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ABSTRACT  

Fiber reinforced polymer (FRP) bars are more commonly used as alternatives to conventional 

steel reinforcement because of their non-corrosive characteristics, especially in aggressive 

environments. Therefore, a large number of researchers have concentrated on studies involving 

the mechanical behavior of the flexural strength of concrete beams FSCB reinforced by FRP 

with regard to using FRP bars. In this paper, the flexural moment capacity of concrete beams 

reinforced with FRP bars and a combination of FRP and steel reinforcement are investigated. 

The authors carry out a statistical analysis using a database of 144 beam specimens, including 

72 reinforced with FRP bars and 72 with hybrid FRP-steel reinforcement. The experimental 

flexural strength results were compared to theoretically predicted values obtained according to 

ACI 440.1R-2015, CSA S807-2012, and a hybrid reinforcement equation, in which the three 

models were analyzed with respect to their prediction accuracy and reliability. Mean, 

coefficient of variation (COV), standard deviation (SD), Mean Absolute Percentage Error 

(MAPE), Root-Mean-Square Error (RMSE), Pearson's r, and Nash -Sutcliffe efficiency index 

are some statistical metrics which were used to better compare the predictive performance of 

all the equations. The COV of the developed hybrid equations was 15.27 % and SD was 0.16. 

Contrarily, model ACI 440.1R-2015 presented such COV of 17.5% and SD = 0.17, whereas 

model CSA S807-2012 showed a COV of 17.11% and an SD = 0.15. It led to a 12% 

improvement in the prediction of error compared with both ACI 440.1R-2015 and CSA S807-

2012, suggesting better precision and uniformity in predicting the bending resistance of 

reinforced concrete beams. These results highlight the accuracy of the predictive hybrid model, 
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especially in the estimation of the most important parameters such as elastic modulus, FRP, 

concrete compressive strength, and reinforcement ratios. 
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1. INTRODUCTION 

Corrosion of steel reinforcement is one of the common problems faced by the construction 

industry, which results in structural failure such as cracks, spalling and debonding from 

concrete (Kadhima and Zinkaaha, 2024; Zinkaah et al., 2019; Alhawat and Ashour, 2019; and 

Al-Turaihi and Al-Katib,.24). That said, there is a growing need for alternatives to traditional 

steel reinforcement that are more durable. Laminate (nonmetallic) composite reinforcement 

has recently been widely applied in new construction, and especially in special-purpose 

buildings and structures (Karpiuk et al., 2020; Yoon et al., 2011; Kadhim and Hassan, 2024; 

Khalid et al., 2025). reinforcement ratios. New materials used as reinforcement in concrete have 

been proposed due to the corrosion of steel caused by extreme environments (Abed et al., 

2021;Karpiuk et al., 2020 and AlShadidi et al., 2016). FRPs, which consist of high-strength 

fibers and a binder, are an effective structural applications solution (Abdullah and Hassan, 

2021; Kara & Ashour, 2012). FRP bars have been a challenging material for the use in 

reinforced concrete structures, especially applied on harsh or corrosive environments, when 

came to action and started to be used only since 1980th (Abed et al., 2021). The most often 

utilized categories of FRP include polymers reinforced with aramid fibers (AFRP), glass fibers 

(GFRP), basalt fibers (BFRP), and carbon fibers (CFRP). Additionally, to their resistance to 

corrosion, FRPs are non-magnetic, have low densities, are inoffensive, environmentally 

friendly, and lightweight. These properties make FRP practical and economically viable 

(Elmessalami et al., 2019; Habeeb and Ashour, 2008; Ftnan and Makki, 2022). However, 

despite these advantages, a sudden and brittle failure mode can result from FRP bars having a 

low elastic modulus and exhibiting linear elastic behavior up to failure.  To satisfy serviceability 

requirements, concrete elements reinforced with FRP bars should be designed with over-

reinforcement  (Sam and Swamy, 2005). FRP exhibits greater deflections and larger crack 

widths due to its lower elastic modulus than steel. As a result, their design is primarily based 

on serviceability limit states (Cai et al., 2017). Hybrid reinforced members provide an 

important solution. The controlled cover thickness can be improved to become a good 

corrosion-resistance by placing the FRP bar closer to the surface and adding steel bars in the 

inner layer, which are subjected to tensile stress. This is intended to control bending response 

and limiting crack width. A number of guidelines, such as CSA S807-2012 (CAN/CSA-S806-

12, 2012); ACI 440.1R06 (ACI-440. 1R-06, 2006); JSCE 1997 (JSCE, 1997), as well as ACI 

440.1R-2015 (ACI-440. 1R-15, 2015) that are the basic concepts for application of FRP bars. 

Sudden and catastrophic member failure results due to the rupture of the FRP reinforcement. 

However, there is typically a noticeable warning before failure occurs, characterized by 
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extensive cracking and significant deflection caused by the FRP reinforcement's considerable 

elastic elongation before rupture (ACI-440.1R-15, 2015). According to ACI 440.1R-2015 

(ACI-440.1R-15, 2015); (JSCE, 1997); ACI 440.1R-06 (ACI-440.1R-06, 2006), and CSA 

S807-2012 (CAN/CSA-S806-12, 2012), compression-controlled behavior is slightly preferred 

for flexural members reinforced with FRP bars.  The codes  JSCE 1997 ((JSCE), 1997); ACI 

440.1R-06 (ACI-440.1R-06, 2006); ACI 440.1R-2015 (ACI-440.1R-15, 2015), and CSA S807-

2012 (CAN/CSA-S806-12, 2012) did not include design methods for hybrid reinforced beams; 

therefore, the equations proposed by the researchers relied upon (El Refai et al., 2015). 

The behavior of FRP-reinforced concrete beams under flexural loading has been the focus of 

extensive research (Chaallal and Benmokrane, 1996; Douglas, 2012; Nanni et al., 2014; Adam 

et al., 2015; Lapko and Urbański, 2015; Pawłowski and Szumigała, 2015; Tomlinson and Fam, 

2015; Benmokrane and Masmoudi, 1996; Dong et al., 2019; Grace et al., 1999; Gravina and 

Smith, 2008). These explorations have improved design procedures and guidelines (Kassem et 

al., 2011), particularly concerning serviceability (Theriault and Benmokrane, 1998; Lau and 

Pam, 2010; Kabashi et al., 2020; Nguyen et al., 2020; Vu and Phan, 2021) They investigated 

the use of GFRP in reinforcing beams, while (Abed et al., 2021; Aiello and Ombres, 2002; 

Leung and Balendran, 2003 and Bischoff, 2005) used BFRP to study flexural behavior (Kassem 

et al., 2011) An experimental study investigating the serviceability and  FSCB reinforced with 

different FRP bars, including carbon, glass, and aramid FRP, was presented.  Some studies 

explore using hybrid reinforcement, combining FRP and steel bars, to potentially enhance 

structural performance (Aiello and Ombres, 2002; Leung and Balendran, 2003; Bischoff, 2005; 

Sam and Swamy, 2005; Bischoff and Scanlon, 2007; Qu et al., 2009; Lau and Pam, 2010; Yoon 

et al., 2011; El Refai et al., 2015; Ge et al., 2015; Kara et al., 2015; Pang et al., 2016; Xue et 

al., 2016; Qin et al., 2017; Araba and Ashour, 2018; Sun et al., 2019; Kabashi et al., 2020; Lu 

et al., 2020; Nguyen et al., 2020; Yang et al., 2020; Vu and Phan, 2021). The researchers studied 

normal and high-strength concrete, employing different loading methods such as one-point and 

two-point loads.  

This paper provides important statistical considerations for the flexural behaviour of beams 

dominated by FRP bar reinforcement. It also investigates on the influence of using hybrid FRP-

steel bars as flexural reinforcements through an extensive statistical study, and tries to develop 

a deep comprehension of how distinct reinforcing materials interact and work together in the 

structural adequacy/performance and robustness against different loading conditions of 

concrete beams. The analysis comprises statistical models ACI 440.1r 2015 (ACI-440. 1R-15, 

2015); CSA S807-2012 (CAN/CSA-S806-12, 2012), and the hybrid reinforcement expression 
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for predicting the flexural moment capacity of FRC members was reviewed and compared for 

appropriateness, accuracy, and safety margin. These models were subjected to statistical tests 

in order to validate their accuracy and the error of approximation. Key parameters affecting the 

flexural capacity of the beams, including compressive strength, elastic modulus, and FRP 

reinforcement ratio, were examined. 

2.  EXPERIMENTAL DATABASE 

To investigate the flexural performance of FRP bar reinforced beam and hybrid FPR steel 

reinforcement under different loads and to assess the accuracy of the predicted equations, 144 

specimens (72 beams using only FRP reinforcing bars and 72 with hybrid reinforcement) were 

used in bending mode. (Kassem et al., 2011; Theriault and Benmokrane, 1998; Lau and Pam, 

2010; Kabashi et al., 2020; Nguyen et al., 2020; Vu and Phan, 2021; Abed et al., 2021; Aiello 

and Ombres, 2002; Leung and Balendran, 2003 and Bischoff, 2005) The tested beams were 

reinforced using GFRP, BFRP, and CFRP bars. At the same time, specimens in references 

(Aiello and Ombres, 2002; Leung and Balendran, 2003; Bischoff, 2005; Sam and Swamy, 2005; 

Bischoff and Scanlon, 2007; Qu et al., 2009; Lau and Pam, 2010; Yoon et al., 2011; El Refai et 

al., 2015; Ge et al., 2015; Kara et al., 2015; Pang et al., 2016; Xue et al., 2016; Qin et al., 2017; 

Araba and Ashour, 2018; Sun et al., 2019; Kabashi et al., 2020; Lu et al., 2020; Nguyen et al., 

2020;Yang et al., 2020 and Vu and Phan, 2021) have been reinforced with hybrid FRP–steel 

bars as illustrated in Fig.1 .Table 1 presents the detailing of these beams. The width of the 

specimen B ranges between 130 mm and 280 mm, 𝐻 denotes the overall height of the specimen, 

ranging from 180 mm to 380 mm, 𝐿 represents the total length, and 𝑑 corresponds to the 

effective depth. The symbol 𝑓′
𝑐  refers to the cylindrical compressive strength of concrete, and 

𝑓𝑓𝑢 indicates the ultimate tensile strength of the FRP reinforcement. The modulus of elasticity 

of the FRP bars, denoted as 𝜀𝑓, ranges from 36 GPa for BFRP to 155 GPa for CFRP. 𝐴𝑓 

represents the area of FRP and ( 𝜌𝑓 = 𝐴𝑓/𝑑 𝑥 𝑏) is the ratio of longitudinal FRP bars, ranges 

between 0.21 – 2.285 %. 𝐴𝑠  , 𝜌𝑠 are area and ratio (𝜌𝑠 =  𝐴𝑠/𝑑 𝑥  𝑏 ) of steel bars. 𝑓𝑦   is the 

modulus of elasticity of steel bars, ranging from 324.4 MPa to 580 MPa. 

Table 1. Flexural Design Parameters of Reinforced Beams Used in this Study. 

Number   

of beams 

Table database 

FRP  Hybrid FRP-steel 

Min Max M SD COV %  Min Max M SD COV % 

B (mm) 130 280 173 41 23.7  150 280 181.50 34 18.73 

H (mm) 180 380 252 54.3 21.52  170 400 270 55.54 20.51 

L (mm) 1800 4600 2602 772.8 29,7  1800 4600 2665 712.43 26.7 

d (mm) 160 360 226 55.6 24.53  150 380 250.8 55.5 22.1 

𝑓′𝑐  (MPa) 28.1 116.88 46.7 19.2 41.17  28.1 75.9 41.8 9.64 23 
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Number   

of beams 

Table database 

FRP  Hybrid FRP-steel 

Min Max M SD COV %  Min Max M SD COV % 

𝑓𝑦  (MPa) - - - - -  324.4 580 465.64 71.66 15.4 

𝑓𝑓𝑢  (MPa) 603 2068 1185.2 446.3 37.65  603 2068 1185.2 446.3 2.65 

𝜀𝑓(GPa) 36 155 65.3 38.1 58.3  40.1 146.2 49.35 15.52 31.46 

𝐴𝑠(mm2) - - - - -  56.54 1205.76 250.2 200 79.71 

𝐴𝑓(mm2) 56.55 1963.5 374.92 338 90.16  25.12 981.7 227.7 152.6 67 

𝐴𝑠 / 𝐴𝑓 - - - - -  0.34 12 1.5 1.6 106.5 

𝜌𝑠 % - - - - -  0.085 2.91 0.55 0.37 66.33 

𝜌𝑓 % 0.21 2.285 0.928 0.591 63.72  0.033 1.5 0.53 0.33 62.88 

Fig.1. Distribution of the 144 Beam Specimens By FRP Reinforcement Type 

3. ASSESSMENT OF THE FLEXURAL STRENGTH OF CONCRETE BEAMS 

FRP is a practical substitute for traditional steel reinforcement because of its excellent corrosion 

resistance properties. Its use in structural buildings has become widespread. Some codes, such 

as the JSCE 1997 (JSCE, 1997) code, have permitted their use, while ACI 440.1R-2006 (ACI-

440.1R-06, 2006), ACI 440.1R-2015 (ACI-440.1R-15, 2015), and CSA S807-2012 

(CAN/CSA-S806-12, 2012) suggested equations to estimate flexural strength. According to 

ACI 440.1R-2015 (ACI-440.1R-15, 2015), the failure mode is influenced by the ratio of FRP 

reinforcement, and there are two modes of failure: compression and tension. The estimated 

failure modes can be identified by analyzing the reinforcement ratio 𝜌𝑓  to balance ratio 𝜌𝑓𝑏  

(Abdullah, 2020); the balance ratio can be calculated from  Eq.1. (ACI-440.1R-15, 2015),  

where 𝛽1 is the strength reduction factor calculated by Eq. 2. 

𝜌𝑓𝑏 = 𝛼1 𝛽1  ( 
𝑓`𝑐

𝑓𝑓𝑢
 ) (

𝐸𝑓 𝑥 𝜀𝑐𝑢

𝐸𝑓𝜀𝑐𝑢 + 𝑓𝑓𝑢
)                                                        (1) 

𝛽1 = 0.85 − 0.05 (
𝑓`𝑐−28

7
)  ≥  0.65                                                    (2) 

Where, 𝛼1 is the depth of equivalent rectangular stress block, 𝜀𝑐𝑢 is the ultimate strain of 

concrete equal to 0.003. 

The failure of concrete under compression occurs when the ratio of FRP is less than a balanced 
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ratio 𝜌𝑓 <  𝜌𝑓𝑏, and the flexural moment can be estimated by Eq.3. In contrast, when the FRP 

ratio is overbalanced, tension failure will occur, and the bending moment capacity can be 

estimated by Eq.4. C represents the distance from the outermost compression fiber to the neutral 

axis, as described in Eq.5. 𝑓𝑓 denotes the tensile strength of the FRP bars, which can be 

ascertained using Eq.6: 

𝑀𝑛 =  𝐴𝑓 𝑥 𝑓𝑓𝑢 𝑥 ( 𝑑 −
𝛽1 𝐶

2
 )                                                                       (3) 

𝑀𝑛  =  𝜌𝑓 𝑥 𝑓𝑓 𝑥 𝑏 𝑥 𝑑2  (1 −  0.59 𝑥 𝜌𝑓  𝑥
𝑓𝑓

𝑓`𝑐
 )                                          (4) 

𝐶 = (
𝐸𝑓 𝑥 𝜀𝑐𝑢

𝐸𝑓𝜀𝑐𝑢 + 𝑓𝑓𝑢
 ) 𝑥 𝑑                                                                                   (5) 

𝑓𝑓  =  (√( 
1

4
(𝐸𝐹 𝑥 𝜀𝑐𝑢)2 +

0.85 𝛽1 𝑥 𝑓`𝑐

𝜌𝑓
 𝑥 𝐸𝐹 𝑥 𝜀𝑐𝑢 − 0.5 𝐸𝐹 𝜀𝑐𝑢  ≤  𝑓𝑓𝑢     (6) 

For CSA S807-2012 (CAN/CSA-S806-12, 2012), the concrete flexural moment depends on the 

ratio of FRP reinforcement. The balance ratio can be computed from Eqs.1, 7, and 8. Where 

𝜀𝑐𝑢 is the maximum concrete strain is equal to 0.0035.  

𝛼1 = 0.85 − 0.0015 𝑓`𝑐
                                                                            (7) 

𝛽1 = 0.97 − 0.0025 𝑓`𝑐                                                                             (8) 

When FRP bars achieve their ultimate tensile strength, 𝜌𝑓 < 𝜌𝑓𝑏, 𝑀𝑛 can be calculated by Eq.9. 

Deposited if the FRP ratio is greater than the balanced ratio 𝜌𝑓 > 𝜌𝑓𝑏 the concrete will crash 

first before FRP reaches the ultimate tensile strength and the flexural strength estimate from 

Eq.10 and 11 (CAN/CSA-S806-12, 2012).   

𝑀𝑛 =  𝜌𝑓 𝑓𝑓𝑢 𝑏 𝑑2  (1 −  
 𝜌𝑓  𝑓𝑓𝑢

2 𝛼1  𝑓`𝑐
 )                                                           (9) 

𝑀𝑛 =  𝜌𝑓 𝑓𝑓  𝑏 𝑑2  (1 −  
 𝜌𝑓  𝑓𝑓

2 𝛼1  𝑓`𝑐
 )                                                            (10) 

𝑓𝑓 = 0.5 𝐸𝑓 𝜀𝑐𝑢  [ ( 1 +
4  𝛼1 𝛽1 𝑓`𝑐

 𝜌𝑓  𝐸𝑓 𝜀𝑐𝑢 
)

0.5

− 1 ]                                            (11) 

For hybrid-RC beams, Numerous researchers have undertaken experiments to comprehend the 

behavior of hybrid reinforcement. Thresholds, and they have concluded that there are three 

different failure patterns. The balance ratio of steel and FRP 𝜌𝑠,𝑏 , 𝜌𝑓,𝑏 that can be calculated 

by Eq.12 and Eq. 13 (Pang et al., 2016), the effective reinforcement for steel and FRP 

(𝜌𝑒𝑓𝑓,𝑠 𝑎𝑛𝑑 𝜌𝑒𝑓𝑓,𝑓) is estimated by Eq. 14, and Eq. 15. 

𝜌𝑠,𝑏 = 0.85  𝛽1   ( 
𝑓`𝑐

𝑓𝑦
 ) (

𝐸𝑠𝜀𝑐𝑢

𝐸𝑠𝜀𝑐𝑢 + 𝑓𝑦
)                                                            (12) 

𝜌𝑓,𝑏 = 0.85  𝛽1   ( 
𝑓`𝑐

𝑓𝑓𝑢
 ) (

𝐸𝑓𝜀𝑐𝑢

𝐸𝑓𝜀𝑐𝑢 + 𝑓𝑓𝑢
)                                                            (13) 

𝜌𝑒𝑓𝑓,𝑠 = 𝜌𝑠 +
𝐸𝑓

𝐸𝑠
 𝜌𝑓                                                                                                  (14) 

𝜌𝑒𝑓𝑓,𝑓 = 𝜌𝑓 +
𝑓𝑦

𝑓𝑓𝑢
 𝜌𝑠                                                                                          (15) 
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Compression failure will occur when the effective steel and FRP reinforcement ratio exceed the 

balance ratio, when (𝜌𝑒𝑓𝑓,𝑠 > 𝜌𝑠,𝑏) and (𝜌𝑒𝑓𝑓,𝑓 > 𝜌𝑓,𝑏). The flexural moment. In this case, is 

calculated using Eq.16. On the other hand,  if the effective steel reinforcement ratio is less than 

the balance ratio (𝜌𝑒𝑓𝑓,𝑠 < 𝜌𝑠,𝑏) and the FRP ratio exceeds the balance ratio (𝜌𝑒𝑓𝑓,𝑓 > 𝜌𝑓,𝑏), 

the steel will reach to its yield limit before FRP ruptures, This failure is referred to an under-

reinforced. The flexural moment is estimated by Eq. 16 and 17. In situation where of steel 

reinforcement ratio is below the critical ratio (𝜌𝑒𝑓𝑓,𝑠 < 𝜌𝑠,𝑏), and FRP ratio is also less than the 

balance ratio (𝜌𝑒𝑓𝑓,𝑓 <  𝜌𝑓,𝑏),tension failure will occur, and FRP bars will rupture first. the 

Bending moment (𝑚𝑛) is calculated by Eq.18 and 19. 

𝑚𝑛 = (𝐴𝑆𝑓𝑠 +  𝐴𝑓𝑓𝑓) (𝑑 −
𝛽1𝑐

2
)                                                      (16) 

𝑓𝑓 =
√

( 
𝐴𝑆𝑓𝑦 

𝐴𝑓
+𝐸𝑓𝜀𝑐𝑢 )

2

4
+ 𝐸𝑓𝜀𝑐𝑢 ( 

0.85 𝛽1𝑓`𝑐

𝜌𝑓
−  

𝐴𝑆𝑓𝑦 

𝐴𝑓
 ) − 0.5 ( 

𝐴𝑆𝑓𝑦 

𝐴𝑓
+ 𝐸𝑓𝜀𝑐𝑢 )  ≤ 𝑓𝑓𝑢         (17) 

𝑐𝑏 = (
𝜀𝑐𝑢 

𝜀𝑐𝑢 + 𝜀𝑓𝑢 
)                                                                               (18) 

𝑚𝑛 = (𝐴𝑆𝑓𝑦 +  𝐴𝑓𝑓𝑓𝑢) (𝑑 −
𝛽1𝑐𝑏

2
)                                                 (19) 

Where 𝑐𝑏 is the distance from the extreme compression fiber to the neutral axis at the balanced 

strain condition. 

4. EVALUATION OF THE PREDICTED FLEXURAL STRENGTH EQUATIONS  

4.1. Moment Prediction Equation 

A total of 144 specimens were collected, consisting of 72 samples reinforced with FRP only 

and 72 samples reinforced with a hybrid FRP-steel reinforcement. These specimens were 

compiled from the 21 studies referenced previously to assess the theoretical moment anticipated 

by the equation and to compare it with the experimental findings. The main objective was to 

assess the accuracy of the equation in predicting the flexural moment capacity. The  variables 

considered in this evaluation included the specimens' width, height, and length of beams, as 

well as the cylindrical compressive strength of concrete. Additionally, the yield and ultimate 

tensile strength of steel bars, as well as the ultimate tensile strength of the FRP bars, were also 

considered along with the modulus of elasticity for both materials. In addition, the steel and 

FRP material volumes as well as their reinforcement ratios were considered in this comparison. 

Three statistical relationships -Coefficient of Variation (COV), Mean (μ), and Standard 

Deviation (SD) were used to assess the accuracy, reliability, and consistency of the 

relationships. Table 2 shows the statistical results for the  𝑀𝑒𝑥𝑝/𝑀𝑡ℎ  were obtained  from ACI 

440.1R-2015 (ACI-440.1R-15, 2015) and CSA S807-2012 (CAN/CSA-S806-12, 2012), a 

Hybrid reinforcement equation (El Refai et al., 2015). The hybrid reinforcement equations show 
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a higher mean M value of 1.08 compared to ACI 440.1R-2015 (ACI-440.19R-15, 2015) 0.99 

and CSA S807-2012 (CAN/CSA-S806-12, 2012) 0.92, indicating better overall performance in 

terms of the 𝑀𝑒𝑥𝑝/𝑀𝑡 ratio. The standard deviations SD  were 0.17, 0.15, and 0.16, respectively. 

The COV% for the hybrid method is significantly lower, 15.27%, compared to ACI 440.1R-

2015 (ACI-440.1R-15, 2015), 17.5%, and CSA S807-2012 (CAN/CSA-S806-12, 2012), 

17.11%, suggesting lower variability in the hybrid reinforcement results. The relationship 

𝑀𝑒𝑥𝑝/𝑀𝑡ℎ  moment capacities is presented in Fig. 2, where the experimental-to-theoretical 

moment capacity ratio closely follows the optimal line. The hybrid reinforcement equation 

exhibits higher accuracy when compared to ACI 440.1R-2015 (ACI-440.1R-15, 2015) and 

CSA S807-2012 (CAN/CSA-S806-12, 2012).In addition, the square Pearson’s correlation 

coefficient  (PSCC) was 0.947 for ACI 440.1R-2015 (ACI-440.1R-15, 2015), 0.958 for CSA 

S807-2012, and 0.948 for the hybrid reinforcement equation. 

Table 2. The Ratio of Experimental to Theoretical Moment Capacity for Beams  

Within the Database. 

𝑴𝒆𝒙𝒑/𝑴𝒕𝒉 Min Max M SD COV % 

ACI 440.1R-2015 (ACI-440.1R-15, 2015) 0.66 1.42 0.99 0.17 17.5 

CSA S807-2012(CAN/CSA-S806-12, 2012) 0.56 1.31 0.92 0.15 17.11 

Hybrid Equations 0.773 1.61 1.08 0.16 15.27 

The performance criteria involve a variety of Formulas that are used to study the reliability and 

precision of the code equations. Namely, the Nash–Sutcliffe Efficiency Index (NSEI) expressed 

in Eq.24, Pearson’s Correlation Coefficient (R) in Eq.20, Root-Mean-Square Error (RMSE) 

appearing in Eq.23, j Mean Absolute Percentage Error calculated by means of the formula 

represented by Eq.22 and a-index was defined as presented in Eq.25. Reasoning that error 

estimates could be directly utilized to differentiate between algorithms with close scores, 

especially when using only final models meeting minimum performance criteria, we not only 

computed NSEI and RMSE but also evaluated all alternatives based on MAPE. were measured 

as the criteria to judge the reliability and precision of code equations. Furthermore, a new 

engineering index – the a20-index is proposed for reliability assessment of these equations. 

The RMSE is of specific interest because it shows the average model error between 

experimental and predicted data. The smaller the RMSE, the better is the estimation. R value 

is the amount of variance the equation explains; it tells you how much less variance there would 

be in any other range by using that specific equation. R values can go from -1 to 1, where near 

1 indicates a strong positive relationship between the two variables and near -1 is stating that 

variable one causes variable two. The closer to zero the value, the weaker or no correlation. 

These performance measures constitute a reasonable criterion for overall prediction ability. 
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A value of the NSEI, a20-index and R close to 1 implies good accuracy in the code equation. 

However, in order to consider the precision of the equation acceptable MAE, MAPE and RMSE 

should be tended toward zero. Miscellaneous are used to evaluate the accuracy of different 

formulae for evaluating final flexure MC. The performance indices (PI's) have been defined 

on the following basis. 

𝑅 =
∑ (𝑀𝑒𝑥𝑝−𝑀𝑒𝑥𝑝)(𝑀𝑡−𝑀𝑡)𝑁

𝑖=1

√∑ (𝑀𝑒𝑥𝑝−𝑀𝑒𝑥𝑝)
2

 (𝑀𝑡−𝑀𝑡)
2𝑁

𝑖=1

                                                             (20) 

𝑀𝐴𝐸 =  
∑ |(𝑀𝑒𝑥𝑝− 𝑀𝑡)|𝑁

𝑖=1

𝑁
                                                                        (21) 

𝑀𝐴𝑃𝐸 =  
∑ |

(𝑀𝑒𝑥𝑝− 𝑀𝑡)

𝑀𝑒𝑥𝑝
|𝑁

𝑖=1

𝑁
 𝑥 100                                                          (22) 

𝑅𝑀𝑆𝐸 = √∑ (𝑀𝑒𝑥𝑝− 𝑀𝑡)
2𝑁

𝑖=1

𝑁
                                                                   (23) 

𝑁𝑆𝐸𝐼 = 1 −
∑ (𝑀𝑒𝑥𝑝− 𝑀𝑡)

2𝑁
𝑖=1

∑ (𝑀𝑒𝑥𝑝− 𝑀𝑡)
2𝑁

𝑖=1

                                                               (24) 

A20 =
∑ (

𝑀𝑒𝑥𝑝

𝑀𝑡
)𝑁

𝑖=1

𝑁
                                                                                 (25) 

Where 𝑀𝑒𝑥𝑝 is the experimental Flexural Moment capacity, 𝑀𝑡 is the theoretical Flexural 

moment capacity, 𝑀𝑒𝑥𝑝, 𝑀𝑡 are the mean of experimental and theoretical Flexural moment 

capacity, respectively. N is the number of samples. 

Table 3 provides a detailed comparison of the performance indices for both reinforcement 

systems: ACI 440.1R-2015 (ACI-440.1R-15, 2015); CSA S807-2012 (CAN/CSA-S806-12, 

2012), and the Hybrid Reinforcement method equation. The performance of each method is 

measured using a number of statistical metrics discussed earlier. As for prediction accuracy, 

the Hybrid reinforcement equation method has been proven to be more efficient independently. 

It exhibits the lowest MAE (5.76 kN·m) and the lowest MAPE (10.53%), meaning that its 

prediction is closest to the experimental value in terms of average values. Furthermore, the 

Hybrid reinforcement equation has the lowest RMSE (9.08 kN · m), because it can prevent 

large errors well. The A20 index of the Hybrid is also the maximum (1.09), which implies that 

a larger fraction of its predictions lies within 20% of experimental values compared with the 

other methods. CSA S807-2012 (CAN/CSA-S806-12, 2012) has the highest R value with the 

best fit for prediction/experimental values and NSEI of 0.947, which shows that have a good 

predicted efficiency too. Nonetheless, it has a larger MAE (7.65 kN. m) and (17.56%) than the 

Hybrid reinforcement equation, indicating poor accuracy in individual predictions. ACI 

440.1R-2015 (ACI-440. 1R-15, 2015) performs reasonably well but is usually less accurate 

than the bars equation. 
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Table 3. The Statistical Analysis Results for the Tested Beam Equation. 

Equation R 
MAE 

(kN.M) 

MAPE 

 % 

RMSE 

(kN.M) 
NSEI A20 

ACI 440.1R-2015 (ACI-440.1R-15, 2015) 0.9786 6.77 13.41 10.12 0.945 1.03 

CSA S807-2012(CAN/CSA-S806-12, 2012) 0.9825 7.65 17.56 9.99 0.947 0.92 

Hybrid equations 0.9787 5.76 10.53 9.08 0.942 1.09 

       

a- ACI 440.1R-2015  b-CSA S807-2012 

c-Hybrid Eq  

Fig. 2. The Relationship Between Experimental and Theoretical Flexural Moment 

Capacity is Predicted by a Different Equation.  

4.2. Compressive Strength      

The compressive strength significantly influences the flexural strength of the beam, especially 

in the compression zone. Fig 3. compares ACI 440.1R-2015 (ACI-440.1R-15, 2015); CSA 

S807-2012 (CAN/CSA-S806-12, 2012), and the Hybrid reinforcement equation. The optimal 

linear trendline slope was -2.6E-3 for ACI 440.1R-2015 (ACI-440.1R-15, 2015); -2.1E-3 for 

CSA S807-2012 (CAN/CSA-S806-12, 2012), and 1.9E-3 for the hybrid reinforcement 

equation. Additionally, PSCC was 0.075 for ACI 440.1R-2015 (ACI-440.1R-15, 2015), 0.066 

for CSA S807-2012 (CAN/CSA-S806-12, 2012), and 0.012 for the hybrid reinforcement 

equation.  Concerning compressive strength, the hybrid reinforcement equation shows more 

safety and the largest consistency concerning ACI 440.1R-2015(ACI-440.1R-15, 2015) and 

CSAS807-12 (CAN/CSA-S806-12, 2012). 
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a- ACI 440.1R-2015  b- CSA S807-2012 

c-Hybrid Eq   

Fig. 3. The relationship between the experimental to theoretical ratio  

and the compressive strength. 

4.3. Modulus of Elasticity (Young’s Modulus)  

The modulus of elasticity of FRP bars significantly influences FSCB. Fig 4. Explain the 

relationship between 𝑀𝑒𝑥𝑝/𝑀𝑡ℎ and 𝐸𝑓.The optimal slope of the trendline for ACI 440.1R-

2015(ACI-440.1R-15, 2015), CSA S807-2012(CAN/CSA-S806-12, 2012), and the hybrid 

reinforcement equation were -1.4E-3, -1.3E-3, and 0.8E3, respectively. Additionally, the PSCC 

was 0.082 in ACI 440.1R-2015 (ACI-440.1R-15, 2015), 0.1 for CSA S807-2012 (CAN/CSA-

S806-12, 2012), and 0.005 for the hybrid reinforcement equation. The result demonstrates that 

the hybrid reinforcement equation exhibits greater consistency in safety than ACI 440.1R-

2015(ACI-440.1R-15, 2015) and CSA S807-2012 (CAN/CSA-S806-12, 2012) because it takes 

into account the difference between Young's modulus of steel and FRP when calculating the 

effective modulus of elasticity. 

4.4. The Ratio of the FRP Reinforcements. 

The flexural behavior of concrete is largely influenced by the main longitudinal reinforcement. 

Making it essential to consider the FRP reinforcement ratio. The PSCC values for ACI 440.1R-

2015 (ACI-440.1R-15, 2015), CSA S807-2012 (CAN/CSA-S806-12, 2012), and the hybrid 

reinforcement equation were 0.051, 0.009, and 0.004, respectively. Additionally, the trendline 
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slope was -6.9E-3 for ACI 440.1R-2015 (ACI-440.1R-15, 2015), -2.5E-3 for CSA S807-2012 

(CAN/CSA-S806-12, 2012), and -3.3E-3  for the hybrid reinforcement equation. As shown in 

Fig. 5, it is evident that increasing the FRP reinforcement ratio enhances the accuracy of the 

hybrid reinforcement equation in predicting the flexural moment capacity. 

a-ACI 440.1R-2015  b-CSA S807-2012 

c-Hybrid Eq   

Fig. 4. The Relationship Between the Ratio of Experimental to Theoretical and the Modulus of 

Elasticity of FRP Bars. 

5. CONCLUSIONS 

The statistical evaluation of FSCB reveals significant distinctions in the predictive performance 

of different design equations. The analysis robustly demonstrates that the hybrid reinforcement 

equation yields more accurate predictions when compared to ACI 440.1R-2015 and CSA S807-

2012. This enhanced accuracy is quantitatively supported by a higher mean M value of 1.08 for 

the hybrid method, in contrast to 0.99 for ACI 440.1R-2015 and 0.92 for CSA S807-2012, 

indicating a superior agreement with experimental flexural moment capacity. While the hybrid 

reinforcement exhibits a lower Coefficient of Variation (COV) of 15.27%, suggesting lower 

data dispersion, a comprehensive analysis of key performance metrics, including a lower (MAE 

of 5.76 kN.m, a reduced MAPE of 10.53%, and a smaller RMSE of 9.08 kN.m, firmly 

establishes its superior predictive accuracy and minimization of error. Furthermore, the study 

highlights that the hybrid reinforcement equation demonstrates greater consistency in its 

predictions across variations in critical design parameters. Specifically, the model maintains a 
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more stable predictive performance despite changes in concrete compressive strength, the 

elastic modulus of FRP bars, and the ratio of FRP reinforcement. This enhanced consistency is 

evident in the comparative analysis of trendline slopes. For instance, concerning compressive 

strength, the hybrid reinforcement equation exhibits a more gradual trendline slope (1.9E-3) 

compared to ACI 440.1R-2015 (-2.6E-3) and CSA S807-2012 (-2.1E-3), indicating a reduced 

sensitivity of the predictions to variations in concrete strength. Similarly, when considering the 

modulus of elasticity, the hybrid reinforcement equation's trendline slope (0.8E-3) demonstrates 

greater stability compared to ACI 440.1R-2015 (-1.4E-3) and CSA S807-2012 (-1.3E-3), 

further supporting its enhanced consistency. This enhanced consistency is essential for ensuring 

the reliability and reliability of structural designs, as it reduces the uncertainty associated with 

flexural capacity predictions. In contrast, other models exhibit increased sensitivity to these 

parameters, potentially leading to less reliable designs. 

a- ACI 440.1R-2015  b- CSA S807-2012 

c- ybrid Eq   

Fig. 5. The Relationship Between the Experimental to Theoretical Ratio and the Ratio of the 

FRP Reinforcements. 
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