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This work presents a new model for electrical conductivity versus grain size 

derived from a new theory called the time of events theory. The time of events 

(TE) model was applied to experimental data of electrical conductivity versus 

grain sizes of two metals, copper Cu and Nickel Ni due to their industrial 

importance in transferring electricity and electrical circuits. In addition, a 

comparative analysis of two other models was applied to the experimental 

data. The Maydas-Shatzkes model and the Andrews model. The newly derived 

model showed the best agreement with experimental data of Cu and Ni among 

all models. It uses mainly three factors: the first one is for extremely tiny grain 

sizes, while the second is for small grain sizes, and the third is for relatively 

large grain sizes. From comparing the fitting data with the Anderws models, 

it was noticed that the third parameter values were close to the Anderws 

model parameter. Therefore, Andrews' model is well applied to large grain 

sizes, but it deviates at extremely tiny grain sizes. This new model also 

predicted that the Ni data have minima and maxima, while other models did 

not have such a prediction. 
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1. Introduction  

Nanoscale brought many new properties that 

enhanced the performance in mechanical, electrical, 

and many other materials properties [1]–[3]. 

Understanding the mechanism of the electrical 

conductivity in metals as a function of nanometer-

sized grains is crucial for many applications, 

including interconnect lines [4][5]. The grain size has 

a strong effect on electrical conductivity, as several 

works concluded [6][7]. Generally, decreasing grain 

size leads to increasing the surface area, which is 

associated with decreasing electrical conductivity 

due to increased scattering centers on grain 

boundaries [8]. Regardless, many other factors that 

are related to grains may affect the electrical 

conductivity of different materials, as an example, 

the tilt angle of grains is found to affect the electrical 

conductivity, as found by [8][9]. Given this 

complexity, several theoretical models were 

developed to interpret the behavior of electrical 

conductivity versus grain size. Most models that 

interpret electrical conductivity are based on 

classical procedures [10][11]. However, some models 

tried using the quantum approach, but unfortunately 

faced difficulties such as the defects in thin films that 

usually largely affect the electrical conductivity, and 

it is not easy to count quantumly [12]. Therefore, the 

classical approaches appears dominated. These 

approaches started with Fuches [13] who assumed 

increasing resistivity due to surface scattering 

mainly in thin films and interconnecting wires. Some 

works later have included surface roughness to count 

for additional scattering effects [14][15]. Maydas-

Shatzkes model [16]. Assuming the scattering of 

electrons from grain boundaries decreasing the grain 

size leads to an increase in the number of scattered 

electrons which causes lower conductivity [17]–[19].  

They also assumed a reflection coefficient related to 

electrons' back reflection when facing grain 

boundaries. Andrews [20] formulated a model that 

assumed the resistivity is proportional to the grain 

boundary surface area relative to volume, i.e., it is 

inversely proportional to grain size diameter.  He 
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postulated a proportionality constant named 

Anderew’s constant. A. Bakonyi [21] compared the 

Maydas-Shatzkes model and the Andrews model, and 

concluded that the Andrews model is more reliable 

and easier to apply to experimental data, due to the 

large scatter of the reflection factor found from 

different experimental data for a given metal. 

However, comparing the Andrews model with 

experimental data does not account for all the factors 

that affect the electrical conductivity in metals as we 

will see in the present work. The present work 

derives a new model to better fit the experimental 

data by bringing new factors yielded from a new 

multiscale models [22][23] based on a new theory 

called the Time of events theory [24]. This theory 

proved its success in interpreting many physical 

phenomena from atoms to galaxies by introducing a 

new multiscale model capable of manipulating 

different physical processes at different scales [25]–

[28]. 

 

2. Theoretical Model Derivation 

The current model  deriven from the theory of Time 

of events. This theory has shown excellence in 

interpreting the variations of different physical 

properties with different scales, especially the 

mesoscale. Equation (1) from ref. [22] gives 

 

∑(
𝐾𝑖

𝑚𝑖

)

𝑛

𝑖=1

− ∑∑ (
𝑉𝑖𝑗

𝑚𝑖

)

𝑛

𝑗=1
𝑗≠𝑖

𝑛

𝑖=1

= 𝐸𝑡 ∑
1

𝑚𝑖

𝑛

𝑖=1

… (1) 

where Ki, Vij, Et, and mi are the kinetic energy, 

potential energy from the electromagnetic 

interaction between the ith and the jth particles, total 

energy, and particle mass of the ith particle, 

respectively. In metals, the particles can be assumed 

to be composed of free electrons and the cores that 

contain inner electrons and the nucleus. Therefore 

equation (1) can be reformulated as: 
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where sub symbols e and c represent the valence (free 

electrons) and the cores respectively. For a certain 

material, the cores and valence electrons should be 

the same throughout the whole sample, therefore we 

can take them out of the summation, and after 

multiplying by mc it becomes: 
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2 … (4) 

where ve is the electron’s velocity given as: 

𝑣𝑒 = 𝜇𝑒𝐸, 

Where µe and E are the electron mobility and electric 

field, respectively. Therefore, Ke can be written as: 

 

𝐾𝑒 =
1

2
𝑚𝑒𝑣𝑒

2 =
1

2
𝑚𝑒𝜇𝑒

2𝐸2 … (5) 

 

But from Ohm’s law  
𝐽 = 𝜎𝐸 = 𝜌𝑣𝜇 … (6) 

 

w ρv, and µ are the current density, 

electrical conductivity, volume charge density, and 

charge mobility, respectively. ρv equals the electric 

charge e times the charge density n. Therefore; 

𝜎 = 𝑒𝑛𝜇 ⇒ 𝜇 =
𝜎

𝑒𝑛
… (7) 

Substituting eq. (7) in eq. (5) gives: 
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Substituting equation (10) in equation (3) gives: 
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The term Kic can be neglected, due to relatively large 

core masses. Rearranging the above equation and 

yields: 
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Dividing equation (12) by mc, then factorizing all 

terms in the left-hand side of equation (12) except σei 

yields: 
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For an isotropic material and noting that E is 

independent of grain size, equation (14) will be as 

follows: 
𝜎𝑖𝑒

2
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Eliminating n from the denominator and numerator 

in addition to constants yields: 
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Knowing that 
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Where ρm is the mass density of the material. 

Substituting equations (17), (18), and (19) in equation 

(16) yields after neglecting constants and r-

independent terms: 
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The second term is constant, so it will not be 

considered. This means that σie2 will proportion with 

the following powers of r: 

𝜎𝑖𝑒
2 ∝ (𝑟3,

1

𝑟
, 𝑟2)        … (21) 

Each term in equation (21) is related to certain 

parameter that the electrical conductivity depends 

on, if all these terms are found to work together at 

once, then their combination yields r4 term. Inserting 

the last term in equation (21) yields: 

𝜎𝑖𝑒
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, 𝑟2, 𝑟4)     … (22) 

The terms in equation (22) can be considered as the 

diagonal of a 4 by 4 matrix then: 
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Taking the square root of each side in equation (23) 

yields: 
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The proportion can be converted to equality by 

assuming proportionality constants as follows: 

𝜎𝑖𝑒 =
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     … (25) 

The matrix in equation (25) can be written as a 

summation equation as follows: 

𝜎𝑖𝑒 = 𝛼1𝑟
3/2 + 𝛼2

1

𝑟1/2
+ 𝛼3𝑟 + 𝛼4𝑟

2 + 𝛼0      … (26) 

The fourth factor α4 represents the case where all the 

first three factors act together mutually. It can be 

neglected if the first three factors act independently. 

α0 is the intercept parameter. 

3. Mayadas-Shatzkes model 

The effect of grain boundaries on the electrical 

resistivity of poly crystalline metals is explained 

theoretically by the Mayadas-Shatzkes (MS) model 

[16][21]. The model, created in 1970 by A.F. Mayadas 

and M. Shatzkes, offers a thorough comprehension of 

how electron scattering at grain boundaries affects a 

material's total resistivity. The model considers the 

reflection of the electrons from the grain boundaries 

which is expressed as R, in addition to scattering 

mechanisms [29]. The equation derived by the MS 

model is: 

𝝈 = 𝟑𝝈𝒐 (
𝟏
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Where 

𝜶 = 𝒍𝒐
𝑹

𝟏 − 𝑹
        … (𝟐𝟖) 

lo is the mean free path, and d is the grain size. 
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4. Andrews model 

It is a phenomenological method for explaining how 

grain boundaries affect poly crystalline metals' 

electrical resistivity [21][30].  

This model shows that the average grain diameter is 

inversely proportional to the resistivity contribution 

from grain boundaries, which is phenomenologically 

known from experiments [31]. In other words, it is 

directly proportional to conductivity; i.e. 𝜎 ∝ 𝑑 , 

therefore [20]: 
𝜎 = 𝜎𝑎 + 𝐴′𝑑 … (29) 

 

Where σa is the bulk conductivity neglecting the effect 

of grain boundaries, A’ is a constant. The three 

models will be applied to experimental data for Cu 

and Ni to test their applicability and take advantage 

in interpreting the variations of electrical 

conductivity versus grain size. 

5. Results and Discussion 

In the present work, the three models were applied 

to the experimental data for the electrical 

conductivity of Cu and Ni versus grain size from 

different references [32]–[34].  

5.1. For Cu: 

Figures 1, 2, and 3 show experimental data on 

copper’s electrical conductivity versus grain size [34] 

fitted using the time of events model, Mayadas-

Shatzkes model, and Andrew model respectively.  

The fitting parameters are in Table 1. 

 

 
Figure 1. Electrical conductivity versus grains size for copper. The black dots are for experimental data 

taken from ref. [30]. The blue line is the fitting curve from the time of events model equation (26). 
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Figure 2. Electrical conductivity versus grains size for copper. The black dots are for experimental data 

taken from ref. [30]. The blue line is the fitting curve from the Mayadas-Shatzkes model equation (27). 

 

 

where α4 is neglected because adding it to the fitting 

process did not make the fitting curve closer to 

experimental results.The results for copper electrical 

conductivity show a nonlinear behavior versus grain 

size in figures from 1 to 3. Figure 3 at relatively large 

grain sizes shows a slight decrease in conductivity as 

grain size decreases. However, at a grain size value 

close to 11 nm, the reduction in conductivity takes 

steep behavior. Andrews model fits well with the 

behavior at relatively large grain sizes; however, it 

cannot predict the steep behavior at extremely tiny 

grain sizes close to 11 nm. In Figure 2 the Mayadas-

Shatzkes model fits well with experimental data at 

all scales. However, it deviates slightly from 

experimental results close to 50 nm. The best fitting 

result was in Figure 1, where the time of events 

model showed excellent agreement with the 

experimental results. This agrees with the adjusted 

R-square values, where the best result was for the 

time of events model fitting. The interpretation of the 

superiority of the time of events model over other 

models is due to combining the fitting parameter that 

is active at a large scale which is represented by (α3) 

in the TE model and A’ in the Andrews model with 

the active parameters at small scales represented by 

α2 and α1 in TE model. α3 order in the TE model is the 

same as the value of A’ in the Andrews model. α1 is 

mainly related to a scale close to 50 nm, while α2 is 

related to extremely tiny grain sizes below 11 nm. 

Table 1. Fitting parameters for three models applied to copper data. 

Fitting 

parameters 
α1 α2 α3 α0 

Adjusted 

R-square 

Time of events 

model 

6273 (-9794, 

2.234e+04) 

-1.143e+07  (-

2.894e+07, 

6.077e+06) 

-8.545e+04  (-

3.033e+05, 

1.324e+05) 

6.12e+07  

(5.374e+07, 

6.867e+07) 

0.99 

Fitting 

parameters 
α σ0  

Mayadas-

Shatzkes 

model 

0.1303 (0.08606, 0.1746) 5.805e+07  (5.771e+07, 5.839e+07) 0.95 

Fitting 

parameters 
A’ σa  

Andrews 
1.27e+04  (545.1, 

2.486e+04) 

5.666e+07  

(5.602e+07, 

5.73e+07) 

0.715 
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Figure 3. Electrical conductivity versus grain size for copper. The black dots are for experimental data 

taken from ref. [30]. The blue line is the fitting curve from the Andrew model equation (29). 
 

5.2 For Ni: 

Figures 4, 5, and 6 show experimental data on copper’s electrical conductivity versus grain size [33][35][36] 

fitted using the time of events model, Mayadas-Shatzkes model, and Andrew model respectively.  The fitting 

parameters are in Table 2. 

 

 
Figure 4. Electrical conductivity versus grain size for nickel. The black dots are for experimental data taken 

from ref. [31]. The blue line is the fitting curve from the time of events model equation (26). 
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Figure 5. Electrical conductivity versus grain size for nickel. The black dots are for experimental data taken 

from ref. [31]. The blue line is the fitting curve from the Mayadas-Shatzkes model equation (27). 

 

 
Figure 6. Electrical conductivity versus grains size for nickel. The black dots are for experimental data 

taken from ref. [31]. The blue line is the fitting curve from the Andrew model equation (29). 
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Table 2. Fitting parameters for three models applied to nickel data. 

Fitting parameters 𝛼1 𝛼2 𝛼3 𝛼0 
Adjusted R-

square 

Time of events model 

-1.017 

(-2.094, 

0.06056) 

681.8 

(-

189.1, 

1553) 

11.91 

(-

0.2212, 

24.04) 

-212.6 (-556.5, 

131.2) 
- 

Fitting parameters α σ0  

Mayadas-Shatzkes 

model 

6.474 

(1.218, 

11.73) 

128.6 

(102.2, 

155.1) 

- 

Fitting parameters A’ σa  

Andrews model 0.5819 (0.1902, 0.9737) 81.32 (68.31, 94.33) - 

 

It is noted that the Ni experimental data even if 

combined from three references [32][33][35], unlike 

the Cu data is relativity diffused and has high 

nonlinearities versus grain size. Therefore, the 

reduced R-square is neglected for Ni data. The 

relatively wide spread of the experimental data may 

be due to induced surface effects that lead to 

increased resistivity specially in thin film samples 

[14][37]–[40]. Even though the TE model seems to be 

the closest to experimental data among other models. 

Andrews model fit is closer to experimental data than 

Mayadas-Shatzkes model fit. In Ni data also the α3 

parameter in TE model fit is close to the order of A’ 

in Andrews model. The TE model fit predicted the 

complex behavior for the Ni data which involves 

having minima at 15 nm and maxima at 50 nm, 

where at extremely tiny grain sizes the conductivity 

slightly decreases with increasing grain size till 

minima then it increases sharply till 50 nm maxima 

then it decreases again above this value. Both 

Andrews and Mayadas-Shatzkes models do not 

predict this behavior at extremely tiny grain sizes. 

This complex behavior may be related to the 

interference between the α1 and α2 parameters. In 

Ni, the difference is only two orders of magnitude 

between these parameters, while in Cu the difference 

is four orders of magnitude, this makes interference 

more difficult between different scales. 

 

6. Conclusions 

This work presents a new model derived from 

electrical conductivity versus grain size from the time 

of events theory. To evaluate the newly derived 

model, it was applied to experimental data of two 

metals Cu and Ni due to their importance in 

electricity transmittance and electrical circuits. In 

addition, for comparison, two other models were 

applied to the experimental data named as Mayadas-

Shatzkes model and Andrews model. The TE model 

showed an excellent agreement with the 

experimental data of Cu better than both models. 

However Mayadas-Shatzkes model was also 

consistent with the experimental data. In Ni data, 

the data was largely diffused, but the TE model still 

has good agreement with it which is better than both 

other models. Additionally, the TE model predicted 

the complex behavior of Ni data which involves 

having maxima and minima, while other models did 

not have such prediction. From comparing the fitting 

parameter values between Anderws models and TE 

models, it was observed  that one of the parameters 

of the TE models is close to A’ parameter value, so 

Andrews model can be considered part of the new 

model. The reason for the superiority of the TE model 

is considering the effects that appear at tiny grain 

sizes through two factors α1 and α2; where α1 for 

extremely tiny grain sizes and α2 for small grain 

sizes. 
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