝑓‖ 𝑇̂𝐽
𝐿(𝜏𝑍, 𝑞)‖𝑖⟩ = ⟨𝑓 ‖𝑇̂𝐽

𝐿
𝑚𝑠

(𝜏𝑍, 𝑞)‖ 𝑖⟩

+ ⟨𝑓 ‖𝑇̂𝐽
𝐿

𝑐𝑜𝑟

(𝜏𝑍, 𝑞)‖ 𝑖⟩       … (25) 

Equation (25) provides the model space matrix 

element as follows: 

⟨𝑓 ‖𝑇̂𝐽
𝐿

𝑚𝑠

(𝜏𝑍, 𝑞)‖ 𝑖⟩

= 𝑒𝑖 ∫ 𝑑𝑟𝑟2𝑗𝐽(𝑞𝑟) 𝜌
𝑚𝑠

𝐽,𝜏𝑍

∞

0

(𝑖, 𝑓, 𝑟)    … (26) 

The model space transition density 𝜌
𝑚𝑠

𝐽(𝑖, 𝑓, 𝑟) is 

given by [12]: 

𝜌𝐽,𝜏𝑧
𝑚𝑠 (𝑖, 𝑓, 𝑟)

=  

𝑥

(𝑖, 𝑓, 𝐽, 𝑗 , 𝑗′, 𝜏𝑧) ⟨𝑗||𝑌𝐽||𝑗
′⟩ 𝑅𝑛𝑙(𝑟)𝑅𝑛′𝑙′(𝑟)       … (27) 

The core- polarization matrix element in equation 

(25) take the ensuing shape [10, 11]. 

⟨𝑓 ‖ 𝑇̂𝐽
𝐿

𝑐𝑜𝑟𝑒

(𝜏𝑍, 𝑞)‖ 𝑖⟩ = 𝑒𝑖 ∫ 𝑑𝑟𝑟2𝑗𝐽(𝑞𝑟) 𝜌
𝑐𝑜𝑟𝑒

∞

0

(𝑖, 𝑓, 𝑟)    

…(28) 
  

where 𝜌𝐽
𝑐𝑜𝑟𝑒  is the core-polarization transition 

density (𝐶𝑃). So the overall transition density is: 

𝜌𝐽𝜏𝑧
(𝑖, 𝑓, 𝑟) =  

𝑥
(𝑖, 𝑓, 𝑟)    … (29) 

The 𝐶𝑃 is written by 𝑇𝑎𝑠𝑠𝑖𝑒 shape [14]. 

𝜌𝐽𝑡𝑧
𝑐𝑜𝑟𝑒(𝑖, 𝑓, 𝑟) = 𝛮

1

2
(1 + 𝜏𝑧)𝑟

𝐽−1
𝑑𝜌𝑜(𝑖, 𝑓, 𝑟)

𝑑𝑟
     … (30) 

where 𝜌𝑜 is the ground state 2BCDD and 𝛮 is a 

proportional constant is provided as [14]: 

𝛮 =
∫ 𝑑𝑟𝑟𝐽+2 𝜌𝑚𝑠𝐽𝜏𝑧(𝑖, 𝑓, 𝑟)

∞

0
− √(2𝐽𝑖 + 1)𝐵(𝐶𝐽)

(2𝐽 + 1) ∫ 𝑑𝑟𝑟2𝐽𝜌𝑜(𝑖, 𝑓, 𝑟)
∞

0

  … (31) 

where B(CJ) is the reduced transition probability.                      

 

3. Results and Discussion 

The computations for the ground state 2BCDD's 

(𝜌𝑐ℎ(𝑟)), the root mean square charge radii 〈𝑟𝑐ℎ
2〉

1

2, 

elastic and inelastic form factors 𝐹(𝑞)′𝑠  are 

examined for  𝑀𝑔24   and 𝑆𝑖28  nuclei. The occupation 

probabilities of higher state is presented in Table 

(1). The force of the correlations are specified by 

suitable the computed 〈𝑟𝑐ℎ
2〉

1

2  with those of empirical 

data. All short-range and tensor parameters 

required in the computations of  〈𝑟𝑐ℎ
2〉

1

2 , 𝜌𝑐ℎ(𝑟) and 

𝐹(𝑞)′𝑠  are presented in Table (1) and Table (2). 

Besides, the computed 〈𝑟𝑐ℎ
2〉

1

2 including the effect of 

UCOM are in good match with those of empirical 

data. Figure 1, illustrates the computed charge 

density distributions for 24Mg (figure 1(a)) and 28Si 

[figure 1(b)] nuclei got by UCOM parameters and 

without it, along with what fits into the empirical 

data (denoted by filled circle marks). We noticed 

that adding the influence of UCOM results to match 

the empirical data. 
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Table 1: Short-Range Central correlations Parameters which have been utilized in the current work's 

computations 

Nuclei 
Occupation 

percentage 
𝑏 (𝑓𝑚) 𝛼 (𝑓𝑚) 𝛽 (𝑓𝑚) ƞ 〈𝑟𝑐ℎ

2〉
1

2 (fm) 
〈𝑟𝑐ℎ

2〉
1

2 (fm) 

Exp. [15] 

𝑀𝑔24  
1𝑑5

2

 0.508 
1.947 1.69 1.93 0.060 3.058678 3.0570 

2𝑠1

2

 0.475 

𝑆𝑖28  

𝟏𝒅𝟓

𝟐

 0.8166 

1.96 1.86 2.10 0.005 3.195795 3.1224 

𝟐𝒔𝟏

𝟐

 0.55 

 

Table 2: Tensor correlations, the parameters utilized in the current work's computations 

Channel 𝛼 (𝑓𝑚) 𝛽 (𝑓𝑚) 𝛾 

𝑒𝑣𝑒𝑛  𝑆 = 0, 𝑇 = 1 1.81 1.07 0.67 

𝑒𝑣𝑒𝑛 𝑆 = 1, 𝑇 = 0 1.43 0.95 0.78 

𝑜𝑑𝑑  𝑆 = 0, 𝑇 = 0 
2.3 1.0 0.9 

𝑜𝑑𝑑  𝑆 = 1, 𝑇 = 1 

 

 

 

  
(a) (b) 

Figure 1:  Calculated charge density distribution for 24Mg (Fig a) and 28Si (Fig. b) nuclei with UCOM 

parameters with the exp. data [16] 

 

The elastic form factors of 𝑀𝑔24   and 𝑆𝑖28  nuclei are 

offered in figures (2.a) and (2.b), consecutively, it is 

noticeable from these forms that both the quantity 

and attitude of the computed form factors are in 

credible agreement with the empirical data during 

the entire zone of 𝑞. Moreover, the position of the 

computed diffraction minima in both computations 

of the curves is recreated in the true position. It is 

observed that the entrance of the UCOM in the 

computations of the red curve commands lightly 

enhanced outcomes of the computed form factors in 

the zone of 𝑞 , and so tends to ameliorate the 

computed outcomes of form factors. 
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(a) (b) 

Figure 2: Elastic Form Factor for 24Mg (Fig. a) and 28Si (Fig b) nuclei. The filled circle symbols are 

experimental data [16].  

 

The inelastic longitudinal C2 form factors of 𝑀𝑔24   

and 𝑆𝑖28   nuclei are offered in figures 3(a) and 3(b) 

consecutively. The computed C2 form factors are 

schemed as a function of 𝑞  for the transitions, 

(𝐽𝑖
𝜋𝑇𝑖 → 𝐽𝑓

𝜋𝑇𝑓),0+0 → 21
+0 (with an excitation energy of 

𝐸𝑥 =1.37 MeV [17] and 𝐵(𝐶2)  = 404.7 𝑒2. 𝑓𝑚4  [18]) 

for 24Mg and 0+0 → 21
+0 (with 𝐸𝑥=1.78 MeV [19] and 

𝐵(𝐶2) = 327.24 ± 9.47𝑒2. 𝑓𝑚4 [20]) for 28Si  . In these 

shapes, red arches denote the contribution of the 

model space (MS) where the configuration mixing is 

regarded; blue curves denote the core polarization 

(CP) contribution where the influence of two-body 

correlations are regarded; black curves denote the 

total contribution, which is gained by taking MS 

together with CP influence into regard. We observe 

that adding CP into the MS enhances the results, 

ensuring better alignment with empirical details.

 

  
(a) (b) 

Figure 3. The C2 form factors for 24Mg (Fig. a) and 28Si (Fig b) nuclei. The filled circle symbols are 

experimental data [18] and [19] respectively.  
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The inelastic longitudinal C4 form factors of 𝑀𝑔24   

and 𝑆𝑖28  nuclei are offered in figures 4(a) and 4(b), 

consecutively. The computed C4 form factors are 

schemed as a function of 𝑞 for the transitions 0+0 →
42

+ 0 in 24Mg and 0+0 → 41
+ 0 in 28Si with excitation 

energies of 6.1 𝑀𝑒𝑉  [20] and 4.617 𝑀𝑒𝑉  [21] 

respectively. The B(C4) of the above nuclei is 

36000 𝑒2. 𝑓𝑚4 [20] and 27700 𝑒2. 𝑓𝑚4 [19] 

respectively. In these forms, red arches denote the 

contribution of MS where the configuration mixing 

is considered; blue arches denote CP contribution 

where the impact of two-body correlations are 

regarded, black arches denote the total contribution, 

which is gained by taking MS together with CP 

impacts into account. These figures clarify that MS 

is not able to offer a satisfying depiction comparable 

with empirical data for the zone of 𝑞 > 2 𝑓𝑚−1 but 

merely CP influence inserted to MS, the gained 

outcomes for the longitudinal C4 form factors be 

reasonably in concurrence with those of empirical 

details during the entire zone of 𝑞 as shown in the 

black arches of these figures. 

 

 

  
  

Figure 4:  Inelastic longitudinal C4 form factors for 24Mg (Fig. a) and 28Si (Fig b) nuclei. The filled circle 

symbols are experimental data [19]. 

 

4. Conclusions 

In the current work, by adding the UCOM to the 

2BCDD's formula, we achieved an outstanding 

approval with the experimental outcomes for the 

𝜌𝑐ℎ(𝑟) and 〈𝑟𝑐ℎ
2〉

1

2 . Based on the 𝜌𝑐ℎ(𝑟) using the 

elastic form factor calculations, we achieved a much 

with the experimental outcomes. In the computation 

of inelastic form factors, and based on the 𝜌𝑐ℎ(𝑟) to 

account for the effect of𝐶𝑃, we achieved results that 

match the experimental data. From the computed 

results of the form factor, we observed that adding 

CP to MS significantly improves the results, 

ensuring alignment with experimental values. 

Based on these findings, it is evident that utilizing 

the UCOM effect is highly effective in studying 

nuclear structure properties. 
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