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RESEARCH ARTICLE

Truncated Exponentiated Ailamujia Exponential
Distribution: Properties and Applications

Samer Abdulgader Salih® ', Dabya Mahmood Ali® ', Hind Khaled Kolaib® ',
Alaa Abdulrahman Khalaf® %+

1 Mathematics Department, College of Computer Science and Mathematics, Tikrit University, Tikrit, Iraq
2 Diyala Education Directorate, Diyala, Iraq

ABSTRACT

Probability distribution has shown its practicality in almost every area of human effort. This paper introduces a
novel family of distributions called the [0, 1] Truncated Exponentiated Ailamujia-G family. The [0, 1] Truncated
Exponentiated Ailamujia Exponential ([0, 1]TEAE) distribution, which is a sub-model of the recently created family,
is completely constructed. The [0, 1]TEAE distribution is created by merging the [0, 1] Truncated and Exponentiated
Ailamujia distributions. the mathematical features of the [0, 1]TEAE distribution, including moments, skewness, kurtosis,
incomplete moments, renyi entropy, quantile function, and probability-weighted moments, are extensively examined.
The quantiles for the chosen parameter values are clearly defined. The techniques used for parameter estimation include
maximum likelihood, least squares, weighted least squares, and Anderson-Darling. This study assesses the efficacy of
several estimators using a Monte Carlo simulation. In addition, the estimators were used on three actual datasets, and
the Kolomogorov-Simirnov statistics were documented for each of them. The [0, 1] Truncated Exponentiated Ailamujia
Exponential distribution was used on three real world datasets. Its effectiveness was evaluated by comparing it to
other well-known extensions of the Exponential distribution, using criteria such as Hannan-Quinn information criterion,
Bayesian information criterion, Akaike information criterion, and consistent AIC and goodness of fit tests such as
Anderson-Darling statistic, Cramer-von Mises statistic, and P-value for the KS test.

Keywords: Ailamujia distribution, Estimation methods, Moments, [0, 1] truncated, Renyi entropy

Introduction

Even though statistical models are available, real-world circumstances frequently do not meet well-known
probability models. It’s important to develop probability models to fully comprehend real-world phenomena.
For real-world data, new families of distributions provide flexible modeling choices. Adding new parameters to
existing distributions improves their tail weights and makes them more applicable to real-world occurrences.

Numerous significant contributions to probability distributions on the interval [0, 1] have been made
by researchers. For instance, the shortened Frechet-G family was described by Abid and Abdulrazak.' The
truncated inverted Kumaraswamy-generated family was proposed by Bantan et al.,” and ZeinEldin et al.®
presented the generalized truncated Frechet-Generated family. Almarashi and Associates® introduced the
condensed Muth family. A new class of truncated Nadarajah-Haghighi-G distributions was proposed by Khalaf
et al.® In addition, Khaleel et al.® introduced the [0, 1] truncated inverse Weibull Rayleigh distribution. The
paper mentioned in reference’ discusses a truncated random variable X that is defined on the interval [0, 1].
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The cumulative distribution function (CDF) of X is given in Eq. (1):

P (x:6)—®(0)

FO= Moo

x € [0,1] 1

And the [0, 1] Truncated distribution’s probability density function (PDF) is

P 1 1)

T P[1] - @ (0) 2

The family introduced in this paper is built upon the Exponentiated Ailamujia (EA) distribution, which was
originally proposed by Aafaq et al.® The CDF of the EA distribution plays a crucial role in the development of
this new family.

The CDF and PDF for EA distribution are stated in Eq. (3) and Eq. (4) respectively.

@ (x; B, 1) = (1 — (1 4 22x) e )" 3)
¢ 06 B, 1) = 4pA%xe 2 (1 — (1 + 2x)e ) x>0, B2 >0 4)

Consider a random variable X that follows the [0, 1] Truncated Exponentiated Ailamujia ([0, 1] TEA)
distribution with shape parameters g and A. We can denote this as X ~ [0, 1] TEA (8, A ). Then by substituting

Eq. (3) into Eq. (1), we get the CDF of the ([0, 1] TEA distribution:

(1- @ +2r0) e )’

K(x) = N 5)
(1-QAQ+20e?)
By finding %, the result is the PDF of the ([0, 1] TEA distribution
4 )LZ —2Ax 1—-1(1 2xt —2ax)B-1
k()= prxe ( -+ )e ) ,0<x<1,8,2>0 (6)

1-Q+20e2)

The purpose of this article is to provide a sub-model [0, 1]TEAE distribution that is more adaptable and
superior to the [0, 1] TEA-G family. By use of [0, 1] TEA-G, the E distribution becomes more adaptable by
means of the [0, 1]TEAE distribution. It gives better fits than competing models and creates a new model with
developing hazard functions.

Derivation of [0, 1] truncated exponentiated Ailamujia-G ([0, 1] TEA-G) family

Using the methodology proposed by Alzaatreh et al.,” the CDF of the new [0, 1] Truncated Exponentiated
Ailamujia-G ([0, 1] TEA-G) Family is defined by the following procedures:

G(x:&) 4,3)»21,“672)* (1 — (1 +2x1) 672)‘[)/371
F()0111EA-G = / B dt
0 (1-1+20)e2)
The CDF is
FOOo1rea—c = #(1 — (1 + 24G (x; £)) e 26wH)P )
And the PDF of the [0, 1] TEA-G Family is
Foai78a—6 = P4B22g (X £) G (x; &) e 2958 (1 — (1 4 24G (x; £)) e 20@H) ™ (8)

_ 1
Wherex >0, 8,2 > 0,and ¥ = Ay
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Fig. 1. (a) Graphs of the PDF of the [0, 1]TEAE. (b) Graphs of h(x) of the [0, 1]TEAE.

[0, 1] truncated exponentiated Ailamujia exponential ([0, 1]TEAE) distribution

By taking the baseline distribution of the [0, 1] TEA-G Family as the Exponential distribution with CDF

G(x,8)=1—e% C)]
and the PDF
g(x,8) =68 x>0,6>0 (10)

The CDF, PDF, and hazard function of the [0, 1]TEAE distribution are given in Eqgs. (11) to (13) respectively.

F(X)p0,117EAE = @(1 - (1 + 2A (1 _ e—ﬁx)) e—zA(l_e—ax))ﬂ -
And
F)0.117EAE = V4RI S (1 — e7) o2 (1-e) (1 —(1+2x(1-¢e™)) e_2k(1—e*5x))/3*1 (12)

Where x >0, 8, A, 6>0
The hazard function is

B4pA2sex (1 — =) e-2.(1-e) (1 (1420 (1—e)) efzx(lfe*“)y_l

1- @(1 - (1 42X (1 — e—Sx)) e—2k(1—efax))ﬂ

h() = 13)

Fig. 1(a) shows that the [0, 1]TEAE distribution has a pronounced positive skew. This indicates a larger
concentration of values on the left side of the distribution, indicating that lower values occur more often than
higher ones. Furthermore, Fig. 1(b) illustrates that the rate hazard escalates with rising values.
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Statistical properties for [0, 1]TEAE distribution

Moment, Skewness and Kurtosis

The " moment of the [0, 1]TEAE distribution is derived by using the method given
I:Lr ZE(Xr)[(),l]TEAE = \/0\ xrf(x7 ﬂy)"v(s)dx

First, expand Eq. (8) by using the generalized binomial series [1+u] 4= 2, (-1)* (Z) w, [1—-ul™?=

Yoo ’}45?;{;")) u”:Jul <1, g > 0as given in'* and by using the exponential expansion formula e~ = 22 Elw?

employed by !!

0 (_1)W+528+h)\‘s+h (W +1 )s

f0117EA 6 = Z

w=h=s=0

s!

(7, 1) g ) Gox et a4

Now, by substituting Eqs. (11) and (12) into Eq. (14), we get

00
(_1)W+52s+h)\'s+h(w_|_ 1)8 1 B 14k
fOr011784E = Z m P w P4pr>se (1 — e ) e

w=h=s=0

Using binomial expansion (1 — e~ it S, (=1 (m h j) e dkx
Then

f)0.117R4E = e d(k+1)x (15)

w+s+k os s S — i
Where ¥ = Z:/o:h:s:o (—1)wsthosth)sth(y41) (ﬂwl) (m;(l—]) @4ﬁ)\23(1

s!

Now, by Substituting Eq. (15) into E(Xr)[o,l]TEAEJ

oo
fir = E(X) (0 1 yrae = /0 e (rxdx

Lety = 8(k+ 1)x = X = 5524, then % =dk+1) =dx= 5(131)
Then

¥ o0
r ( )[O,HTEAE (8 (k + 1))r+1 0

By utilizing the gamma integral, we can derive an expression for the r" moment of the [0, 1]TEAE
distributions.

. ¥\ (r+1)
/,Lr = E r = (16)
( )[O,l]TEAE (8 (k + 1))r+1
By employing Eq. (16), we can derive the [, fto, (13 and ji40f the [0, 1]TEAE distribution as follows:
. ¥A(2) ¥
a1 =E(X! = = 17)
( )[O,l]TEAE (8 (k+ 1))2 ((S (k+ 1))2
. ¥1(3) 2¥
(o = E(X? = = (18)
( )[0,1]TEAE (8 (k + 1))3 (5 (k+ 1))3
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Table 1. Effects of Parameter Changes on Moments, Variance, Skewness, and Kurtosis.

B A 8 i1 f2 i3 jiq 1% Q1 Q2
Values of parameter values of properties
1 0.2 0.13 2.64 28 566 16281 21.03 3.820 20.76
0.15 2.29 21 368 9185 15.75 3.824 20.82
0.5 0.13 5.28 66 1375 40207 38.12 2.564 9.230
0.15 4.57 49 895 22683 28.11 2.609 9.447
0.8 0.13 7.15 99 2142 63590 47.87 2.174 6.488
0.15 6.20 74 1394 35875 35.56 2.189 6.551
2 0.2 0.13 1.70 13 229 6134 10.11 4.885 36.29
0.15 1.47 9 149 3460 6.83 5.518 42.71
0.5 0.13 3.43 31 563 15233 19.23 3.261 15.85
0.15 2.97 23 367 8594 14.17 3.327 16.24
0.8 0.13 4.69 48 886 24219 26.00 2.664 10.51
0.15 4.06 36 576 13663 19.51 2.666 10.54
3 0.2 0.13 1.13 6 80 1895 4.72 5.443 52.63
0.15 0.98 4 52 1069 3.03 6.5 66.81
0.5 0.13 2.27 14 198 4720 8.84 3.779 24.08
0.15 1.96 10 128 2663 6.15 4.047 26.63
0.8 0.13 3.09 21 312 7524 11.45 3.242 17.06
0.15 2.68 16 203 4245 8.81 3.171 16.58
jis = E(X°) __H@ o (19)
[0,1]TEAE (8 (k + 1))4 (8 (k + 1))4
. ¥1(5) 24¥
Ha = E(X4)[0$1]TEAE = = (20)

(6 (k+1)  (6@k+1)?

By employing Egs. (17) to (20), we can derive the variance V; = E(X?) — (E(X ))?, Skewness Q; = ‘(‘—%) and

Mo
Kurtosis Qy = % of the [0, 1]TEAE distribution as follows:
2¥ ¥ 2
T A
(6 (k+1)) (8 (k+1))
6%
Skewness Q; = @(H—l% (22)
2% 2
(6 (k+1))’
24¥
Kurtosis Qy = Lmz (23)
2¥
(6 (k+1))’

Table 1 shows how different parameter values affect the distribution’s moments, variance, skewness, and
kurtosis. When we hold certain factors constant while increasing others, we see the following patterns: When 8
and X remain constant, increasing 8 results in a decrease in all moments and variances. Skewness and kurtosis
rise. Increasing the A value while maintaining constant 8 and § results in an increase in all moments and
variance. Skewness and kurtosis decrease. Increasing the 8 value while keeping A and § constant results in a
decrease in all moments and variance. Skewness and kurtosis increase.

Figs. 2 and 3 show 3D plots of the skewness, and kurtosis of X for different values of 8, A , and 8. These plots
illustrate a variety of non-monotonic patterns, emphasizing the measures’ adaptability and versatility.
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Fig. 2. Three-dimensional graphs illustrate the skewness values for different parametric variables
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Fig. 3. Three-dimensional graphs illustrate the kurtosis values for different parametric variables.
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Incomplete moments

The r" (r > 0) incomplete moments for the [0, 1]TEAE distribution follow from Eq. (15) as:

l:l-r (u) — / xr¥efﬁ(k+1)de
0

Lett:ﬁ(k-{-l)x =X = 5(kt_+1)
Whenx=0 =t=0,andif x=u = t=3du(k+ 1) then du= 8(&1)
Then
¥ su(k+1)
)= —— / tre~tdt
' 6 (k+1))""Jo

Using the lower incomplete gamma function, we obtain:

@) = ———— 3 (r+ 1, bu(k+1)) 24)

(8 (k+1))
Rényi entropy

The rényi entropy, a measure of the unpredictability or uncertainty of a probability distribution, is introduced
in this subsection. Here is how rényi entropy is defined:

1 o0
O0Tr(11o,117EAE = :1108/0 f100.117E4RdX, 1 > 0, 1 > 1

To derive a linear representation and simplify as follows:

FO 0115 = (04B22)"g0x; )G x; £)" e PNEE (1 — (1 + 214G (x; £)) e 20810~

By using binomial expansion and exponential expansion, then

00 -1 i+p2i+vki+v +P i -1
fo o= Y, ot )<r1(/3w )

p=v=i=0

) (5) ((54,3/\2)Hg(x; £)G(x; E)n+v+i 25)

Substituting Eqs. (11) and (12) into Eq. (25), we get

00 __1\i+poitvyitv i i
FO) 0117848 = Z (-1 p2+')\+ (n+P) (Il (B - 1)) (1;) (@4,8)L2a)ne’“‘3x(1 _ e—Bx)H+V+l

i! w

p=v=i=0

Using binomial expansion (1 — ey Yo, (=1) (Il +sv+i) e dsx

Then
FO)"0117EAE = We dts)x -
Where W = Z;O:v:i:szo (71)i+p+SZi;-!v)Li+V(H+P)i (rl(ﬁw— 1)) (1;) (IH—SV-H) (@4[3}\2(1)r1

Now substituting Eq. (26) into Tr(1) (9 1j7E4E>

1
-1

oo
TR(H)[O.HTEAE = 1 log/o We0+s)x 4y
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By integral, we get:

1 W
Tr(o,11784E = 7= . log (8 (I]+S)> (27)

Quantile function

The quantile function may be derived by taking the inverse of the Eq. (11):
“sxy\ B
(Z)(l —(1+2x(1-e)) e (e )) =u (28)

By definition, the quantile function Q(u, ¢) satisfies the equation F[Q(u, ¢); ¢] = u, where u is in the range
(0, 1) and ¢ =(B, A, 8)'. By the property of the Lambert function, which states that W (x)e" ™ = x, we can
solve Eq. (28) as in, '? to obtain

o= (m(u+ & (o)) 1)

Probability weighted moments

The expression for the (w, 1)

as follows: 12

probability weighted moment for the [0, 1]TEAE distributions can be given

Pwm =E X (F' (X)) = / X?F (x) f (x) dx (30)
By substitution Egs. (11) and (15) into Eq. (30),
poy = /oo X© <®r1(1 . (1 + 2 (1 B e—ax)) e—2k(1_eaX)>11/3) (¥6_5(k+1)x> dx

o0

Using binomial expansion

(1 —(1+21(1—e¥))e (™) ) Z( 1y <Hﬂ> (1421 (1 — &) e20-¢™)

j=0
And
(1 + 2)\ —sz Z ( ) 25)\5 _ —Sx)s’ 6_2”(1_(&) _ Z (- 1) ZZ)»Z]Z(l _ e—sz)Z
s=0 2z=0 z!
Then
o e n j+zos+z s+z iz
(1 —(1+21(1—e))e 20 ))”ﬁ -y A Gatd) 2!2 » (”Jﬂ) <s> (1—e )™
j=s=2=0

Again using binomial expansion (1 — e=¥)*"* = Zf;io (-1)4 <$J‘gz> e %% hence

Plom) = /_ X (&78(1)() <¥675(k+1)x) dx

o0
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gr(=1ytaostnstagE (g (7N (s+z
Where K= Z_S —g—q— o#(l)ﬁ)( q )

(&)
Plom) :K¥/ 3@ (a+k+1)x 4y
0

Letu=686(+k+1)x =>x=
Then

thend =8(q+k+1) =>dx=

__u Yy
8(g+k+1)° 8(q+k+1)

¥\ (w+1)
(5 (q+k+1))"

Maximum likelihood estimation (MLE)

P =EX? FY (X)) = 3D

Consider a random sample X1, X, ..., X, drawn from the [0, 1]TEAE distribution with a parameter vector
¢ = (B, », 8)T. We can express the log-likelihood function of ¢ for n observations as follows'*-'¢

[ (¢) = nlogf + nlog (4) + nlog (8) + 2nlog (1) + nlog (§) — Z 8x; + logz (1-e®)
i=1 i=1

— 2 Z e ™) + (B — 1)logz (1 —(1+21(1—e)) e‘”(l‘e_ax")) (32)

i=1

In order to determine how sensitive the log-likelihood function is to each parameter, we need to compute its
first partial derivative with respect to the parameter (8, A , §). The expressions for these partial derivatives are:

9 (l) = n - —8x; —2a(1—e %
W—B-I—log;(l—(l—i—mx(l—e ))e #( )) 33)
20 _ 2(1- e ™) e 20 (1— (1422 (1 - e™)))
2 )+ F-1 34
Z + (,3 ) Z 1 _ (1 + 2)\‘ (1 _ e_5xi)) e—Zk(l—e*é"x) ( )

* 23xe% 20xie e~ 2 (1-¢7) (1 — (1 4 24 (1 — e754)))
- =< — le + Z 1-— e—axl B Z 1—e % +(B - 1)2 1_ (1 + 22 (1 _ e*sxi)) e_z)\(l_eﬂsxi)

(35)

The MLE for the parameters ¢ = (8, A , §), denoted as ¢ = (ﬁ, i, S)T are obtained by setting the partial
derivatives of the log-likelihood function Egs. (33) to (35) equal to zero. This forms a system of non-linear
equations, which can be solved simultaneously to find the desired parameter estimates.

Least squares estimation (LSE)

The LSE method is used for the [0, 1]TEAE parameter estimate. Reducing the value of the following equation
is the primary goal of this estimation method:

n . 2
LB, A, 6)=Z<F(xi;n,ﬂ, W 8) — nil)

i=1



280 BAGHDAD SCIENCE JOURNAL 2026;23(1):271-290

Table 2. Mean, RMSE, and Bias for the [0, 1]TEAE model using MLE, LSE, WLSE,
and ADE with parameters 8 = 1.6, . = 19,5 = 1.1.

n Est.Par. MLE LSE WLSE MPSE ADE

30 Mean f 1.80984 1.37146 1.39775 2.43828 1.48717
i 1.43688 1.69815 1.52496 1.20572 1.70513

§ 1.44217 1.16710 1.17225 1.75510 1.23147

RMSE j 1.35672 1.15834 1.14125 2.35560 1.00863

i 2.07611 3.78219 3.62882 1.59031 3.45363

§ 0.71070 0.75789 0.72879 0.89858 0.71198

Bias B 0.20984 0.22853 0.20224 0.83828 0.11282

i 0.46311 0.20184 0.37503 0.69427 0.19486

8 0.34217 0.06710 0.07225 0.65510 0.13147

60 Mean f 1.65207 1.38998 1.44428 1.92493 1.49766
S 1.76839 1.62020 1.72613 1.49466 1.81055

8 1.26411 1.18871 1.16583 1.49318 1.17169

RMSE B 0.60774 0.67694 0.59409 0.84134 0.55975

A 1.28299 2.03411 1.75854 1.04645 1.66286

) 0.52070 0.61070 0.57829 0.60305 0.54790

Bias B 0.05207 0.21001 0.15571 0.32493 0.10233

S 0.13160 0.27979 0.17386 0.40533  0.08944

§ 0.16411 0.08871 0.06583 0.39318 0.07169

150 Mean J 1.58577 1.45297 1.50162 1.70669 1.51689
A 1.91166 1.84391 1.88516 1.65744 1.92422

§ 1.14897 1.13249 1.12279 1.30456 1.11626

RMSE 0.31739 0.38420 0.33110 0.37281 0.32258

A 0.89798 1.24867 0.96588 0.70718 0.97803

§ 0.36141  0.44823 0.40517 0.37129  0.39578

Bias B 0.01422  0.14702 0.09837 0.10669 0.08310

A 0.01266  0.05608 0.01483 0.24255 0.02422

§ 0.08422  0.03249 0.02279 0.20456 0.01626

200 Mean B 0.64201 1.47496 1.51398 1.67623 1.52613
A 0.64201 1.85734 1.92676 1.70199 1.94298

§ 0.10896 1.12892 1.10593 1.26630 1.10586

RMSE j§ 0.25365 0.31915 0.26840 0.28319 0.26178

A 0.80126 1.03226 0.86616 0.62634  0.85900

§ 0.33011  0.40902 0.37227 0.32673 0.36410

Bias B 0.01157 0.12503 0.08601 0.07623 0.07386

A 0.01154 0.04265 0.01276 0.19800 0.01298

§ 0.03987 0.02892 0.00593 0.16630 0.00586

Weighted least squares estimation (WLSE)

The WLSE method is used for the [0, 1]TEAE parameter estimate. Minimizing the value of the following
equation is the main objective of this estimation method:

S @+12@m+2) iy’
W (B. 1, a)—ZW(F(xim,ﬂ, 2 8)—n+1>

i=1

Maximum product space estimators (MPSE)

Parameter estimation for the [0, 1]TEAE requires the MPSE method. Minimizing the value of the following
equation is the primary objective of this estimation method:

1 n
MS (/37 )\'5 8)2 m Zln (F (xi;n7 ﬂ7 )‘-’ 8) _F(xifl;na /37 )\-’ 8))
i=1



BAGHDAD SCIENCE JOURNAL 2026;23(1):271-290 281

Table 3. Mean, RMSE, and Bias for the [0, 1]TEAE model using MLE, LSE, WLSE,
and ADE with parameters g =18, A =2,5 = 1.2.

n Est.Par. MLE LSE WLSE MPSE ADE

30 Mean f 2.07107 1.54425 1.59010 2.82644 1.67496
i 1.50982 1.73627 1.65546 1.36405 1.70280

§ 1.58371 1.28336 1.27281 1.91047 1.35516

RMSE j 1.71635 1.39527 1.34641 2.88680 1.22412

i 1.98580 3.59616 3.56163 1.79693  3.22420

§ 0.78586 0.83487 0.77604 0.98558 0.78863

Bias B 0.27107  0.25574  0.20989 1.02644 0.12503

i 0.49013 0.26372 0.34453 0.63594 0.29719

8 0.38371 0.08336 0.07281 0.71047 0.15516

60 Mean f 1.86983 1.56590 1.62631 2.19836 1.67989
S 1.89693 1.78988 1.89865 1.58377 1.97447

8 1.38439 1.28068 1.26045 1.64176 1.26264

RMSE B 0.72472  0.79503 0.69506 1.01953 0.65513

A 1.67019 2.08982 1.80749 1.06022 1.82573

) 0.57180 0.66221 0.62275 0.67093 0.60618

Bias B 0.06983 0.23409 0.17368 0.39836  0.12010

S 0.10306  0.21011 0.10134 0.41622 0.02552

§ 0.18439 0.08068 0.06045 0.44176 0.06264

150 Mean J 1.78484 1.63032 1.68525 1.93173 1.70181
A 2.00849 1.97418 1.97597 1.74734 2.04276

§ 1.25767 1.23492 1.23158 1.43279 1.21796

RMSE 0.37058 0.44322 0.38329 0.44061 0.37697

A 0.89841 1.31807 0.96943 0.70965 1.04854

§ 0.39951 0.49404 0.44663 0.41446 0.44135

Bias B 0.01515 0.16967 0.11474 0.13173 0.09818

A 0.08149 0.02581 0.02402 0.25265 0.04276

§ 0.05767 0.07492 0.03158 0.23279 0.01796

200 Mean B 1.78081 1.65490 1.69830 1.89393 1.71460
A 2.01067 1.94165 2.02623 1.79624 2.02220

§ 1.24770  1.24332 1.21000 1.38874 1.21634

RMSE j§ 0.29666 0.37133 0.31322 0.33297 0.30399

A 0.79989 1.02693 0.87782 0.63541 0.84162

§ 0.36510 0.45767 0.41225 0.36574  0.39927

Bias B 0.01918 0.14509 0.10169 0.09393 0.08539

A 0.01067 0.01834 0.02238 0.20375 0.02220

§ 0.04770 0.04332 0.01000 0.18874 0.01634

Anderson-darling estimation (ADE)

The ADE method is used for the [0, 1]TEAE parameter estimate. With this method of estimation, minimizing
the following equation is the primary objective:

n

AB, A, 8)=-n— %2(21 — 1) (In (F (xgn. B, A, 8)) +1In (S (Xin. B. 1. 8)))

i=1
Simulation study

In this part, we use a Monte Carlo experiment to investigate the asymptotic behavior of MLE, LSE, WLSE,
MPSE, and ADE for [0, 1]TEAE distribution parameters. The experiment focuses on two sets of parameter
values: 8 = (1.6, A =1.9,8 =1.1), and (8 = 1.8, A = 2, § = 1.2). We explore sample sizes of 30, 60, 150, and
200, with the experiment repeated 1000 times.

N A.
bias().) = % — A, and RMSE(}) =

Tables 2 and 3 include the estimations for the mean, root mean square error (RMSE), and bias. To evaluate
the different estimating approaches. These tables illustrate:
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Table 4. Comparative distributions.

distribution CDF
Beta Exponential distribution (BeE)'” ps(1 —e %%, B, 2)

A
Kumaraswamy Exponential distribution (KuE) '8 1- @0 -Q-e™

A
Exponential Generalized Exponential distribution (EGE) (New) A = (1—e)P

Weibull Exponential distribution (WeE)'° (1 — exp(—r~F (—log(e*‘”‘))ﬂ )
2
Gompertz Exponential distribution (GoE) 1 — (e )ﬁ) N
#(1 — exp( () (1-(e))))
Rayleigh Exponential distribution (RE) [New] e (-In(1-e )’
Rayleigh distribution (R)2° 1 — exp(—8x?)

Table 5. Descriptive analysis of the three data.

Dataset N Min. Median Mean SD Max. SK KU

Data I 34 0.1 1.15 1.88 195 8 1.53 1.72
Data II 72 0.1 1.5 1.77 1.04 555 1.3 1.83
DataIll 108 1.04 5.19 5.76 3.25 16,5 097 0.61

Table 6. Estimations and statistics measuring the accuracy of the fit for Data I.

Dist. MLEs -2L AIC CAIC BIC HQIC w A K-S P-V

[0, 1]TEAE  B:1.1775 54.94 115.88 116.68 120.46 117.44 0.0312 0.2052 0.0850 0.9666
3:0.6839
§:0.4247

BeE B:1.1126 55.36 116.73 117.53 121.31 118.29 0.0442 0.2871 0.0984 0.8967
3:0.4651
§:1.2012

KuE B:1.1498 55.33 116.67 117.47 121.25 118.23 0.0434 0.2820 0.0998 0.8869
3:0.4661
5:1.2029

EGE $:1.0399 55.40 116.80 117.60 121.38 118.36 0.0455 0.2949 0.0977 0.9011
3:1.0764
5:0.5366

WeE $:1.0102 55.44 116.89 117.69 121.47 118.46 0.0462 0.3000 0.0918 0.9366
3:0.9712
5:0.5144

GoE $:1.0360 55.44 116.88 117.68 121.46 118.44 0.0437 0.2830 0.0857 0.9539
3:0.0269
5:0.5276

+ The calculated parameters 8, A, and § converge to their original values as n increases.

+ The values of RMSE and Bias decrease as n increases.

« Among all the methodologies, Maximum Likelihood Estimation yields the least favorable outcome. Conse-
quently, in the assessment of 8, A, and §, Maximum Likelihood Estimation surpasses all other methodologies
considered.

Application

In this section, we showcase the practical use of the [0, 1]TEAE model in three real-world scenarios. We
directly compare the goodness-of-fit statistics and maximum likelihood estimates (MLEs) of model parameters
with the [0, 1]TEAE model and other competing models. The analyzed models that are in direct competition
are listed in Table 4.

To compare the various models, we evaluate them based on eight well-established criteria for measuring
their level of accuracy. The measurements consist of the Kolmogorov-Smirnov (KS) statistic, Anderson-Darling
(A) statistic, Cramér-von Mises (W) statistic, p-value (P-V) for the KS test, Hannan-Quinn information criterion
(HQIC), Bayesian information criterion (BIC), Akaike information criterion (AIC), and consistent AIC (CAIC).
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Fig. 5. (a) Empirical CDF for Data I. (b) Kaplan-Meier plots for Data I.

Analyzing these statistics and measures enables us to assess the degree of conformity between each model and
the facts. The model that has the lowest values for KS, A, W, HQIC, BIC, AIC, CAIC, and the greatest p-value is
considered the most optimal.

Table 5 shows the minimum, median, mean, standard deviation, maximum, skewness, and kurtosis for three
datasets.
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Fig. 6. (a) PP plot for Data I. (b) TTT plots for Data I.

Table 7. Estimations and statistics measuring the accuracy of the fit for Data .
Dist. MLEs -2L AIC CAIC BIC HQIC w A K-S P-v

[0, 1]TEAE  B:4.6978 93.61 193.22 193.57 200.05 195.93 0.0877 0.5020 0.0825 0.7107
%:0.5209
§:1.3084

BeE B:3.3629 94.42  194.85 19520 201.68 197.57 0.0832 0.5186 0.0949 0.5354
3:1.4159
5:0.8500

KuE B:3.1070 94.32  194.64 19499 201.47 197.36 0.0856 0.5257 0.0924 0.5695
3:1.5504
5:0.8133

EGE B:1.2167 94.61 195.23 195.58 202.06 197.95 0.0807 0.5087 0.1105 0.3420
3:3.2351
5:0.8827

WeE B:1.8173 9594  197.88 198.23 204.71 200.60 0.1572 0.9203 0.1065 0.3871
3:1.0106
5:0.5071

GoE B:0.7730 102.82 211.65 21235 218.48 214.37 0.2938 1.7091 0.1749 0.0243
i:1.1631
5:0.3833

RE 3:1.7908 97.30  198.61 198.79 203.17 200.43 0.1048 0.7175 0.1267 0.1977
5:0.3598

R 5:0.2393 96.58  195.16 195.21 200.43 196.06 0.1760 1.0289 0.1087 0.3615

The first dataset |

In clean-up gradient ground-water monitoring wells, the offered dataset includes vinyl chloride values
reported in micrograms per liter (ug/L). It has been used before by.?!

Table 6 shows that the [0, 1]TEAE model, with the lowest selection criterion and greatest p-value, illustrates
how adaptable, resilient, and flexible the new model is with data I.

Figs. 4 to 6 demonstrate an outstanding fit for the [0, 1]TEAE model. All sex figs. show that the curves closely
match the relevant empirical ones, proving the [0, 1]TEAE model’s applicability for Data I.
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Fig. 8. (a) Empirical CDF for Data Il. (b) Kaplan-Meier plots for Data II.

285

The second dataset I/

The information used in this investigation includes the duration of infection with dangerous tubercle bacilli
in 72 guinea pigs. The durations of survival are quantified in days. Bjerkedal?* first noticed and published this
dataset, and Sherpieny et al.?® studied it later.

Table 7 shows that the [0, 1]TEAE model, with the lowest selection criterion and greatest p-value, illustrates
how adaptable, resilient, and flexible the new model is with data II.

Figs. 7 to 9 demonstrate an outstanding fit for the [0, 1]TEAE model. All sex figs. show that the curves closely
match the relevant empirical ones, proving the [0, 1]TEAE model’s applicability for Data II.
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Fig. 9. (a) PP plot for Data Il. (b) TTT plots for Data II.
Table 8. Estimations and statistics measuring the accuracy of the fit for Data Il1.
Dist. MLEs 2L AIC CAIC BIC HOQIC W A K-S P-V
[0, 1]TEAE  B:0.7707 265.95 537.90 538.13 54594 541.16 0.0560 0.3045 0.0615 0.8073
3:2.8091
5:0.3352
BeE B:3.7669 266.25 538.50 538.73 546.55 541.76 0.0602 0.3378 0.0754 0.5695
3:1.4468
5:0.2725
KuE B:3.1492 266.55 539.12 539.35 547.16 542.38 0.0624 0.3539 0.0629 0.7854
3:1.4108
5:0.2639
EGE $:1.0302 266.18 538.36 538.59 546.41 541.62 0.0595 0.3291 0.0691 0.6796
3:3.9422
5:0.3490
WeE B:1.7832 269.30 544.61 544.84 552.66 547.87 0.1025 0.6524 0.0710 0.6471
3:0.9992
5:0.1560
GoE $:0.7390 280.63 567.31 567.55 575.36 570.58 0.1572 1.0308 0.1766 0.0023
3:0.7125
5:0.1553
RE 3:1.3367 271.17 546.39 546.50 551.75 548.56 0.0594 0.3259 0.0858 0.4033
5§:0.0920
R 5:0.0229 269.23 540.46 540.49 547.14 541.54 0.1185 0.7627 0.0933 0.3036

The third dataset Il

The dataset presented here represents the COVID-19 mortality rate for Mexico, covering a span of 108
days from March 4th to July 20, 2020. This dataset provides valuable information regarding the approximate
mortality rate, indicating the number of deaths attributed to COVID-19 during this specific time frame. The
data has been used by

Table 8 shows that the [0, 1]TEAE model, with the lowest selection criterion and greatest p-value, illustrates

24,25

previously.

how adaptable, resilient, and flexible the new model is with data III.

Figs. 10 to 12 demonstrate an outstanding fit for the [0, 1]TEAE model. All sex figs. show that the curves

closely match the relevant empirical ones, proving the [0, 1]TEAE model’s applicability for Data III.
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Results and discussion

Comparing the information criteria acquired for the [0, 1]TEAE model to those of the seven competing models
(BeE, KuE, EGE, WeE, GoE, RE, and R), it is clear that the [0, 1]TEAE model surpasses the others across all
three datasets. The information criteria values for the [0, 1]TEAE model are consistently lower, indicating a
better fit with the data. Figs. 4, 7 and 10 show the Histogram PDFs and Estimated CDFs plots for Data I, II, and
I11, respectively, The [0, 1]TEAE model appears to closely reflect datasets I, II, Il when compared to the BeE,
KuE, EGE, WeE, GoE, RE and R models.
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Conclusion

This study introduces the [0, 1] Truncated Exponentiated Ailamujia Exponential ([0, 1]TEAE) Distribution by
combining the Exponential distribution with the [0, 1]Truncated Exponentiated Ailamujia-G Family. Extensive
analysis is conducted to explore the mathematical properties of the [0, 1]TEAE distribution. The parameters
of this newly developed distribution are estimated using the MLE, LSE, WLSE, MPSE, and ADE ensuring
optimal parameter estimation. The investigation of these properties and parameter estimation techniques. The
simulation study provided compelling evidence that the MLE for the [0, 1]TEAE distribution is both accurate
and consistent.

The relevance of the new [0, 1]TEAE distribution is proven by applying it to three real-world datasets,
showing its advantages over existing statistical models like as BeE, KuE, EGE, WeE, GoE, RE, and R. The
examination of these datasets shows that the [0, 1]TEAE model surpasses the others in terms of fit and accuracy.
This shows that the [0, 1]TEAE distribution is a better description of the data than the other models.
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