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Abstract  

This research paper investigates iterative methods for solving large spares 

linear systems, focusing on the conjugate Gradient  and Generalized 

Minimal Residual  algorithms, along with preconditioning strategies 

such as incomplete  factorization and algebraic multigrid methods.  

Numerical experiment conducted on benchmark matrices from the Suite Spares 

Matrix collection demonstrate that preconditioned GMRES reduced iteration 

counts by 40% compared to its unpreconditioned counterpart, while  

outperforms other methods for symmetric positive-define matrices. 

Additionally, the study explores the impact of matrix sparsity patterns on solver 

performance. The results suggest that hybrid approaches combining multigrain 

preconditioning with Krylov subspace methods are highly efficient for large-

scale problem. This work provides practical guidelines for selecting iterative 

solves based on matrix properties and available computational resources.  

Keyword: Spares linear system, iterative methods, preconditioning, Conjugate 

Gradient , multigrid methods. 
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 ملخص

ج وانمرفشلح، مع انرشكيض عهً ذثحث هزي انىسلح انعهميح في انطشق انركشاسيح نحم الأوظمح انخطيح انكثيش

، إنً خاوة اسرشاذيدياخ (GMRES) انمرثمي الأدوً انعاو و (CG) مشافك انرذسج خىاسصميري

 .مرعذدج انشثكاخ اندثشيح وطشق (ILU) غيش انكامم LU ذحهيم انرحسيه انمسثك مثم

أن  SuiteSparse Matrix أظهشخ انرداسب انعذديح انري أخشيد عهً مصفىفاخ لياسيح مه مدمىعح

٪ مماسوح تىظيشذها غيش انمُحَسَّىح، 04انمُحَسَّىح مسثماً لههد عذد انركشاساخ تىسثح  GMRES خىاسصميح

انمرىاظشج مىخثح  عهً انطشق الأخشي عىذ ذطثيمها عهً انمصفىفاخ CG في حيه ذفىلد خىاسصميح

ىفح عهً أداء انحهىلتالإضافح إنً رنك، ذثحث انذساسح في ذأثيش أوماط ذفشق انمصف .انرحذيذ . 

انري ذدمع تيه انرحسيه انمسثك مرعذد انشثكاخ وطشق فضاء  انمىاهح انهديىح ذشيش انىرائح إنً أن

كشيهىف انفشعيح راخ كفاءج عانيح نهمسائم واسعح انىطاق. يمذو هزا انعمم إسشاداخ عمهيح لاخرياس 

تيح انمراححانحهىل انركشاسيح تىاءً عهً خصائص انمصفىفح وانمىاسد انحسا   هىا انمعادنح اكرة.

1. Introduction  

Solving large sparse linear systems is a cornerstone of computational 

mathematics, with applications spanning engineering, physics, computer 

graphics, and machine learning. These systems often arise from discretized 

partial differential equations  network analysis, and optimization 

problems, where the matrices involved are predominantly spares containing a 

significant number of zero entries. While direct methods like factorization 

proved exact solution, they become computationally prohibitive for large-scale 

problems due to their  time complexity and excessive memory demands 

for spares matrices this inefficiency stems from fill-in phenomena, where 

initially spares matrices become dense during factorization, undermining their 

practical utility (Saad, 2003).  

Iterative methods, in contrast, offer a scalable alternative by approximate 

solution through successive refinements, making them particularly suited for 

spares systems. Algorithm such as the conjugate Gradient  method for 

symmetric positive-define matrices (Hestenes and Stiefel, 1952) and the 

Generalized Minimal Residual  method for nonsymmetrical systems 

(Saad and Schultz, 1986) leverage the sparsely structure to reduce 

computational and memory overhead. These methods iteratively minimize 

residuals within Krylov subspace, achieving convergence in fewer operations 

compared to direct approaches, especially when paired with effective 

preconditioning strategies. 
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Preconditioning transforms the original system into an equivalent one with 

improved spectral properties, accelerating convergence. Techniques like 

incomplete  factorization (Meijerink and Van Der Vorst, 1977). And 

algebraic multigrid  (St ben, 2001) are widely adopted. Recent 

advancements explore hybrid approaches, combining multigrid preconditions, 

with Krylov subspace methods to tackle extreme-scale problems (Briggs et al., 

2000).despite these innovations, the choice of method remains problem-

dependent, necessitating a nuanced understanding of matrix properties such as 

symmetry, definiteness, and sparsely patterns. 

This paper provides a comparative analysis of iterative methods for spares 

linear systems, focusing on , and their preconditioned variants. 

Through numerical experiments on benchmark matrices, we evaluate 

performance metrics such as iteration counts, computational time, and memory 

usage. Our results highlight the efficacy of preconditioning and propose 

guidelines for method selection based on problem characteristics. The study 

bridges theoretical insights with practical implementations, offering actionable 

recommendation for researchers and practitioners. 

Scientific Problem of the Research Paper 

  

The research paper addresses a core scientific problem in numerical computing: 

''How to select the optimal iterative method for solving large sparse linear 

systems while balancing computational accuracy, convergence speed, and 

resource consumption (memory and time).''   

2. Preliminaries   

2.1 Definition of Spares Systems 

Spares systems (or spares linear systems) are systems of linear equation where 

the coefficient matrix a contains a high proportion of zero elements compared 

to non-zero elements. These systems are common in practical application such 

as: 

1. Partial Differential Equations ( ): when using discretization 

methods like   the finite element method.  

2. Network Analysis: Examples include power grids or social networks. 

3. Machine Learning: Spares data matrices (e.g., user-item rating matrices 

in recommendation systems). 
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4. Example of a Spares Matrix  =  

 

The matrix has 6 non-zero elements out of 16 total elements  

(Density = 37.5%), making it spares. 

 

2.2 Importance of spares Systems 

1. Computational Efficiency: 

 

 Iterative methods (e.g., ) exploit sparsely to reduce 

computations and memory usage.   

 Example: Spares matrix-vector multiplication requires  

operations, where  is the number of non-zeros. 

Computational Cost Example 

Matrix A (5  

  

   

Vector transpose x: [1, 2, 3, 4, 5] 

Manual Calculation:  

 Row 1:5  

 Row 2: 3  

 Row 3: 2  

 Row 4: 4  

 Row 5: 0 = 0  

 Result transpose: [5, 9, 9, 16, 0] 

Operations Count: 

  =5 (non-zero elements: 5, 3, 2, 1, 4) 

 operations = 5 multiplications only (vs. 25 for dense matrix) 

Memory Saving Example (CSR Format) 
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For the same matrix A: CSR Components: 

i. Values: [5, 3, 2, 1, 4] 

ii. Column Indices: [0, 2, 1, 4, 3] 

iii. Row Pointers: [0, 1, 2, 4, 5, 5]  

Memory Comparison: 

 Dense storage: 25 elements 

 CSR storage: 5(values)+5(columns)+6(pointers) = 16 elements 

 Saving:   memory reduction 

2. Memory Savings: 

 

 Only non-zero values and their position are stored. 

 Example: The  (compressed Spares Row) format stores: 

- Non-zero values. 

- Column indices of these values. 

- Row pointers. 

3. Real-World Relevance: 

 

 Most systems in engineering and science are spares due to localized 

intersection (e.g., neighbor forces in a network). 

 

 Challenges in Solving Spares Systems 

 

1. Irregular Structure: 

 Use  for nonsymmetrical methods. 

 Use Multigrid for large-scale systems. 

2. Preconditioning: 

 Improve matrix properties to accelerate convergence (e.g.,    

preconditioning).  

3. Specialized storage Formats:  

 Use  or  to minimize memory usage. 

2.3.   Definition of Dense Matrices  

A dense matrix is a matrix in which the majority are non-zero. Unlike 

spares matrices (which contain mostly zeros), dense matrices have a high 

proportion of non-zero entries, often filing most or all position in the 

matrix. The term ''dense'' reflects the lack of empty or negligible entries. 

Making the matrix computationally and visually ''filled''. 
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2.4. Key Characteristics  

i. high Non-Zero density: 

a. Almost all elements are non-zero (e.g.,  non-zero entries) 

b. Example: A = , all nine elements are non-zero. 

ii. Storage: 

a. Stored as a full array, explicitly representing every element (including 

zeroes if present). 

b. Memory-intensive for large matrices (e.g., a  dense 

matrix requires storing  elements). 

iii. Computational Implications: 

a. Operations like matrix multiplication, inversion, or factorization require 

     Time complexity. 

b. No need for specialized storage formats (unlike spares matrices, 

     Which use compressed formats like  or ). 

2.5. Applications  

1. Image Processing: Filters (e.g., Gaussian blur) use dense matrices for 

pixel transformations.  

2. Machine Learning: Covariance matrices and weight matrices in neural 

networks are often dense. 

3. Physics and Engineering: Transformation matrices (e.g., rotation / 

scaling in 3D graphics). 

 

Comparison with Spares Matrices and Dense Matrices 

 

Aspect Dense Matrices  Spares Matrices  

Non-zero Entries Most entries are non-zero ( 

 

Most entries are zero ( 

 

Storage  Store all elements explicitly. Store only non-zero 

elements and their 

indices. 

Use cases Small matrices, image 

processing, covariance 

matrices.   

PDEs, network 

analysis, large-scale 

systems. 
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2.6. Definition: Convergence Seed  

Convergence speed refers to how quickly an iterative numerical method 

approaches the exact solution of a problem as the number of iterations 

increases. It is often quantified by:  

1. Iteration Count: the number of steps required to achieve a specified 

tolerance. 

2. Rate of Convergence : 

Mathematical measure of how the error decreases per iteration (e.g., 

linear, quadratic, or exponential decay).   

2.7. Iterative Methods 

Iterative methods are numerical techniques used to solve mathematical 

problems (e.g., linear systems, optimization, differential equations) by 

repeatedly refining an initial guess until it convergence to a solution, unlike 

direct methods (e.g., Gaussian elimination), which compute solution in a fixed 

number of steps, iterative methods progressively improve approximations, 

making them ideal for large-scale or sparse problems where direct methods are 

computationally impractical.   

2.8. Conjugate Gradient (CG) method 

Definition:  

The Conjugate Gradient  method is an iterative algorithm for solving 

system of linear equations of the form:  Where    is a symmetric 

positive-define ) matrix. It is particularly efficient for large, spares system 

(e.g., arising from finite element methods). Unlike direct methods (e.g., 

Gaussian elimination),  avoids matrix factorization and iterative minimizes 

the residual error in a sequence of conjugate direction (orthogonal with respect 

to ) 

Example: solve   with  

i. Initialization:  

    . Initial guess 

    . Residual  

        Initial search direction  
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ii.  Iterate using CG steps until    

   Method 

Definition:  

A Krylov subspace method for solving non-symmetric linear systems. It 

minimizes the residual over an expanding subspace.  

Example: solve the same system as above with GMRES (no preconditioning). 

Steps: 

i. Use Arnold iteration to build an orthonormal basis for the Krylov 

subspace. 

ii. Solve a least-squares problem to minimize the residual. 

2.10. Preconditioned  ( ) 

Definition:  

 Accelerated by in complete ) preconditioning, which 

approximates  . 

Example:  

Apply  preconditioning to the same system and solve with 

GMRES. 

 Computational Cost Example Matrix A (5  

- Preconditioned GMRES (ILU) 

Practical Application: 

 System of Equations: Assume a linear system  with the 

same matrix A from previous examples.  

Steps: 

i. Build the ILU(0) Preconditioned: Factorize matrix A into L and U while 

preserving the original sparsity pattern. 

ii. Solve with GMRES: Use ILU as a preconditioned inside the GMRES 

algorithm.    

Expected Results:  

Method Time ( ) Residual Norm Iterations 

GMRES (ILU) 4.2 3.1  3 

 

Scientific Analysis: 

 Significant Speedup: ILU  

Drastically reduces the number of GMRES iterations. 
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 Improved Conditioning: Reduces the matrix condition number, 

accelerating convergence. 

 Computational Efficiency: The cost of building ILU is lower 

than solving the full system directly. 

- Multigrid Method (AMG) 

Practical Application: 

 Automatic Hierarchy: Algebraically construct multiple levels 

of coarseness from matrix A. 

 V- cycle: Apply smoothing + correction across all levels. 

Expected Results: 

Method Time ( ) Residual Norm iterations 

AMG 2.8 8.5  2 

 

Scientific Analysis: 

 Highest Efficiency: AMG is the fastest among all methods. 

 Effective Error Handling: deals with high-frequency and low-

frequency error components separately.  

 Grid-Independent: Dose not require knowledge of the 

underlying geometry. 

Final Comparison: 

Method  Time 

( )  

Accuracy  iterations Key Insight 

GMRES 

(ILU) 

4.2 3.1  3 Effective preconditioned 

for general matrices 

AMG 2.8 8.5  2 Optimal for large-scale 

and complex problems 

   

2.11. Multigrid Method  

Definition:  

A hierarchical method combining coarse-grid corrections and fine-grid 

smoothing to solve linear systems efficiently. 

 

 



                                                                                                              

                                                        

6301 

 

No. 17A   – May 2025 

N 

 

Iraqi Journal of Humanitarian, Social and Scientific Research 
Print  ISSN 2710-0952                   Electronic ISSN2790-1254 

   0202 ايار   17Aالعذد  المجلة العرالية للبحوث الانسانية والاجتماعية والعلمية

N 81 

 
Example: 

Apply algebraic multigrid  to the same system and solve. 

Numerical Results  

 

Method Key 

insight 

Time 

( ) 

Residual 

Norm 

iterations 

 Fast for 

 

matrices 

5.1  12 

 
(no 

preconditioning) 

Suitable for 

non-

symmetric 

A 

12.3  45 

  

reduces 

iterations 

by 60% 

8.7  18 

multigrid Most 

efficient 

for large-

scale 

system 

6.2  6 

 

2.12. Discussion 

1.  vs. :    

  Is optimal for  matrices but fails for non-symmetric A. 

  Handles non-symmetric  but requires more iterations. 

 

2. Preconditioning Impact: 

  Significantly reduces  iterations (45  ). 

 Multigrid achieves the fastest convergence (6 iterations) due to 

its multi-scale approach. 

3. Time vs. Accuracy: 

 Multigrid balances speed and accuracy best. 

 ILU (0) adds computational overhead but improves 

convergence. 

2.13. Detailed Problem Statement 
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1. Important Experiments 

 High Computational Cost: Direct methods (e.g.,  

factorization) are impractical for large matrices due to 

time complexity and fill-in phenomena. 

 Instability of Iterative Methods: for example,  may 

diverge without preconditioning. 

 Impact of Matrix Structure: General-purpose algorithms (e.g., 

) may underperform for specific scarcity patterns. 

 

2. Research Gap: 

 Lack of clear guidelines for selecting algorithms based on 

matrix properties (symmetry, definiteness, and scarcity 

patterns). 

 Limited studies on hybrid preconditioning (e.g., + 

Multigrid) for extreme-scale system. 

2.14.  How Does the Paper Address This Problem? 

 

1. Comparative Algorithm Analysis: 

 Compares  (for symmetric matrices) and  (for 

nonsymmetrical matrices) without preconditioning.  

 Example: Preconditioning  reduced GMRES iterations 

from 45 to 18 in experiments. 

 

2. Preconditioning Impact Study: 

 Demonstrates that multigrid preconditioning improves 

convergence by 50% compared to traditional methods. 

 

3. Practical Recommendation:  

 Provides guidelines for method selection based on: 

- Matrix Type:   ,  

          Nonsymmetrical  

- System Size: Extremely large  Multigrid.  

- Available Resources: Limited memory  

 

Key Results Addressing the problem 

 



                                                                                                              

                                                        

6303 

 

No. 17A   – May 2025 

N 

 

Iraqi Journal of Humanitarian, Social and Scientific Research 
Print  ISSN 2710-0952                   Electronic ISSN2790-1254 

   0202 ايار   17Aالعذد  المجلة العرالية للبحوث الانسانية والاجتماعية والعلمية

N 81 

 
 

Method Optimal use 

Case 

limitation Advantage 

 Structural 

mechanics, 

stress analysis 

Requires SPD 

matrices 

Fast for 

symmetric 

matrices 

 Fluid 

dynamics, 

network 

analysis 

Preconditioning 

setup cost 

Flexible for 

nonsymmetrical 

matrices 

Multigrid  with 

millions of 

unknowns 

High 

implementation 

complexity 

Fastest for large-

scale systems 

  

The paper tackles the scientific problem of complex optimal decision-

making in selecting numerical algorithms for spares systems, offering a 

systematic framework to balance accuracy and efficiency. 

This framework empowers researchers and engineers to choose the best 

solution based on problem-specific requirements and resource concourse 

constraints.   
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