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INTRODUCTION

ptimal control problems (OCPs) have been widely applied across various real-world domains,
O including medicine [1], economics [2], robotics [3], and aircraft [4], among others. Over time,
researchers have shown significant interest in studying OCPs broadly, with a particular focus on
optimal classical continuous control problems (OCCCPs). In the last decade, considerable attention
has been directed toward OCCCPs governed by three main types of nonlinear partial differential
equations (NPDES): elliptic [5], hyperbolic [6], and parabolic [7].

Subsequently, this research extended to systems governed by coupled NPDES of these three types
[8]-[10], and later to systems controlled by triple NPDES of these types [11].

These advancements motivated us to investigate the quaternary boundary optimal control vector
problem (QBOCVP) with equality and inequality constraints (EINC) governed by quaternary non-
linear elliptic systems (QNES), a topic previously unexplored by other researchers. In this study, we
establish and prove an existence theorem for a QBOCYV under appropriate assumptions. Additionally,
the mathematical formulation of the quaternary adjoint equations (QAEs) associated with QNES is
presented. The Fréchet derivative (FD) for the cost function (CF) and the EINC is derived. Finally,
the necessary condition theorem (NCTH) and the sufficient condition theorem (SCTH) for optimality
are formulated and proven.
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DESCRIPTION OF THE PROBLEM
Let Q C R? be an open and bounded subset with boundary 92, the QBOCVP includs the QNES:

Ciy1 + ciyr + o1y2 + o2y3 + 03ys +ay (z,y1) = p1 (x) in Q (1)
Coya — o1y1 + c2y2 + 04y3 — 05ys + az (x,y2) = p2 (x) in Q (2)
Csyz — 02y1 — 04Y2 + C3y3 — 06ys + az (x,y3) = p3 (v) in Q (3)
Cyys + 03y1 + 052 + 06Y3 + caya + ag (x,y1) = ps (x) in Q (4)
with
Oy, oy,
é?ryz,n ]Z_ Cm@ cos (n,, z;) = w,,¥r =1,2,3,4 on 01, (5)
where C,y, = —227] 1 &Ez (cm(a})gi;> Vr = 1,2,3,40n 0Q ,Vi,j = 1,2,¢,,p, € Lo(), for
r=1,2,3,4,00 =0y (x) € (Q) VI =1,2,3,4,56, = (y1,y2,ys,y1) € (H2(Q))* is the quaternary
state vector solution (QSVS) = (w1, wy, w3, wy) € Ly(AN) = (L2(0N))" denotes its corresponding

QBCV, the functions a, (z, yr) and p, ( ) (V r=1,2,3,4) will be defined later.

The QBCV Constraint is U = {& € Ly0Q) : @ € W ae in 8Q}, with
Wi x Wy x Wy x Wy = W C R*is convex and bounded .

The CF (r =1,2,3,4) is

Z/hgr T, Yr dx+z ho,« (z,w,) dw, (6)

the constraints on QBCV are

Z/hhw dw+2/ v (2, 0,) doo, (")

/hzr T, Yy da:+z hz,« (z,w,) dw, (8)
the set of the admissible QBCV is
Ua = {w € U | Hi(@) = 0, Hy(i) < 0}.

The QBOCVP is to minimize (6) subject to the EINC (7)-(8), i.e. to find @ € Uy , s.t.:

H()(?E) = miqn H[)(’LT)
uelUa

The Weak Formulation (WF') of the QNES
Let V.=V, x Vo x V3 x Vj = (H1(Q))* = H{(Q) , where

Hy(Q) ={v:7¢e Hi (), with % = w7 =1,2,3,4, on 0N}.

The WF of (1)-(5) is

C1(y1,v1) + (cry1, v1)a + (01y2,v1)0 + (02y3,v1)o—
(03y4,v1)0 + (a1(y1), v1)a = (p1,v1)a + (w1, v1)a0 (9)
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Ca(y2,v2) + (C2y2,v2)0 — (01y1,v2)Q + (04y3,v2)0—

(054, v2)0 + (a2(y2), v2)a = (p2, v2)a + (w2, v2)a0 (10)
Cs(ys, v3) + (c3y3,v3)0 — (02y1,v3)0 + (04y2, v3)0—
(o6ya,v3)0 + (a3(ys), v3)a = (ps3, v3)a + (w3, v3)a0 (11)
Ca(ya, va) + (caya,va)a — (03y1,v4)0 + (05Y2, v4)o—
(06y3,v4)a + (a4(ya), va)a = (pa, va)a + (wa, va)o0 (12)

Adding the above four equalities (9)-(12), to get

C(¥,7) + (a1 (y1) s v1)a + (a2 (y2) s v2)o + (a3 (y3) , v3)o + (a4 (y4) , va)o = (p1,v1)o+
(wi,v1)a0 + (p2,v2)0 + (w2, v2)a0 + (p3,v3)Q + (w3, v3)a0 + (P4, v4)0 + (Wi, V4)00 (13)

Presumption 1:

P1) S99 > g ||y, Vi € V.

v
P2)| C (7,9)| < da||Fv|3llv, Vyv € V.

P3) a, (z,y,) and p, (z) (Vr = 1,2,3,4) are of Carathéodory type (CTHT) on © x R and on €2 resp.
and satisfy (Vr =1,2,3,4).

lar (2,9,)| < 0, (x) +dy |y, |or (2)] <0, (z), With 6, , 0, € Ly () ,V (2,9,) €2 x RxW,, d, > 0.

P4) a, (z,y,) is monotone w.r.t. y, resp. ¥V z € Q.
P5) a, (2,0) =0, Vx € Q,Vr=1,2,3,4

Theorem 1 [12]: In additions to the Presumption 1, if a; is strictly monotone. Then the WF 13
has a unique QSVS ¢ € V' | for a given QBCV & € U,.

Lemma 1 [12]: In addition to the Presumption 1, if the function a, is Lipchitz (LIP)
(Vr = 1,2,3,4) w.r.t. y, resp., the function p,.(Vr = 1,2,3,4) is bounded . Then the operator

W — Yz from (7,4 to Lo (0N2) is LIP continuous (LIPC) , i.e., [|Ay]|g < L||AW| 4, L > 0.

Presumptions 2: Assume that h;, and hy are of CTHT on Q x R and QxW, resp., for r =
1,2,3,4, 1 =0,1,2, and satisfy :

’h‘lr (ZE> y?“)’ < /817“ (J)) + dl?”l/?? ‘Blr (xa w?“)‘ < Blr ($) + d_lrw?«
where (y,,w,) € R x W, with B, Bir € L1 (09) and dy,., d;, > 0.

Lemma 2 [12]: With Presumption 2, the functional @ +— H; (&), for each 1=0,1,2 , defines on
Lo (092) is continuous.

Theorem 2 [8]: In addition to the assumptions. (A) and (B), if U in the W, is compact, W # 0.
If for each i = 1,2,3,G1(%) is independent of u;, Go(#) and Go(u) are convex w.r.t u;, for fixed
(x,t,y;). Then there exists a CCCBOTCV for the considered problem.

Proposition 1 [13]: Let f and f, : D x R™ — R"™ are of CTHT, let F': LP(D) — R be a functional,
st Fy) = [pf(z,y(x)de , where D C R, and V(z,y) € D xR",p,q # 0 : |[fy(z,9)] <
¢(x) +n(@)|lyll, where ( € L9 (D x R), 1+ 1 =1, n e L¥*5 (D x R),3 € [0,p] if p # oo, and n =0,
if p = 0o0. Then the FD of F exists Vy € LP(D x R ™) and is given by G (y) h = Ip fy (@, y (z)) h(zx)da.
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RESULTS AND DISCUSSION
Existence of an QBOCV

Theorem 3: In addition to the Presumptions 1 and 2, assume that Uy # (), Hy is independent of

wy, (for 7 = 1,2,3,4), by, is convex w.r.t. w, for fixed z resp. for r = 1,2,3,4 and [ = 0,2. Then
there exists a QBOCV.

Proof: The continuity of H; (&) (for each I = 0,1,2) on Lo (f2) is obtained by Lemma 2.

Now, since for each » = 1,2,3,4 , that ymiyr in Ly (), (by using the same technique which is
used in the proof of theorem 1, for more details see [12]), then

4 4
:Z/ hir (l'ayrn) dil?—)E/ hiy (:Uayr) dl‘:Hl(w)
r=17% r=1"7%

But H, (w,) = 0, for each n, hence H; (W) = 0.

From the other side, since [, hir (2, yrn) (¥l = 0,2 and Vr = 1,2,3,4) is continuous w.r.t. y,, and
W is compact, hence h; (y,) is satisfied the presumptions of Theorem 2, to get that

4 4
Z/ h’lT (xvyrn) dr — Z/ hlr <$7yr) d.TC,Vl :0,2.
r=1 Q r=1 Q

Since fQ hll(x,yl)da:(fm hy1(z,w;)dw) is continuous w.r.t. y; (w.r.t. w; and is weakly lower semi
continuous (W.L.S.C) w.r.t. wy), i.e.

/ hir (2, y,) dx +/ hyy (2, w,) dw < / hir (z,y,) dx + lim inf/ iy (2, Wy ) dw
Q 0 o0

0 n—oo

= lim 1nf/ [hh« (x,y,) — Ry, (5U7ymﬂ dz+

n—oo

hm mf / hir (2, Yprp) dz + hrn hay (2, Wyr) dw
o0

= lim inf [/ hir (2, Yprp) dz —l—/ hup (2, Wy dw]

Hence H; (w) is W.L.S.C w.r.t. (¢,w), VI=0,2.
Then Hy (w, ) < limy o Hy (w,) =0
Beside these results, one has

Hy (@) < hm infHy (W,) = hm Hy (W,) = min Hy (W)

w eUA

w is a QBOCV

The NCTH and THE SCTH for Optimality
The following Presumptions are useful to study the NCTH and SCTH.
Presumptions 3:

P1) aiy, (for r = 1,2,3,4) is of CTHT on © x R and satisfies |aiy,(z,y,)| < czn,alyr(x,yr) >
0, for x € Q and d,. > 0.
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P2) p,(for r = 1,2,3,4) is of the CTHT type on Q and satisfies: | p,(z)| < d,,for 2 € Q and d, > 0

P3) hiy, and Elw,gr = 1,2,3,4&l = 0, 1,2) are of the CTHT type on X R and satisfy | Riryr| <
ﬂlr""dlr ‘y7| 5 and |hlrwr} < /6l7'+dlr |wr| with dlru dlr > 07 Blra ﬂlr S LQ(Q)a r= 17 27 374 and | = 0, ]-’ 2.

Theorem 4: With Presumptions (1,2 and 3), the Hamiltonian is defined by:

X (z,7,2,@) = z1 (p1 () — ax (2, 1)) hor (x, 1) + hot (z, wi) +
2o (pa () — ag (2, y2)) + hoa (2, ya) + hoa (z, wa) + 23((p3((x)—
az (z,y3)) + hos (z, ys) + hos (z, ws) + z4 (ps (z) — as (z,ys)) +
hoa (2, ya) + hos (z, ws)

The QAES of (1)-(5) are given by

Ciz1+ c121 — 0129 — 0223 — 0324 + 2101y, (2, Y1) = hoty, (2,91)
Cozg + 0121 + €222 — 0423 + 0524 + 2202y, (T, Y2) = hozy, (T, Y2)
Cs23 + 0221 + 0422 + C323 + 0624 + 2303y, (2, Y3) = hogy, (T,Y3)
Cuzy — 0321 — 0522 — 0623 + €424 + 240y, (%, Y1) = hoay, (T,Ya)
0
T, Vr=1,234 on Q
on
Then the FD of Hy is given by
Xiul (JI, 377 Za 117) z1 + ELOlwl
7 J, 2,0 h
Hy(w)Aw = T . AMbdw, where 'z = | X2 (2, Y% 19.) — | #2t ozws
0( ) /69 Xw Xo X;Us (w, Zi’ ,i, lﬁ) 23 + }_logws
Xwy (ﬁ, 2 w) Z4 + h04w4

Where ,17 = (yl, Y2,Ys3, y4)7 z = (Zla 22,23, 24), andu_)' - (wla w2, W3, w4)'
Proof: The WF of the QAEs (14)-(18) is

01(21,’01) + (ClZl,’Ul)Q - (012277)1)9 - (0‘223,1)1)9 - (0'324,1}1)9 + <Z1a1y1 (x?yl)v Ul)Q
(hoty, (z,y1),v1)a,

Cs(22,v2) + (0121, v2)0 + (c222,v2)0 — (0423, V2)q + (0524, V2)0 + (22024, (T, Y2), V2)0
(h‘02y2 (x’yQ)v UQ)Qv
C3(23,v3) + (0221, v3)0 + (0422, v3)0 + (€323, V3)0 + (0624, v3)a + (230345 (7, ¥3), V3)0
(hosys (z,y3),v3)0,
Ci(24,v4) — (0321, 01)0 — (0522, v4)0 — (0623, V) + (Ca24,V4)0 + (Z4a4y4 (,y4),v4)0
(hoays (7, y4), v4)0,

Adding the above four equality, using v = Ay , to get

C1(z1, Ayr) + (e121, Ayr)a — (0122, Ayr)a — (0223, Ayr)a — (0324, Ay1)a+
Co(z2, Aya) + (0121, Ay2)a + (c222, Aya)ao — (0423, Ay2)o + (0524, Aya)o+
Cs(z3, Ayz) + (0221, Ays)a + (0422, Ayz)a + (323, Ays)a + (0624, Ayz)a+
Cy(z4, Ays) — (0321, Ays)a — (0522, Ays)o — (0623, Ays)o+

(caza, Aya)o + (21014, (7, 91), Ayr)a + (22024, (2, Y2), Ay2)a+

(23a3y; (T, y3), Ays)a + (2404y, (2, Yy4), Ays)a

= (howy, (z,y1), Ay1)a + (hozy, (,y2), Ay2) + (hosys (,y3), Ayz)a + (hoay, (, Y1), Aya)a

(19)

(20)

(21)

(22)

(23)
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Using the QSVS 4 in the WF of the QNES (9)-(12) resp. once and once again the QSVS ¢+ Ay
resp. Then subtracting each obtained equation from the other, and then using ¥ = Z'in the resulting
equation , to obtain

Ci(Ay1, 21) + (c1Qy1, z1)a + (01Ay1, 21)a + (01AY2, 21)0 + (02AY3, 21)a + (03AY4, 21)o+

Cz(Ayz, 22) (C2Ay2, ZQ)Q (01Ay1, 2)9 (04Ay3, Zz)Q - (U5Ay4, 2)Q+

C3(Ays, 23) + (c3Ays, 23)q — (02AY1, 23)0 — (04AY3, 23)0 — (06AY4, 23)a+

Ci(Ays, 24) + (caQys, z4)a + (03AY1, z1)a + (05AY2, 24)a + (06AYs, 24)a + (a1(y1 + Ay1)—
a1(y1), z1)e + (a2(y2 + Ayz) — az2(y2), 22)0 + (as(ys + Ays) — as(ys), z3)o + (aa(ys + Ays)—
as(ys), z)0 = (Awsa, 22)q + (Aws, 22)0 + (Aws, 23)q + (Aws, 21)0 (24)

From Presumptions (P1&P3) on a,(V r = 1,2,3,4), and Proposition 1, the FD of a, exists, i.e.

/ (ar(z,yr + Ay,) — ar(2, ) 2pdr = (arym Ayr, 2,) + Sr(Aw)|’AwHaﬂ
Q

By replacing this result in (24), to obtain

01(Ay1, 21) (C1Ay1, 21)9 + (U1Ay1, 21)9 (U2Ay3, 2’1)9 + (UsAy4, Z1)Q+
Co(Aya, 22) + (2AY2, 22)0 — (0141, 22)q + (04AY3, 22)0 — (05AY4, 22) 0+
C3(Ays, z3) + (c3Ays, z3)a — (0241, 23)0 — (04AY2, 23) — (06AYs, 23)a+
Ci(Ays, 24) + (c4Bys, z4)a + (034Y1, z1)a + (05AY2, 24)0 + (06AY3, 24) 0+
(a1918y1, 21)q + 01 (AD) | A | ag + (020282, 22)0 + 02(AD)|| Ad[|a+
(asysAys, 23)a + 03(AD) | Ad]|aq + (asyaAys, z4)a + d4(AD) || AD | ag =

(Awg, 22)0 + (Aws, 22)q + (Aws, 23)a + (Awy, 24)0 (25)
Subtracting (23) from (25), it gives

4 4

Z(hOryr (l’, y?")v AyT)Q + 55(AU7) HAdeQ = Z(Awﬂ ZT)aQ (26)

r=1 r=1

with
4
05 (AB) | At]| e = > 6,(Aw) || Ad]| a0

r=1
From Presumption 3 and Lemma 1,
—
H()(’u_)' + Aw) — H0< _') =
Z/ hory, (z,y1) Ay, dz + Z/ horw, (2, w,) Aw, dw +66(Aw)||Aw||aQ (27)

where SG(Aw) — 0 and ||AwHaQ . 0as Aw — 0. From (26) and (27), it yields

—
H()(?E-F Aw) — H()(Iﬁ) =

. L —
Z/ (20 + Frorw, ) Awy do + 67 (Aw) | Ao
[2)9]

4
e e Lo =
where 07(Aw)||Aw||sq = d6(Aw)||Aw||an — Z O (Aw) || Aw||aq (28)

r=1
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But from definition of the FD of Hy, we obtain

~ . x> —
Hy(w +Aw) — Hy(W) = Ho(W)Aw + o7(Aw)||Aw||sq (29)
Finally, (28) & (29), gives
- — —
Ho (W) - Aw = / X’WT/ - Awdw where
o0
X:vul (Z’, g? 27 U_j) z1 + ]:7/01101
XI” — X;,Ug (ﬂl’, Zi: 'i? Qﬁ) — zZ9 + }_7/0211)2
w X, (z, Y, %, 12) 23 + Nogw;
Xwy (.%', ) %5 w) z4 + h04w4

Theorem 5: The NCTH for optimality

i) Under the Presumptions 1,2 and 3 , if @ € Ui is a QBOCYV | then there exist "multiplies”
v € R,1 = 0,1,2 with 9,7 > 0, 1220 || = 1, for which the following Kuhn-Tucker-Lagrange
conditions(K-T-L-C) are held (for Aw =4 — @ )

/@Q X T Awdw > 0,Vii € U, (30)

where Ay, = 212:0 Yihirw, , 2r = 212:0 Yizet, (r =1,2,3,4) in the definition of the x (Theorem 4), and
also

Vo2 (W) = 0, (31)
ii) Inequality (30) is equivalent to
Xz = min X7 <@ a. e. on 0. (32)
uela

Proof: i) From Lemma 2, H;(w) is continuous “in an open neighbored “and it is p —

local continuous at each @ € U for each | = 0,1,2 for each p. Also from Theorem 2, H; ()
has a continuous FD (for each | = 0,1,2) at each @ € U, hence H; (i) is p- differentiable there for
each p. Since W € Uy is QBOCYV, then by the K-T-L-C with v, € R, [ = 0,1, 2, with 79 > 0, 7o > 0,
212:0 |7 = 1, one has

( (oo + o4 1y ) + 0 H) ) (3 - w))a >0, e O (33)
Q

and
YoHa (@) = 0 (34)

Utilizing Theorem 4 , to find the FD of H;, for [ =0, 1,2, in (33), with setting Aw, = u, — w,, for
r=1,2,3,4, to get

4
Z/ [(’70207' + Y1%1r + 72227") + (WOBOMUT + ’Yll_zlrwr + 72]_12rwr) Awr} dw 2 0
r=1 o0

4 2 2
= Z/ [Zr + Brerwr] dw > 07 with Zr = Z Vizrl, Brw,. = Z’Ylﬁlrwr =
r=1 Y08 1=0 1=0

— L —
/ XZ - Awdw > 0,Vii € U, Aw = i — 0.
a0
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i) First, let U = {@ € Ly(0, R) | ur(z) € W,, a.e. on 00}, with W, C R, 11 is a Lebesgue measure

on 08, {w,} be a dense sequence in Uy and let S C 9Q be a measurable set, s.t.

o) W(x), ifze S
u(z) = { W2, it ¢ S

Hence (30) becomes

/Xg'(wn—u_f)dszo, for each S C 09}
s

Then from Egorov’s Theorem [13] once get that

w

Xiz(z, 4, Z,0) - (W, — ) >0, in Q = N,Qp, where Q,, = 9Q — 9N, with u (9Q,) = 0.

And this hold for each n, since @) is independent of n and

(09 Q) = 1 (U2,02,) = 0

But {,} is dense in U, then

XE - (u—w)>0in Q, ie. a. e. on I, or

Xg‘u_f: minxg'ﬁ, a. e. on O0f).

aeUx

The converse is obtained directly.

I (W, — W) > 0, a.e. on IN. hence

Theorem 6: In addition to the Presumptions 1,2, and 3), if a,, hy, are affine w.r.t. y,, hy, is affine
w.r.t. wy,p, is bounded for each z, and hy., hy.(r = 1,2,3,4,1 = 0,2) are convex w.r.t. y, and w,

resp. for each x. Then the NCTH in Theorem 5 , with 79 > 0 is also sufficient.

Proof: From proof of Theorem 5, one has that

/ X (T, 20y wy) - Awdw >0,Vr=1,2,3,4,Vi € U
o

Now, assume @ € Uy, and let H(wW) = 212:0 v H(W),,¥r =1,2,3,4. then

2 4

2

Lo — Lo

H(w)Aw = E Y H (W) Aw = g E / Y (2r1 + i, ) Aw,dw
1=0 0%

=0 r=1

:/ X, 2,48) - Davdew > 0
o0

From the Presumptions on a,, V r =1, 2, 3, 4.

ar (l‘, yv‘) = Qyr1 (x)yl + ar?(x)7

Let w, and w,(Vr = 1,2,3,4) are given QBCV, hence y, = ¥y, and g, = Yra,., (Vr = 1,2,3,4) are

their conforming QSVS (Theorem 1), i.e.

Ciy1 + cry1 + o1y + 02y3 + 03ys + an(x
Coyz — 01y1 + C2y2 + 04y3 — O5ys + az (x
Csyz — 02y1 — 04Y2 + C3y3 — O6Ys + az(x
Cyys + 03y1 + o5Yy2 + 06Y3 + cays + aq (x

~— — — ~—

on,

Y1+ ae
Y2 + ago
Y3 + asz
Ya + Qa2

2
oy 00
L= Z;_l cm'ja—x; cos (ng, x;) = w,,Vr =1,2,3,4
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and
C1y1 + 191 + 0192 + 0293 + 0394 + a1 (@)1 + ar2(x) = p1(z), (40)
CoY2 — 0191 + C2Y2 + 04Y3 — 0594 + a21(2)Y2 + agz(x) = pa(z), (41)
Csys — 0251 — 04 + c3Y3 — 06l + az1(2)Ys + as2(z) = ps(x) (42)
Cuya + 0391 + 0592 + 06Y3 + cafa + as1(@)Ya + asz(x) = pa(z), (43)
_ 2 _
0 0 _
az: = Z crija—gyj; cos (n,, ;) = w,,Vr =1,2,3,4 (44)

ij=1

Multlplylng( 5)
pair of ((33), (34)

Ci(ayr + (1 —a)pn) + a1 (ayn + (1 — a)in) + o1 (ayz + (1 — @)2) + 02 (ays + (1 — a)ys) +
o3 (ays + (1 — @)ga) + a1 (z) (ayr + (1 — a)y1) + arz(z) = p1(x) (45)

by a € [0,1] and (40) by (1 — a), then combining the obtained equalities from each
), we get

Ca (ay2 + (1 — @)y2) — o1 (ay1 + (1 — a)y1) + c2 (ay2 + (1 — @)¥2) + 04 (ays + (1—
)ys) — 05 (ays + (1 — a)ya) + a2 (z) (ay2 + (1 — a)y2) + asz(x) = pa(z) (46)

C3 (ays + (1 — )y3) — o2 (ayr + (1 — @)g1) — 04 (o + (1 — @)¥2) + c3 (ays + (1
)y3) — 06 (ays + (1 — @)ys) + az1(z) (ays + (1 — @)y3) + azz2(z) = p3(z) (47)

Cy(ays+ (1 = )pa) + o3 (ay1 + (1 — )y
+ )Yy T

racl ) + 05 (aya + (1 — @)y2) + 06 (ays + (1— (48)

Yo + (1~ a)ga) + asa() = pa(x)

0
(ayr + (1 —)yr) = Z Crij o — (ay, + (1 — a)y,) cos (n;, 7;) = (aw, + (1 — a)w,),
= Ox;

Vr=1,2,3,4 (49)

It means the QBCV W = (w1, wa, w3, wy) with w, = aw, + (1 — «)w,, has QSVS

Yr = Yra, = Yr(aw,+(1-a)w,) = WYrw, + (1 - a)yrwr = ayr + (1 - a)gm for each r =1,2,3,4, ie.

C1¥y + a1y, + 01Ys + 0273 + 037, + a11(2)7; + arz(z) = p1(z) (50)
Coyy — 01y + C2Ys + 04Y3 — 05y, + a21(2)Yy + a2z (x) = pa(x) (51)
Csys — 02y — 04¥s + C3Y3 — 06y + a31(x)y3 + aze(x) = p3(x) (52)
Cuyy + 0371 + 057y + 06Y3 + caly + aa1 (2)y + asz(x) = pa(z) (53)
2
7, a7, _
ﬁryzr = Z crijaij cos (n,, z;) = w,,Vr =1,2,3,4 (54)

i.e. the operator w, — Y, is convex-linear w.r.t. (y,,w,) resp. , for each z € Q, and for each r =
1,2,3,4. }

Also, from the Presumptlons on hy, (z,y,) and hy, (z,y,) for each r = 1,2, 3,4 one gets that H;(w)
is convex w.r.t. (¢, w) for each z € 2, and so H(w) is convex w.r.t (7, a). On the other hand H;(w),

for each ,I =0, 1,2 has the FD and continuous for each o € U , and U is convex. hence

H ()

Aw
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Thus, H(w) has a minimum at 7, i.e.

H(w) < H(u),V

S
= Z%Hl@) < Z'VZHI(E) (55)

=0 1=0

Now, let 4 € ﬁg, then (55) becomes

YoHo(w) + 72 Ha(w) < yoHo(u),¥ ue U,
and from (31),
voHo(w) < yoHo(u),Vii € U = Hy(w) < Ho(u),Vii € U
i.e. wis a QBOC for the problem.

CONCLUSION

The existence theorem for a QBOCYV that satisfies the EINC of the problem is established and proven
under appropriate assumptions. The mathematical formulation of the AQEs associated with the
QNES is derived, along with the Fréchet derivative for the CF and the EINC. Finally, the NCTH and
SCTH for optimality are formulated and proven through the application of the Kuhn-Tucker-Lagrange
Theorem.
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