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Abstract: This paper introduces a new hybrid operator based on combining the Phillips concept with a sequence of lambda-
Bernstein operators. This operator represents a qualitative improvement over classical Bernstein-Durrmeyer operators,
which faced significant limitations in controlling the behavior of functions at critical points such as the zero point and
suffered from a significantly slow rate of convergence. The developed operator overcomes these challenges, achieving a
substantial improvement in the quality and accuracy of convergence. To demonstrate the effectiveness of this operator, the
study proves a set of basic theoretical results. First, the paper proves the regular convergence theorem for the operator. This
is followed by establishing the error estimation theorem using a continuum measure, which in turn confirms the
achievement of first-order convergence. Finally, the study presents a precise Voronovskaya-type asymptotic formula that
reveals the detailed behavior of the operator's approximation rate when studying functions regularly.
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1. Introduction

One of the challenges facing researchers in the
field of approximation is their attempt to solve
the problems that plague classical operators by
introducing modified operators that improve the
convergence rate at the boundary and other
properties.

Classical Bernstein- Durrmeyer operators
represented an important development of their
Bernsteinian counterparts. They partially solved
the problem of slow convergence by
incorporating the idea of integration, which
allowed them to operate on the average of the

function rather than its discrete values.
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However, these operators still suffered from
limitations in flexibility and precise control over
convergence behavior at critical boundary points
such as x = 0.

A -Bernstein operators provided an elegant
solution to this problem by introducing a control
parameter A into their fundamentals, giving them
great flexibility in tuning and improving
convergence performance at the boundary.
However, their "additive" nature may limit their
maximum effectiveness in some contexts.

In this study, we present a modification of the
classical Bernstein-Durrmeyer operator [1] that
achieves faster convergence at critical points
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such as x = 0, takes into account the boundary
conditions of the function (f) due to the extra
term(1 — x)®, allows tuning the approximation
behavior using the parameter A, and reduces
fluctuations at x = 0 if () is discontinuous there.
Although Bernstein-Durrmeyer operator is a
modification of Bernstein, compare to the
operator we introduce, it suffers from slow
convergence even for analytic functions, poor
performance at the boundary, and an inability to
adapt to the properties of the function f. We note
here [2,3]. In order to presenth,;l(f((j,);)g)and
understand how it is built, we review this
historical introduction

Weierstrass's Approximation Theory [4] garner
much interest from mathematicians, each trying
to prove it with various sequences. One notable
contributor ~was  Russian = mathematician
Bernstein [5], who introduce a positive linear
operator sequence in 1912. The definition of
polynomials is:

Hy(g:%) = ibq,}g(x)f(g),
k=0

Bk (x) = <k) x5(1 — %)%, x € [0,1].

where

And Bernstein-Durrmeyer Operators define as:

a‘),n,lg ()S)
n
n
—(m+1) kZ B () L 00 (@),

Many researchers based their work on Bernstein
polynomials, and the results were different types
of Bernstein operators [6—10].

Among these researchers are Lon and Zeng
(2010) [11], who take the Bezier curve and
surfaces to present the Bernstein polynomial in a
new shape.:

V() = Zn: By (A )g)f(%),
k=0

bq,lg()\; X) = bq o(x) — bq+1 n %) ; k=0
By (A %) = i (%)

2k+1
+A (nn—k Doy, 15(75)

- le—l
le

Do+t (X))

bq,lg()\; )S) = bq,q ()S)

=n,

n + 1b1;+11;()5) (X) k.u

where A € [—1,1].In 2018, Lain and Zhou [12]
study uniform convergence properties and
derive aVoronovaskaja-type asymptotic formula
for the V(%) in
approximation theory.

sequence classical

A -Bernstein operators have received extensive
attention in scientific research, where their
properties have been discussed and various
forms have been developed. For more details on
these operators and their developments, we
recommend referring to [13—18].

In this study, which was separated into four
parts, we first used convergence conditions for
Korovkin[2] to show that Summation-Integral-
Phillips for Sequence of A-Bernstein Type
Operators converges uniformly to f(x). An

estimate of the rate of convergence is given in
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Theorem 2 using the modulus of continuity and
Hoélder's inequality, which allows measuring the
speed at which the operator approximates the
function. Theorem 3: Holder's condition and
Taylor's expansion are used to analyze the
accuracy of the approximation, with the
application of integration of the residues to
estimate the upper bounds of the error. Theorem
4 extends the results using Taylor expansion and
the Cauchy-Schwartz inequality to estimate the
regular

error when approximating more

functions such as differentiable functions.

Now, we present the formula of Summation-
Integral-Phillips for Sequence of A-Bernstein
Type Operators,

W, (B(d); %)
=(n

1 1

£1) ) b 08) [ By G DDA
k=1 0

HO - A -9 ()

2. Preliminary Result

Lemma 2.1. Let Summation-Integral-Phillips
for Sequence of A-Bernstein Operators, satisfied
the following properties

i.V\Vn,;l(l; X) =1;

R 1 4\
11.Wq,}\(d,; )S) - ((n+2) + (n_l)(q+2)(q+3)) [YPS +
1-2x+x0t1—(1-x)8 1 ] __

(n-1) (m+2)(n+3)

f(0)(1 = Ax)(1 = x)*%;

_r
(n+2)(n+3)

242 1 _
(11—1)(11+2)(n+3)(q+4)) [r! x> +nx(1—x) +
2nx—4nx+2nx?tl  x0+14(1—x)Btl-q
(s

i Wiy 2 (42 %) = (
6A

1 (—2q+8)7\
((u+2)(n+3) (n—l)(u+2)(n+4)(n+3)) [“’5 +

1-2x+x3t1—(1-x)8*1 ] _ 22 n
(n-1) (+2)(n+3)(n+4)

f(0)(1 = Ax)(1 = x)*%;

proof. By (1) not difficulty to show (i), hence
we get it. Now we will prove the second

property.

n
W,a(d;x) = z By (A5 %) {(n%
k=1

S
2K ] K
n—1UMm+2)(n+3)

-[1- nz—kl] <(n, T 2)k<u +3)

1
Tmrom+ 3))}}
n
1
= > kb0 (s
k=1
N 4\ }
(m+2)n+3)n-1)

By using Lemma 2.1 in [11] with applied
Korovkin conditions and doing some simple
calculations, which show that the result be x
when ny = oo. Hence, the proof of this property
is computed, and we get

W N 1 47
0 @9 = (G o) [
L1 2x+x71 -1 —x)““hl

(n—1)
A

" (m+2)n+3)’

Finally, we calculate the third property,
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Wq,}\(q;)g)
n
B | K+
- ;b‘“ﬂ("' ¥ {(n Y@+ 9)
n+1 2k lgz+lg
”{[n—1_u—1](r;+z)(u+3)(n+4)

_[1— 2k ]( K
n—1\(m+2)n+3)(n+4)

+ 3%
m+2)m+3)(n+4)

2
T+ D0+ 0 4)>}}

n
2 . 1
- kle 9 GG
N 6A }
m+2)n+3)(n+4)(n—-1)

n
1
+ ;kbq,}gm X) {(n T

—2nA + 8A }

ThrD0+3)m+HO-D
2\

T+ +3)@+ D’

Using the same steps as in proving the second
property, this property can be easily proved and
its result shown to be equal to x?when n —oo.
Thus, Theorem.1 is shown.

Next, we introduce the definition of the m-th
order moment of Summation-Integral-Phillips
for the sequence of A-Bernstein Operators.

Definition.2.1. Here, the definition

ofthe moment cfnm}\()g) for the
Wi (f(d); )

sequence

q‘n,m‘x(x)
=(n

1 1
£1) ) b9 [ by a (D@ —0"dd
k=1 0
+ (1= 1) (=31~ )"

Lemma.2.2. d;x A()g) verify the following:
,1],

i c[;]’o'}\()g) =1;
. _o—2x , 1-2xkxtt-(1-x)ttt
1. ‘fq,m(x) T 2 + (m+2)(n—1)
4A 1-2x+xP - (1)t ]

e — + —_
(- D(+2) (1+3) [ms (-1

A
(n+2)(n+3)

21;)g+6)52—21p52
iii. q;m(g) === 4

(m+2)(n+3)
A (2u>s—4u>s+2n>s““ }s“+1+(1—)s)“+1—1)

(n+2)(n+3) (n-1) (n—1)
A (1—2)g+)g“+1—(1—)g)'3+1) n
(n+2)(n+3) (n-1)
61

[n2x? + nx(1 — %) +
%“+1+(1—)s)“+1—1}] n

(-1 (n+2)(n+3)(n+4)
A {2n>s—4n>s+2ms"“

(n—-1) (n-1)
(—2n+8)A [ 1-2x+x0t1-(1-x)8+1 ] _
(n—1)(+2)(n+4)(n+3) (n-1)
22 )
(m+2)(m+3)(n+4)’

Proof. In a direct and easy way, the first
property can be proven; therefore, we
immediately go to prove ii and iii

12 = Wya((d - x);%)
= W,(d; %) —xW,,, (1, %)
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_( 1 N 4\ )l
"o+ G-Da+20+ 3/ [P
1—2x+x"1 — (1 —x)n*!
* (n—-1) Al

—_ )\ —_
+2)n+3) >

By simplifying the terms and performing the
mathematical operations, we get the result of ii.

G20 ® = Wi ((d-%%%)
= Wy (d? — 2xd + %% %)
= Wy (d% %) — 2xWya(d; %)
+ %W, (15 %)

1

<(r; +2)(n +3)
+ 6 ”22

h-Dh+2)@+3)m+4)/ "
+ nx(1 —x)

2nx — 4nx + 2nx**t

* 7\{ (n—-1)

T+ (A -t -1
* n—-1) }l

1
+<m+zxu+®
N (—2n+ 8)A ) l
h-D@a+2)n+5Hn+3)) ™
+1—2>s+>s“+1 - (1 —x) l

(n—1)
22

(n+2)(n+3)(n+4)

4\
‘ZXQn+2f*m—4Xn+zxu+m)h‘
+1—2>s+>s“+1 - (1 —x) l

(n—-1)

)\ 2
BCEDCED M

We collect the terms on the variable x to get a
function that helps prove the property; we obtain

Q22 )
_ 2nx + 6% — 2nx’
m+2)(n+3)
N A <2n>s — 4nx + 2nx**!
m+2)(m+3) n—-1)
N X+ (1 -y - 1)

n—1)
N A (1 —-2x+x" - (1- )g)‘?“)
(m+2)(n+3) (n—1)
+ 61 [ 24,2
-Dn+2)m+3)m+4) |
+nx(1 —x)
2nx — 4nx + 2nx*+t
* 7\{ n—1)
P+ (-t -1
* n—1) }l

N (—2n + 8)A l
h-Da+2)nh+Hn+3)| "
1—2x+x"1 — (1 —x)n*!

* (n—-1) Al

B 2A
m+2)n+3)(n+4)

Lemma.3.2. For Summation-Integral-Phillips
for a sequence of A-Bernstein operators the
central moment is given by

[Wya((d —%);%) < 5(m,0)| , where §(n; 1) =
2 2|A|
n+l = (n+2)(n+1)

|W,2((d — %)% %) < r(n,A)|,where
6 (4n+5) (Al
Mm+2)(m+3) (+2)(m+3)(n-1)

forn > 2,

r(m;A) =
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(2n+10)|A]
M+2)(m+3)(n—-1)(n+4)
I—2n+8l(n+@l?xl
L forn > 2.
M+2)(m+3)(n—-1)(n+4)
Definition 2.2  (Holder  Continuity): A

function f € C[0,1]is said to belong to
the Holder  class Lip (L) if ~ there  exist

constants F > 0 and € € (0,1] such that:
2(f,x) < Fxfforallk > 0,

where ¢( T, xF) denotes the modulus of

continuity of f.
3. Main Result

Theorem.3.1. Let f(x) € C[0,1], then

V\Vql;\(f; x) converge uniformly to f(x) as n

— 00,

Proof. By using Lemma 1 and applying
Korovkin conditions [2], we obtain the proof.

Theorem.2.3. For g, € C[0,1], we get

\ 3
Wi (05 - 0.09)] < 25 (0 V1@ D).

Proof. By using the definition of the continuity
coefficient.

0@ - a6l < 3@, 01 + 95

Applying the operators V\Vq';\ on both sides of the

inequality, we have

| Wya(9;%) — g,(%)| < Wya(lg(d) —
69 %) < 3(g (1 + 53 Wya(ld — %1% %).

By using Holder inequality,

N 5 3
Wia(ld = %1% %) < Wy, (ld —x[%%)2
3
= (;‘(q; ?\))2, choose 9
= Vr(y; ).
We get
| Wya (g5 %) — 0,)|

(rm;0)?

<3@9| 1+—3;

<3(a Vrin)| 1

(r(m; V)2
rmd) [

1 1
1+ ()2 < ;, because  (r(m;1))? s
sufficient large for n, by combination the steps
we arrive to the result,

X 3
[Waalg %) —a()| <353 (g,; R CY 7\)),
and the proof is completed.

Theorem.3.3. Let g € C[0,1], then
|Wya (g %) — 6,(x)|
< sm;N|g, ®|
i 1+
+ 4V(y(r;; A)) 2

Proof. Since g, satisfies the Holder ‘s condition,
that means

3(g,,9) < VO forsome 0<i<1,and V>
0.

Now, by Taylor's expansion of g,(d) around the
point x and using integration residue, we get

151



MJPS, VOL.(12), NO.(2), 2025

6,(d) =g +g X -x)
q A Y
+H (¢ ©-a'w)w
X

Applying V\Vn';L on both sides and using the

linearity of our operators, we obtain
= g,(x) + g, MWy ((d —%);%)
N q AY
+ W ( f (@
X

-3’ ®) dZ:x)-

Wq,h(ga; )S)

Sincel\/\vn,;\((d, —X); )g)| <
s(n; A), where s(n; A)is introduced inLemma 3.

Estimate the integral by using Holder s
condition for g, (X);

2 (e @ -0 ) dg <5 g ld—xDld-
x| < Vid — x|+

Thus,

Wi ( L q (6 @-g'®) dZ:x)‘

< VWya(ld — x5 ).

Apply Lyapunov inequality,

X . . 14
Wi (ld —x["*5 %) < W, ((d — %)% %) 72
1+]

= (r;N) 2
Wy ((95%) — 6 ()]
1+4i
< s(m; Vg @]+ V(rm; D) 2.

Implies 4 Vinstead of V for comparison; after
that, we have the result. By this, the proof is
finished.

Theorem.4.3. If 1(x) € C[0,1]A € [-1,1] x €
(0,1) and " (x) exist, we get

lim (W (5,30 = 169) = paf" () + paf (%),

Where p4, p, are coefficients with x.

Proof. By Taylor's expansion, we have

f(d) = 1) + £ (d = x) +@(q e

+v(d,x)(d - >s)2
= f)Wy2 (1;%) + £ ()W, ((d — %);%)

+ (_)S)Wq A((d = %)% %)

+ W2 (¥(d, %) (d — %% %);

= (%) + f (%) ‘L}m(%)Jr q”qz,/\()
+ W, (v(d, x)(d %)% %);

lim (Wi (6% — 109) = —2x1 ()

+x(1 = X)f (%)
+ lim Wy, (¥(d,)(d ~ )% %)

InW,2(¥(d, x)(d — )% %)| <

i 1
10+ D1 o) [ by 1O g
k=1 0

+ |v(d,x)(d — x)*| dd
+y(d, x)(=%)*(1

— )1 =x)"¢;
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+1) Z I | b D @9

d—xl<g

+1) Z B0 | by ) @@

Id=xl=g
- %) Idd

+ 1+ Dy(0,x)(—x)*(1 — Ax)(1 — x)*
=0, + 0, + 0,.

©; » coasn - o andy(d,x) - 0asd -
x forgivene > 0,3¢ > 0 such that|d — x| < ¢

then, v(d,x) < €

0,

<n(n

+1) %) -1 d)d
equk X f_)$<gbqlg d

—x)zdd..

=n(n

+1) %) -1 d)d
equk X f_)$<gbqlg d

- x)zdd +ne(=x)*(1 — ) (1 —x)°

—ne(—x)*(1 - xx)(1 - x)%

<ne d,,® —ne(=x)*(1 - (1 - %"
=€e0(1)

—ne(—x)*(1 - )1 — %)%

®,; — Oasn — oo ande isarbitrary

d—x|=g

Now define Cg[0,1] by

By-1 (A d) [¥(d, x)(d

Cs[0,1] = {t € c[0,1]: If{(d)| < d®},C> 0,8

>0

k=1 d—x|=g

Applying the Cauchy Sc
have

<n(n

+1)Zank(x 5 U

]Olgl

- xlziddl

bnlg 1 d) Cd°dd

dj qS
b1 (O q)zd&, .

hwarz- inequality, we

b1 (& q)] [ f e
—x|z¢ l[d—x|zg
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IS=1 q_)g =G

n
since z By %) + (1 — %)% — (1 —x)°
=1

n
= > b i) = (1 =%
k=0
0,

< (n Z(l -(1- x)“)% (n

+1)quk@ 9]

By-1 (A dId

d—x|zg

N[

Now (1 + 1)219%@ 9]

— )SIZqu
+ (—x)I(1 - ) (1 — x)"
— (—x)I(1 - )1 — )"
- q;!,Zj,}\()S) — (=31 - 2x)(1 —x)"
=0(n7) +0(n%),4 >0

Byx-1(; d)Id

d—x|zg

0, < ci 0 (r;#) 0 (n,_z—g) =0(n™>)
= 0(1).

®, - 0asn — . Thus, Theorem 1 has been
shown.

4. Numerical Examples

In this part of the study, we will present multiple
numerical examples to illustrate how the
operatorV\Vn,;L(f; x) converges to the function T

(x) by adjusting both the parameter A and n.

Example 1 For A= —1;n = 10,20,30,1(x) =
e*sin(x), x € [0,1] .We will get the first figure
which shows that the operator\/\vq;\(f' X)
converges to the function f (x) better when n

Increases its value.
1.5]
Value
1 4
0.5
e
0 02 04 0.6 08 1

WI[10,0.6](%)
WI[30.0.6](x%)

——— Original (%)
W[20,0.6]1(%)

Fig. (1): The graphs of W, _,(fx) with
1=10,20,30.

Example 2 For A=0.6;nn =
10,20,30,1(x) = e®sin(x), x €

[0,1] . We will get the second figure
which shows that the operator\/\vq';\(f; X)
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converges to the function f (x) better
when n increases its value. In this case

the converge got much better.

(]

0 02 04 06 08 1

W[10.1]G0)
W[30.11x)

—— Original f(%)
W[20.11(%)

Fig. (2): The graphs of W, (fix) with n=10,20,30.

Example 3 For A = 1;n = 10,20,30,1(x) =
e*sin(x), x € [0,1] .We will get the third
which

figure shows  that  the

operatorV\Vn,;L(f; X) converges to the
function f (x) better when n increases its
value and in this example, we notice that
the approximation became better when we

took this value.

(¥}
!

o
W

Value

[~
!

Q
A

o
k

The table 1 of the
approximation of V‘Vn,;l(f; x)to f(x) when n,A

explains the errors

are taken different values.

Table 1: The errors of the approximation.

= Waa @&,

A n=10 n=20 n=30
-1 0.042444 0.019579 0.012631
0.6 0.035334 0.017913 0.012017
1 0.035153 0.017881 0.011975

0O 02 04 06 08
X

— Original (%)
W[20.-1](%)

WI[10.-1]1(x)
W[30.-11(0)

Fig. (3): The graphs of W,,, (f; x) with n=10,20,30.

Figure 2 shows good convergence with A = 0.6,
while Figure 3 shows the best convergence
when using A = 1, highlighting the role of the A
parameter in improving the accuracy of the
approximation process. Increasing A to 1 result
in an additional improvement in approximation
accuracy compared to A = 0.6. Table 1 shows
quantitatively confirms this conclusion, showing
that the error |[f— Wy (£x)[| is 0.017881

when A = 1 and n = 20, while it is 0.017913
when A = 0.6 and n = 20.

5. Conclusion

In this research, the classical operator@)’q,k(x)
and the modified operator\/\vm(f; X) were
analyzed and we proved that the operator
presented in the research improved the
convergence rate through the parameter A and
the additional term 1(0)(1 —Ax)(1 —x)"®. and
gave higher accuracy at the limits, especially at
x = 0, and better flexibility thanks to the
possibility of adjusting the parameter A
according to the characteristics of f. We have
given numerical examples to show that the
parameter A and n increases the convergence

order if it is set correctly.
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