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Abstract: Linear regression is one of the
significant subjects which the researchers have
been addressed in their researches. It is based on
the assumption that random errors follow a normal
distribution, traditional and Bayesian estimation.
These methods were used for estimating
parameters for linear regression model. Then, the
two estimation methods can be compare based on
measures (unbiasedness, mean square error) by
analyzing real data if available, or using the
simulation method to determine the appropriate
method for estimation. As for this work, it focuses
on the topic of parameters estimation with linear
regression model when random errors have a
multivariate t-distribution, using Maximum-
Likelihood-Estimator (MLE) and Least-Square-
Error (LSE) methods. Furthermore, the Particle-
Swarm-Optimization (PSO) is useful for
optimizing these methods by minimization these
error methods. These methods are applied on real
data (money supply and factors affected on it) for
the years (2011-2021). The real data has been taken
from Iraqi Central Bank. The Mean Square Error
(MSE) result showed that a PSO method has less
MSE as compared to two methods (MLE and LSE).
The evidence to verify these MSE results evaluated
in this research as the following: MLE=0.5949,
Alternating Least Square approach
(ALS)=0.20035, PS0=0.1859. PSO has also
optimized the parameters of the linear regression
model. It was concluded from MSE result findings
that these results have become more accurate with
PSO approach. The t-distribution is chosen because
it used for small sample numbers or unknown
variations.
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. Introduction

Statistical modeling is a way of using statistical analysis methods to
find, examine, evaluate, and correct patterns of data. The stage of placing the
data within a studied scientific model it is one of the most important stages
of statistical analysis on which the rest of the stages depend. This stage is
known as the “data modeling” stage, which known probability distributions
are used to represent the data and predict them (Al-Birmani et al., 2015). The
development of the topic of “linear” and “non-linear” regression is based on
the development of statistical methods used in the process of estimating and
testing the parameters of the linear and non-linear regression model, in two
directions, the first one is related to the classical school and the second
related to the Bayesian school. The difference between them is that the
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traditional school considers the parameters to be estimated as constant values
and not random variables, while the Bayesian school considers the
parameters to be estimated to be random variables and not fixed values
(Nieto et al., 2024) and (Denis et al., 2018). Many traditional and Bayesian
estimation methods have emerged for regression models when the random
errors are normally distributed. Among the traditional estimation methods
were the least squares method. Regarding the Bayesian approaches, they
vary based on the primary probability function that can be maintained. These
functions include (a non-informative prior distribution. An informative prior
distribution a natural conjugate prior distribution a prior distribution based
on previous samples. When faced with the difficulty of representing prior
information in the form of an initial probability function, the empirical
Bayesian method is commonly used (Safiul et al., 1990), (Visco et al., 1988)
and (Kazem et al., 1988). PSO is one of the most commonly used algorithms
for optimization (Khanesar et al., 2007). A statistical method called
regression established a connection between dependent and independent
variables (Lang et al., 2020).

The contribution work presented by applying the t-distribution of the
multivariate random error, i.e. linear-regression-model-suffers from the
problem of deviation from the normal distribution. By using two methods, it
can be estimating parameters of a linear model with the t-distribution of the
multivariate random error. The least-squares (LS) approach and the
maximum-likelihood approach (MLE) used for estimating parameters of
simple linear regression model. Then improving the solution using artificial
intelligence algorithms, represented by optimization algorithm is called
Particle Swarm method. PSO, ALS, and LSE were used with the t-
distribution to increase parameter estimation accuracy in the presence of
unknowable variances and small data size.

The organization of this work includes the following: Section 2 is
research problem, Section three is research aim, Section four is reference
review, Section five is methodology, Section six is particle swarm algorithm,
Section seven is results and discussion, Section eight is conclusion, and
finally section nine is future work.

. Research Problem: The main problem is to develop an accurate method to
estimate and optimize the parameters of the “linear’ “regression” model by
multivariate- t-distribution.
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3. Research Aim: The research aim of this research problem can explained as
below:

% Estimating “regression model” by multivariate-t-distribution using
maximum likelihood method (MLE) and the least squares (LS) method.
Then study the properties of a multivariate t- distribution and estimate its
parameters.

“» Improving parameters of the model using artificial intelligence algorithm
(PSO). PSO is combined with the MLE approach to optimize the likelihood
formula because it is complex, nonlinear, and lack of solution. By avoiding
local of optima and enhancing robustness for parameter estimation, PSO
offered global-searching capacity.

s Comparison between estimation methods using the comparison criterion
Mean Square Error (MSE). Finally, PSO, ALS, and LSE were used with the
t-distribution to increase parameter estimation accuracy in the presence of
unknowable variances and small data size.

4. Reference Review: (Liu et al., 2008) introduced and elaborated on two
parameter changes multivariate t-regression models featuring Power
Exponential (PE) random errors. The initial model assumes independent
observations, while the second model considers dependent observations.
Furthermore, it was utilized genetic approach to estimate model parameters
and conduct predictor subset selection under both model types. (Lopez,
2011) presented method for estimating the joint-distribution for responses
within a regression model with a uni-variate. Drawing inspiration from
Beran's (1981) conditional Kaplan-Meier estimator, the proposed estimator
extended multivariate utilized in unrestricted scenarios. The authors have
been established asymptotic depictions of an integral by the estimated
distribution formula. Their methodology was found applications in censored
regression and density estimation tasks. (Safiul et al., 1990) introduced the
concept of prediction distributions, which represent the distributions of
future responses based on data obtained from an informative experiment.
The researchers have been derived these prediction distributions from the
model featuring a multivariate t-Student for t-distribution, leveraging the
structural relationships within prototype. Notably, the prediction
distributions were identified as multivariate-t-variables that remain
independent of those of the error distribution. (Al-Birmani et al., 2015)
conducted a comparative analysis between genetic algorithms and neural
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networks for estimating the mediator's location. The authors identified a
specific method and they noted that sample sizes increased. A genetic
algorithm and neural network were generating new generations.
Furthermore, the determination of the optimal method from the comparison
between genetic algorithms, neural networks, and proposed techniques were
explained. The coefficients of the multivariate t-regression model for time-
varying and the features were estimated using smoothing splines. Many
strategies of alignment for analytical prospective are studied by researchers
in (Suetal., 2012) and (Kunle et al., 2014). The multivariate of t-distribution
is described in (Roth et al., 2012). (Retno et al., 2018) explored the Bayesian
method as a means of estimating parameters within multivariate-t-multiple-
regression. The prior of Jeffrey-distribution was considered a suitable when
information about parameters is lacking. By combining Jeffreys’ prior with
sample information, the posterior distribution was derived, which was then
utilized for parameter estimation. The research aimed to estimate these
parameters using the Bayesian method with Jeffreys’ prior distribution. In
2020, Lang et al. (Lang et al., 2020) studied statistical methodologies which
were aimed to probabilistically forecasting wind profiles along airport
approach paths for the next hour. Accurate predictions of wind profiles were
crucial for enhancing safety and optimizing air traffic management,
particularly. In scenarios, sudden shifts in wind direction necessitate timely
rerouting of landing aircraft. The researchers improved distributional
regression trees and forests to predict vertical wind profiles by utilizing a
multivariate t-normal distribution. These models were designed to provide
probabilistic forecasts for both wind speed and direction by simultaneously
modeling the components of the wind vector across various height levels of
a measurement tower. The resultant tree-based models effectively capture
nonlinear effects and interactions, automatically selecting relevant
covariates associated with changes in any parameter of the potentially high-
dimensional multivariate t-normal distribution utilized. Extending these
models to multivariate t-distributional regression forests further enhances
predictive performance through regularization and smoothing of covariate
effects. (Nieto et al., 2024) discussed the utility of projected distributions in
analyzing circular and directional data. While various multivariate t-
distributions can be applied to create projected models, these distributions
were typically parametric. They were essential for defining directional-
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directional regression models. Additionally, the multivariate-t-linear-
regression by Polya-tree-errors was defined, and then projected to create a
linear-regression-directional-model. The characterization of posterior for all-
the models is obtained through their filled restricted distributions. The
performance of these models was demonstrated through both simulated and
real datasets.

. Methodology: This section included the following:

5-1 Multivariate of t-distribution: A (single-variable) addition of a normal
probability distribution from one dimension to the highest dimension is the
multivariate t-normal distribution. In other words, if every linear
combination of k's components had a univariate normal distribution, then a
random vector would be a k-variable normally distributed. However, the
multivariate t-central limit theorem is primarily responsible for its
significance (Roth et al., 2012). A probability density function for the
multivariate-t-distribution is as the following: If a random value (x) takes
form as multivariate-t-distribution, then it was probability density function
(pdf) is as follows: (Roth et al., 2012), (Retno et al., 2018) and (Rens et al.,
2021).

f(x) =

X < 0o

Ve + (x— W' (x = /02" ®+V/2 | 5 V. > 0,—00 <
H K (1)
2)5

8(
(o

The variables were represented as follows:

f(x) : the probability density function (pdf).

g(V.): this was a formula of V. that can be defined in the Eq. (2).

o : scalar variance.

V.: possible variable which was represented the degrees freedom in statistic.
n: observations number.

x: The variable of density formula was defined.

w: the distribution mean.

(x — w)': vector’s transpose, and (x — ) : x and u were vectors and they
indicated to multivariate distribution. [Ve + (x — )’ (x — w)/o?] : this term
adjusted the distribution scale depended on x, and V-.

g(Vo) = Viz (Vo + g) /i T (V?) (2)
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I': was denoted Gamma function. It was generalized the factorial function to
non-integer values. The following Figure 1 showed “probability density

function”. (pdf) of the distribution.
Density

3 2 =1 0 1 2
Variable

Figure (1): Pdf function of the distribution (Roth et al., 2012), (Retno et al.,
2018). and (Rens et al., 2021).

5-2 Regression analysis: Regression analysis is a fundamental pillar of
statistics. It was one of the important methods in applied statistics. It used to
study all the phenomena involved in solving many problems. It was widely
used in statistical tools, and to provide a simple method to determine the
relationship between variables. By dealing with various formulas of
mathematical models, it can described relationships between variables. So
that models of these relationships can be used for the purpose of description,
prediction, estimation, and other statistical conclusions (Kazem et al., 1988).
The linear models were being addressed, which were written in the form of
a linear model. It has two types: the simple linear regression model, which
was represented by a dependent and non-dependence variables and the
multiple (general) linear regression models, which it was considered the
most common through its use in most research and studies and its application
in many fields. It was used in medical, financial, agricultural fields (Kazem
et al., 1988). In this research, the (parameters for linear-regression-model)
would be estimated when an error is multivariate t- distributed.

5-3 Linear-regression-model (Visco et al., 1988). There is a linear-
relationship between a dependent single variable (Y;), independent single
variable (X;), and random error term (U;) as in Equation (3). So that this
model is univariate-regression as in of Equations (4) and (5). But, random
error term (U;) is come from a multivariate-distribution. This method used
for accounting variance structure through the observations.

494


http://www.doi.org/10.25130/tjaes.21.72.1.25

Tikrit Journal of Administrative and Economic Sciences, Vol. 21, No. 72, Part (1): 488-503
Doi: www.doi.org/10.25130/tjaes.21.72.1.25

Yi = Bo + B1X; + U 3
Since: 3,: constant limit parameter, 3;: is the marginal slope parameter,
U;: Random error term which has a Multivariate t- distribution and

2
Ui~(Multivariate)(MV)(O,[%] I,), When the error term has an MV

distribution, the mean is E(U;) = 0. Thus, the estimated formula of the
model is as follows:

Y = E(Y) = by + b;X; + E(U)) 4)

E(Y) = by + b, X; 5)

Since the error distribution is considered as one of the most crucial
terms, through which the process of estimating regression model parameters
is determined, when the expectation of the random error was zero.

5-4. Estimation Methods: Since the multivariate-distribution analysis of the
linear regression model's random error revealed that it was not distributed
normally, after that, it could be explained the multivariate distribution and
the model of it. It became necessary (for estimating parameters of this
model), which would be done through two methods:

5-4-1. Adjusted Least Square (ALS) Method (Kazem et al., 1988): The
basis of the least squares method was based on calculating the values of the
unknown features of the regression model, which make the summation of
random squares errors at its least limit. The values of the features calculated
in this way are called least squares estimators. Therefore, this work was done
to use the modified least squares method in the case of the (MV) error
distribution, and to obtain the adjusted Least Squares estimates for the model
by the multivariate distribution, it would be as follows:

Adjusted least squares estimates for (model by the (MV)) distribution)
Since the error term for the dependent variable (Y;) for the model (MVSLM)
is as follows:

U=Y—E() (6)
The Eq. (7) becomes:
Ui =Y, — Bo — B1X; (7)
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Or it can be written as follows:

U, =Y, — XB (8)
Therefore, the sum of squares of errors is:
iU = (Y — Bo — BuX)? (9)

By taking the differential of Eq. (9) for both the fixed term parameter and
the marginal slope (8,, £1), respectively:

oY, U -
P2l 2y = o B (10)
0 i=1
Y™ U2 :
DT 2y - o — BN GEY
i=1

By equating both Eqg. (10) and Eqg. (11) to zero and simplifying, the estimated
formula for (B, 5;) as follows:

by = Y. XY, —nXYV/¥", X;* — nX? (13)
5-4-2. Maximum Likelihood Method (Visco et al., 1988): A statistical
method of estimating population characteristics from a sample is done by
choosing parameter values that maximize the probability that this sample
belongs to the-population-from which it was drawn. The maximum
likelihood method as considered one of the general and estimation methods,
which was used in many research and applications, as it worked on the basis
of maximizing the probability density function (Visco et al., 1988). The
maximum likelihood method was the most common method for obtaining
estimates for regression model parameters when the error was multivariate
t-distributed. The random errors in this model are not normally distributed,
but rather have a common distribution, which was multivariate t, i.e.:
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f(UlV),O') — g(%% [I/o + UIU/O.Z]—(TL+V7)/2 (14)
(02)2
whereas:
gv) = vz (Ve +3) /22 T (V+/2) (15)

Where, z = +/2m. The function (14) represented the multivariate distribution
t of the random error vector U which represented the mean and variance
respectively:

EU)=0 (16)

EWU'U) = (Vog?/(Ve = 2)).trace( a?.1) = (Vo.0%.p)/ (Vo —2) | (17)
p: denoted the elements number for U, while trace is matrix trace. It is
necessary to know the fact that the multivariate distribution function. It was

defined in (14), belongs to the (family of continuous mixed normal
distributions), which was defined as follows:

fW1) = [ fy WIDf(xl.)de (18)
whereas:

fnWlt) = (2nr)_§ exp[—U'U/27?%], —0o < U; < o0,i = (19)
1,2,..,n

f(z|.): The probability density function represents the parameter (7),
which is defined on the interval(0 < t < o). If the function f(z|.) is
chosen as an inverse gamma distribution, the function be as follows:
f(z|Ve) = v~ F*+2+D) exp[-1.52/21], 0<T<o (20)

The term (V-52) denoted as quantity in prior of variance for linear model as
follows:

V.82 = (Y; — XB)'(Y; — XB) (21)
B =&XX)"HX'Y) (22)
Vo=n-—%k (23)
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By integrating the formula, the probability function of vector random errors
for t-distribution is derived as:

f(Yl,B, V°J O-)

=g(V) (24)
n

[(@2)Z [Vo 4+ (Y = XB)' (Y — XB) /o ?|(+V)/2

g(V-): constant normalization, n: observations number, V.: degree for

freedom, and o2:variance. By maximizing Eq. (24), the maximum potential
function of joint-likelihood represented as follows:

L =TT, f(1B, Ve, 0) (25)

For the purpose of estimating the parameters of Eq. (24), it is necessary to
convert it to linear form by taking the logarithm of both sides and replacing
Eq. (7) with what is equal to Eq. (24) to be estimated (B) is as follows:

Inf =Ing(V-) — (n/2)Ino6? — (n+ Vo) /2 .In[Vo + ((Y —
XB)'(Y — XB)/0?)]

Eqg. (26) called as log likelihood formula in the Eq. (24). Taking the
differential of Eq. (26) with respect to the parameter (3) we get:
dlnL

—=0=—((n+V-)/2).1/[V- + ((Y = XB)'(Y — XB)/6?)]. 1 (27)

ap
/62(=2X'Y + 2X'XB)

(26)

By equaling Eq. (27) to zero, we get:

B=XX)1X'Y) (28)

6. Particle Swarm Algorithm: The basic procedures of the Particle Swarm

algorithm can be summarized in several steps explained as follows
(Khanesar et al., 2007):

A.Setting particles swarm i = 1,2,...,n and the setting of the position and

velocity of the particles.
B.Evaluate the fitness function of all swarm particles using their current
position.

C.Update each individual particle swarm for its best performance:

If f (X'ic,j ) <f (Plgest,i ) then Pl&est,i = X},j
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D.Update all particles in the swarm for their best global performance:
If f (Plgest,i) <f (G{)est,i) then G{)est,i: Plgest,i
E. Update the particle velocity Eg. (29):

V5™ = w Vi 4 ¢; Rand] j(Pese; — Xij) + ¢ 2 Randj(Ghegt; — (29)
Xij)
F. Update Particle position Eq. (30)
Xt = Xi+ Vit (30)
G.Go to step 2, until the conditions for the algorithm are finished (Khanesar et

al., 2007).

7. Results and discussion: In this work, real data was relied about the money
supply, as there are many variables that affect this variable. In this research,
the one variable was taken by consulting some specialists in this field and
relying on sources. A money samples were chosen from Central Bank of Iraq
according to the available data for the years (2011-2021). That is, for a period
of 10 years, as the average for 12 months was taken for all variables and
treated as a time series. The dependent variable (Y) represents the money
supply and the variable (X;) represents government deposits. Table 1 and
Figure 2 show the data on the money supply and the most important factors
affect it.

Table (1): The real data of the money supply and the variables

affected it
. Yeas | Y | X

2011 63597078 1171316.25
2012 73775147.08 2644099.333
2013 83963663.5 3625013.083
2014 89717148.92 5104757.25
2015 88763709.08 8414022.667
2016 89102140.83 8643589.083
2017 90435351.08 8750859.5

2018 91602765.5 9260048.25
2019 98870119.17 9674173.083
2020 110677320.8 9075179.583
2021 132759848.9 9269803.167
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Figure (2): The real data of Y and X; VS years
Since the distribution of (Y) is the same as the error distribution. The
data of this work is found out whether the data for the money supply (Y)
follows multivariate t-distribution, since the result of distribution of (Y) is
the same results as the error distribution, the data of the dependent variable
was tested for real data using a program (Easy Fit) to test goodness of fit,
and it was found that the money supply (Y). Table (2) shows Kolmogorov—
Smirnov test results which are indicated that they accepted t-distribution as
good fitting for our data. This table test did not rejected null of hypothesis.
Table (2): (Kolmogorov_Smirnov choice)
11
1.0
0.57
60

2015 2016 2017 2018 2019 2020

0.2

0.1

0.05

0.02

0.01

0.3082

0.3524

0.3912

0.4367

0.4677

No

No

No

No

No

After the real data was defined and described, the program was used
for estimation parameters for multivariate-regression-model using the real
data. The MSE is best one of PSO as compared with two estimation methods
of MLE and ALS. The following results were obtained as seen in Table 3:
Table (3): Regression estimator comparisons among the three methods
(MLE, ALS, and PSO) for real data.

3.9725 | 0.9725 | 0.5949 | 3.9986 | 4.3343 | 0.20035

0.8650 | 0.6027 | 0.1859
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Y; = 0.8650 + 0.6027X, (31)

From Table 3 it has been noted if through the regression equation (31)
above that the one explanatory variable (current deposits) has a change and
a direct relationship with the dependent variable (money supply). A single
unit change in current deposits will result in a change in the money supply
of approximately 60% as explained in Table (2). In addition, the process of
predicting the dependent variable, which is (money supply), can be
performed by using equation by substituting the values of the explanatory

variable, whether it is for the following month or the following year.

. Conclusion: Three estimation methods were used in the research for real
data taken for 10 years from 2011 to 2021. Two estimation methods called
MLE and LSE. Third artificial intelligence estimation method named PSO.
The MSE was computed for these three methods. From results of Tables (1-
3) and due to t-distribution specifications that explained in introduction
section, it can showed that result of MSE was decreasing with the increasing
in sample size which indicates that, the validity of the statistical theory. The
results were also showed MSE is the best way to estimate the mixed gamma
regression model using the Particle Swarm method. Because the data are
skewed and positive, larger deviations are penalized more severely when the
errors are squared (as in MSE), which is consistent with the characteristics
of the gamma distribution. Through the (Kolmogorov-Smirnov) test, it has
been noticed that the dependent variable (Y) follows the (Multivariate t) (Mt)
distribution, which is the same as the distribution of the random error in the
regression equation. Through the Table 3 the MSE equals to (0.1859) in PSO
method and it was best error as compared to two other methods: MLE and
LSE. It has been noticed that the results of the practical application showed
that good estimation of the model parameters. In addition to that, it has been
concluded that the independent variable has a positive effect and a direct
change with the response variable. The t-distribution is much flatter and
fatter tails than the normal distribution.

. Future work: For the future work, we seek another artificial intelligence
approach to optimize the parameters of linear regression and the dataset it
will be changed such as in the following references: (Rens et al., 2021) -
(Zahraa et al., 2025).
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