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Estimation of the Reliability Function of the
Maxwell - Boltzmann Distribution Using the
M-Robust Estimation Methods and Comparing
them With Conventional Methods

Shaymaa Riyadh Thanoon

Department Basic Sciences, College of Nursing, Mosul University, Nineveh, Iraq

ABSTRACT

To achieve the best possible outcomes. The reliability function estimation was also established for the In this study,
the scal parameter Maxwell distribution was estimated using both traditional and robust methods, and the results were
compared typical estimation methods, which included the Maximum Likelihood method (MLE), the moments method
(MOM), and the M- robust method The results were compared using the mean error squared (MSE). The M-robust
technique was found to have the lowest mean square error across all sample sizes, as demonstrated by the findings hence,
it is regarded as being more effective than the conventional estimate methods. In addition, it was determined that the
statistical criterion, also known as MSE, is the most effective way for estimating, and thus, the results of the simulation
are based on this. m-strong technique is used to determine the model values (M-strong). According to statistical theory
the number of small and medium-sized enterprises (SMEs) decreases as the sample size increases. Because parameter
estimates are significantly hindered when the data set has few outliers, m is the method of estimation that is the most
reliable. Because of this robust estimation is an essential method for evaluating databases that contain problematic
outliers Numerous robust regression estimators as well as M method estimators, are available in a wide variety. The
least squares approach is one of the safest methods because of its remarkable efficiency in obtaining the possibilities
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Introduction

The parameters of this distribution play a signifi-
cant role in understanding the nature of the data, and
so there are a plethora of techniques for analyzing
and interpreting it. Several situations in statistical
mechanics use the Maxwell-Boltzmann Distribution, !
which is one of the ways to estimate the parame-
ters to get excellent estimators that have the features
needed to be available in the estimator. The kinetic
energy of gases, which in turn explains many of the
fundamental features of gases including pressure and
diffusion is based on the Maxwell-Boltzmann distribu-
tion.? It’s also possible to refer to this pattern as the

distribution of molecular speeds energies and kinetic
energies.

Since it was first described by the Scottish physicist
James Clark Maxwell and then again by Boltzmann
with the addition of Some assumptions, the Maxwell
distribution has been considered one of the contin-
uous probability distributions with a measurement
parameter (o > 0) that determines the probability den-
sity function of the distribution.® It has applications
in physics and chemistry and serves as the foundation
for the theory of gas motion, which is used to model
the properties of gases such as their pressure, dif-
fusion, particle velocity, and thermal equilibrium. A
life model is the Maxwell distribution.* The Maxwell
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distribution can be thought of as a generalization of
the Whipple distribution and the Rayleigh distribu-
tion. For reliability studies and life testing, when a
constant failure rate is assumed, it possesses all the
necessary qualities.

Box was the first to use the term "robustness" to
describe a statistical approach whose statistical infer-
ence was unaffected by the violation of any of its basic
requirements. Since then, several authors have pro-
vided similar definitions. Researchers are motivated
to employ robust estimators because they are immune
to the effects of outliers and do not assume a fixed
shape for any given function. This is because data
on some phenomena may contain abnormal values,
leading to inaccurate results, which in turn can lead
to conclusions that are at odds with the reality of the
phenomenon under study. >°

A robust estimate is insensitive to outliers and
whose efficiency is comparable to that of least-
squares estimates when outliers or outliers are
present in data.”’

Maxwell distribution

The Maxwell distribution possesses all the charac-
teristics necessary to make it particularly effective in
life tests, especially in circumstances when the failure
rate assumption is constant. It can be thought of as
a variant of the generalized Whipple and Rayleigh
distributions. ® The probability density function of the
Maxwell distribution is given by.°

4 5 x2
B -%x (0> 0 1
770 x“exp” 7X, (6 > 0) ¢))
Where 6 the scale parameter of the distribution, and

cumulative distribution function (c. d. f) are given
by:

1
f(x,0)= 5

F(X,0) 1 F(Xz 3)0 x, 0 ()
) = a3\ T o < )
r(3) 0’ 2
Where F(%z, 3) = JPYe ' ldu, (x, > 0) in-

complete Gama function, So that «x= % X = %2 As
shown in the Fig. 1

First: Reliability function

Stands for the likelihood that the device or system
will continue functioning normally for a given time
interval t. It is represented by the symbol R(t). Math-
ematically, the reliability function is defined by the
following equation:

R(@t) = Pr(T >1t) 3

00

Fig. 1. Maxwell distribution’s probability density function (P.D.F.).

The form of the survival function for continuous
distributions is:

R(®) =P(T>t)=/oof(x) Qv 0<t<co (&

Where f(t) is the failure probability density func-
tion, t is the length of time that starts from zero. That
is the reliability function is a probability function
confined between zero and the correct one. '° In other
words:

0<R(@®) <1

The survival function is sometimes referred to as
the complementary cumulative distribution function.

R@) = foof(X) dt =1-F(t) (5)
t
R(t) = 1—-F(@) (6)
So that
t 4 1
F(x,0)=| —=—x% 7d 7
(>, 0) /Oﬁezxe X (7)
R(t)=1-F(x,0) €)
Rit)=1- tiixzeﬁdx 9
B 0 VT O3 0

(10)
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The estimation methods

1. Method of Moments

Due to its simplicity, it has become a standard
technique for estimating parameters. The rationale
behind this technique relies on establishing a near for-
mula for the parameters, which is based on equating
the community torque with the sample moment. The
estimates obtained using the method of moments are
straightforward.!' The Maxwell distribution’s torque
can be calculated as follows:

E( ’):%92 (”;2) r>-3 (13)
ﬂ=E(x)=2% (14)
M=%§xl=f:> f=p (15)
2@::?:2\/5:&/;;»\/5:’%5 (16)
§- 2 a7

Maximum likelihood

When it comes to making reliable estimations,
this technique is among the most significant ones
available because of the stability with which it is
associated. Scientist R.A. Fisher put forth the idea in
1920. The following is a definition of it:

If (x1, X2, - .. .. , Xp) then is the largest possible func-
tion MLE if it is larger than the normal probability
function.

The following equation describes the maximum
likelihood estimate (MLE).

Lxil0) =[] fx0) (18)

i=1
InL(x,0) .

=InL(x,0)= Fr

0 (19)

Where L(x;|0) is the probability function or the log-
arithm of the probability function.® The information
matrix is computed in turn from the second deriva-
tives of the log-likelihood function, with respect to
the vector of parameters

To estimate the maximum possibility function of
the Maxwell distribution:

L(x,0)=]]f(xi0)

(20)
i=1
4\"1 =2,
L(x1,x9,....... xXp,/0) = —]| — x2exp~
(1 2 n/ ) <ﬁ> 0%111 i p
(21)

the natural logarithm of both sides of the equation,
we get:

4 3n
InL (x,0) =nln (ﬁ) — ?ln (C))]

n n 2

T X

+ln(| |x12) — _21_91 L
i=1

To find the estimated value we must find the deriva-
tive of the function and equate it to (zero).

(22)

InL(x,6) 3n L X
—_— = 0 —_—— 0 = L = 0 23
do 20 +O+ 02 (23)

n

3n0 =2 x? (24)
i=1

R 250 x?

[ — h (25)

3n

2. M-Robust Estimation Methods

Parameter estimations are severely hampered when
a dataset contains even a few outliers.

As a result, robust estimation is a crucial tech-
nique for investigating databases with questionable
outliers. There is a wide variety of robust regression
estimators, the M-estimation method Estimators.

This method is considered one of the safest methods
due to the great efficiency with which it obtains ca-
pabilities. hence it is regarded to be one of the safest
methods. Researchers have shown a lot of interest in
this methodology for a number of reasons, includ-
ing the fact that it is more adaptable and offers the
prospect of direct generalization on multiple regres-
sion. It was proposed by the researcher Huber (1973),
and the concept behind this method is to locate the
value of a and b that is the least significant, and the
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immune estimator is obtained by testing the weight
function . 1%13

Min Z o (&) (26)

i=1

Min )" [Y —a—b(X)1®

i=1

Estimating the value of the Maxwell distribu-
tion’s undetermined parameter can be accomplished
through a straightforward comparison of two distinct
goal functions.

Bisquare and Huber’s weight are the objective func-
tions that were chosen. %15

The M estimator can be obtained by reducing or
decreasing the following amount:

Minijp<%)=Mini:¢<xi;“>=o @27)

Since s is an estimation of the scale, it may be
calculated using the following equation:

median |e; — median (¢;)]  MAD
s— _

= = 2
1.339 1.339 (28)

MAD represents the average absolute deviation.
When attempting to calculate the hippocampus esti-
mator, it is necessary to test the weight function to
solve the Eq. (5) assume that,

So that: y; = (Xi _ M) (29)
o
Z?:l ¥ ()
_ iz ¥V () 30
11 = Mo + 00 ST W) (30)

¥ (W), ¥ (uy;), are The first and second derivative
o ()", respectively

Since the robustness of the estimator is dependent
on the function of the weight functions, it is permis-
sible to use the robust weight function (Huber) in
the following calculation, '>'® which can be viewed
as a collection of functions on which the weights
corresponding to the observations are calculated.'”

B 0 lf di>c
< Huber (1964) Objective Function p(e;):
le; if leil <c
p(ei)={21 flel<c 1345 (32)

clel —3¢* if leil = ¢

Score Function v (e;)

€

. ,c=1.345 (33)
c sign e;

l/f(ei)Z{

% Tukey Function.

Objective

Function p (e;) =

2 i v213 .
ig(zl—(l—(%))) if led <c gy
5€ if leil >c

(34)

Score Function vy (e;)

€j 2 2 7 .
v = e(1—(2))  if lel < C, c= 1.345 (35)
0 otherwise

Results and discussion

In this research article, M-robust estimation meth-
ods, one of the modern estimation methods, and some
of the conventional estimation methods have been
compared in the estimation of the reliability function
of the Maxwell-Boltzmann Distribution.

In this part of the research, a Monte Carlo simula-
tion study is carried out, Methods such as the maximal
likelihood estimate (MLE) and the method known as
(mom) are examples of non-robust methodologies

M- method is the Robust method. The maxwell dis-
tribution with the supplied parameter values is used
to produce complete data with outliers at random.
The Monte Carlo simulation program is written in the
Matlab programming language, '-2°

We use the MATLAB script editor to begin the pro-
cess of writing the simulation algorithm, as shown
in the steps below: Considering several possible (ac-
tual) values for the Maxwell-Boltzmann distribution
parameter: 6: 1.5, 2.5, 3.5 (Selecting many different
samples sizes.?'=> (n 10, 20, 40, 50, 100)

Assuming many values of a, b, and k as the
following:

Considering the number of sample replicate L =
1000,Generating random number by the following
algorithm suggested by Krishna and Malik estimated
the reliability function in Maxwell distribution by using
type-two censored sample.

a. Using the uniform distribution U(0,1), generate
two random numbers X1 and X2 and write them
down.
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0=1.5 0 =25 0=35
n R(t) R(MLE) R(MOM) RM R(t) R(MLE) R(MOM) RM R(®) R(MLE) R(MOM) RM
0.9938 0.993 0.9923 0.9936 0.9971 0.9966  0.9968 0.9969 0.9982 0.9987  0.9985 0.9979
10 0.9536 0.9526  0.9574 0.9534 0.9776 0.9768  0.9763 0.9772 0.9982 0.9861 0.9862 0.9977
0.7212 0.7164  0.7397 0.721 0.8495 0.8446  0.8419 0.8491 0.9982 0.9019  0.9026 0.9976
0.9938 0.5488  0.5804 0.9936 0.741 0.7335  0.7292 0.737 0.8272 0.8254  0.8266 0.8269
0.3909 0.3838  0.419 0.3906 0.6149 0.6051 0.5995 0.6146 0.7325 0.73 0.7318 0.7322
20 0.9938 0.9936  0.9943 0.9935 0.9971 0.997 0.9969 0.9965 0.9982 0.9982  0.9985 0.9981
0.9536 0.9326  0.9394 0.9533 0.9776 0.9679  0.9704 0.9774 0.9982 0.9879  0.9886 0.998
0.7212 0.6267  0.6557 0.7209 0.8495 0.7946  0.808 0.8492 0.9982 0.9139 0.9186 0.9978
0.5553  0.435 0.4705 0.5549 0.741 0.6581 0.6779 0.738 0.8272 0.8456  0.8535 0.82668
0.3909 0.3838  0.419 0.3905 0.6149 0.6051 0.5995 0.6147 0.7325 0.73 0.7318 0.7323
40 0.9938 0.9947  0.9945 0.9934 0.9971 0.9964  0.9964 0.9966 0.9982 0.9978  0.9979 0.9979
0.9536 0.9605  0.959 0.9532 0.9776 0.9724  0.9723 0.9773 0.9982 0.9828  0.9837 0.9978
0.7212 0.7553  0.7478 0.7207 0.8495 0.8193 0.8191 0.849 0.9982 0.8812  0.8867 0.9976
0.5553  0.602 0.5915 0.555 0.741 0.6948  0.6945 0.734 0.8272  0.7915  0.8004 0.8268
0.3909 0.4437  0.4317 0.3906 0.6149 0.5555  0.5552 0.6146 0.7325 0.6827  0.695 0.7324
50 0.9938 0.9941 0.9855 0.9937 0.9971 0.9974  0.9932 0.9968 0.9982 0.998 0.9979 0.9977
0.9536 0.9567  0.9559 0.9534 09776 09792  0.9798 0.9774 0.9982 0.9845  0.984 0.9979
0.7212 0.7363  0.7324 0.7206 0.8495 0.8594  0.8629 0.8491 0.9982 0.8918  0.8886 0.9978
0.5553 0.5757  0.5704 0.5549 0.741 0.7566  0.7621 0.737 0.8272 0.8088  0.8036 0.8266
0.3909 0.4137  0.4077 0.3906 0.6149 0.6355  0.6429 0.6145 0.7325 0.7067  0.6994 0.7324
100 0.9938 0.9945  0.9946 0.9937 0.9971 0.9972  0.9972 0.9969 0.9982 0.998 0.9979 0.9978
0.9536  0.959 0.9596 0.9532 0.9776 0.9782  0.9783 0.9773 0.9982 0.9844  0.9835 0.9977
0.7212 0.7476  0.7509 0.7211 0.8495 0.853 0.8537 0.8492 0.9982 0.8913  0.8858 0.9976
0.5553 0.5913  0.5959 0.5551 0.741 0.7466  0.7476 0.739 0.8272  0.8079  0.7989 0.8266
0.3909 0.4314  0.4366 0.3907 0.6149 0.6222  0.6236 0.6145 0.7325 0.7055  0.6929 0.7323

b. Using the transformation, obtain two normal
N(0,1) variants designated as Y; and Y5:

Y1 =/ —2log (X1)cos2r (X3),
Yy =/ —2log (X;)sin2r7 (X3),

and find Z = 172 ~ N(0, 1).

c. Performing steps a and b a total of three times in
order to produce x2 T = Y3 ; z> which is gamma
G(3, }) variate, >4

d. Using the transformation V = /1% get a number
generated from MW (#) variate.

Finding the mean of estimators for all methods,

2 _ Y6

given by the following equation:?® Opeen =
where, L represent the number of replications in each
experiment and equal to (1000).

Final step of this algorithm is to employ measure
of mean squares error?’ (which is defined as distance
between the estimate value and actual value), and to
compare between all methods of estimation, given by
the following formula:

A 1 & s 2
MES (9) = — > (6 - 6)
i=1

where, §; is the estimate of (¢ a) the L™ run, and 6 is
the true value.

In this research article, ten different estimation
methods were compared that random or subjec-
tive gravities highly affected the estimation in the
comparison of the M-robust and the conventional es-
timation methods.

Table 1 shows the reliability function values for
each estimate method. (6 = 1.5, 2.5, 3.5) according
to sample sizes and the number of replications (L =
1000).

Table 2 shows the (MSE) of the estimation methods
for the reliability function (MLE, MOM and the M_
robust) for all sample sizes (10, 20, 40, 50, and 100)
and for all experiments.

The results will show that, in general, the pseudo-
robust estimate could be a good estimate when the
normality assumption holds. In real simulation data,
the pseudo-robust estimate still behaves poorly com-
pared to the non-robust estimate. So, in general,
based on coefficients of correlation and bias parame-
ters, it can be said that the M-robust approaches, in
particular the proposed one, perform better when the
non-normality and contamination levels are greater.
Moreover, we will show that the proposed M-robust
estimation method is able to reach the highest power
coefficient and the lowest type II errors in real and
robust environments. By means of gamma MME value
of BM, for some values of Ruse and N, the minimum
value is attained by the proposed method. This set of
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Table 2. Mean square error for the used estimation methods and for all sample sizes.

0 N MLE MOM M Best
1.5 10 0.1198 0.0941 0.00030 M
20 0.0076 0.0079 0.00010 M
40 0.0038 0.0041 0.000013 M
50 0.0028 0.0029 0.000001 M
100 0.0014 0.0015 0.000003 M
2.5 10 0.0113 0.0116 0.0011 M
20 0.0058 0.0059 0.00017 M
40 0.0025 0.0027 0.000024 M
50 0.0022 0.0023 0.000021 M
100 0.001 0.001 0.00001 M
3.5 10 0.0078 0.0077 0.00062 M
20 0.0036 0.0037 0.000022 M
40 0.0017 0.0017 0.00001 M
50 0.0013 0.0014 0.00002 M
100 0.0007 0.0007 0.000001 M
12
1 rs ——0=1.5
0.8
06 —|—0=25
0.4
0.2 6=3.5
0
0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6

T

Fig. 2. Shows the reliability curve of the Maxwell distribution.

trials contains two Ruse values and three sample sizes
N. From the environmental perspective, this range
is rather rich. Thus, this procedure can be recom-
mended to practitioners as a useful and efficient one.

where the stability function was estimated with the
simplicity of the different method in application and
ease of implementation to obtain an estimate of the
stability function. In addition to Fig. 2.

Conclusion

The statistical standard (MSE) is the best way to
estimate, so that is what the simulation results are
based on. The values of the model are the robust m
method (M - robust). Statistical theory says that the
MSE numbers get smaller as the sample size gets big-
ger. It is possible to adopt robust estimation methods
to estimate the reliability function for other distribu-
tions and figure the reliability curve of the Maxwell
distribution in this work, the stability function was es-

timated using a method different from the traditional
methods followed by some researchers,

The M-robust technique was found to have the
lowest mean square error across all sample sizes, as
demonstrated by the findings hence, it is regarded
as being more effective than the conventional esti-
mate methods. In addition, it was determined that the
statistical criterion, also known as MSE, is the most
effective way for estimating, and thus, the results of
the simulation are based on this. m-strong technique
is used to determine the model values (M-strong).
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