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ABSTRACT

In this paper we study Cauchy sequence on graphs. Cauchy sequence introduced
by the French mathematician Augustin Louis Cauchy. A Cauchy sequence is
sequence which its terms become arbitrarily close to each other as it progresses.
The amazing properties of Cauchy sequence can be used to understand the
behavior of a system as time progresses. Cauchy and some Authors proved the
converge of Cauchy sequence and some properties on it. In this paper we define
Cauchy sequence and prove some properties on graph.
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Introduction

Cauchy sequence is found by the French mathematician Augustin Louis Cauchy.
Cauchy sequence and their properties used in fields like satellite design,
manufacturing, construction, treatment plants, and so on. Some Authers study
Sobolev spaces on graphs and the discrete analogue of Sobolev spaces of smooth
functions [Mio05] and spectral graph theory, in [ChY95] and in
[Chu97,chapterll] ," Lp — embeddability in graph metric" , see [BLMNO04*],
[LMNO2] and [Mat97] . [EmZ21] in 2021 ,study the L, qusi normed space on
graphswhen 0 < g < 1,and f:V — R "the discrete Sobolev seminormon E" ,
is

1
IFil = {( D@ - fwla,

(v~w)€EE

For 0<g<1. When the connected graph G the constant functions must
remove to make || f]|g, a norm.

""The weighted Sobolev seminorm®* as

1
1A= If@) - Fnl pww))i,

v~wev
ForO<q<1,u:E - (0,1).

In the beginning we define G a finite graph with the set of vertices and the
set of edges , denoted by V and E respectively . we denote the degree of a
vertexveVbyd,.

We denote by u~v to the edge connected between two vertices u and v.
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Cauchy sequence on graph

Definition 1: we called {A4,,} a Cauchy sequence if given € > 0 there exists a
natural N € N such ||4,, — A,,l| < € foralln,m > N. [And11]

To prove some theorems on Cauchy sequence we must define it on graphs.

Definition 2:we suppose that G a connected graph and V vertices set in G
then We denote a sequence in R is a function a,,: V — R is called Cauchy

sequence Forall v; e V,i =1, ...,00, if for any given € > 0, there exist
w,, € V such that

U, v; 2w, = ”au]. —a,| <E€.
Example

Suppose {Aui}j:1 ,u; € V asequence converges to K. Let we have € > 0 . so

there exist w,, € V,n =1, ..., 0 such that ”au. — K” < Vu;=>w,
j 2 ]
1
Then if u;, v; = wy, so ||au], —a,| = (Zu],,,,iev |au],—avi ) ,q=1
1
q
q
= |au].—L+L—a,,i
u]-,viEV
1 1
q q
1 q
< |ay, —L| | +| ) |as, —L|
u]-EV v,-EV

< ||auj — L” + ||ay, — L||

<-+

N| ™
N| ™

Il
™

Thus {auj} Is Cauchy sequence.
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In the following we prove that Cauchy sequence on graph is bounded.
Theorem 1

Leta,:V - R,i =1,...0 Cauchy sequence when a set of vertices in G
denote by V, then for v; € V the sequence {4,, } is bounded.

Proof

Since {4,,} , forms a Cauchy sequence for € = 1 there exists w, € V,n =

i=

1, ... oo such that

Ay, — Ay || < Ly 2w,

In particular
1

Where | Ay, — Au,-|p);)

Avi - Au] || = (Zvi,quV
|4y, — Ay, || < 1,vu; = w,
Thus, if |4y, || = |40, = Aw,, + Au,[| < |40, = Aw, || + [[Aw,

<1+|Ay,|

Vv, eV
Suppose M = max{lAnlll |An2|: ) |Anw—1|r |Anw|}
So |A4,,| < M forallv; eV

Hence {4,,} is bounded.

Theorem2:

Suppose G be a connected graph then every convergent sequence is a
Cauchy sequence on graph G.
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Proof
Let {Avi}zl be a sequence in V, and V the set of a verticesin G, 4,:V - R

which is converges to x € R

Suppose € > 0.
Sothereisaw, e V,n =1, ..., 0, such that
|4y, — x|| < %,VVi > w, for all v;, u; = wy,

1

P\p
||A17i - Au]” = (Zvi,u]-EV A‘Ul' - Au]| )
1
p
p
= z Avi—x+x—Auj|
vbquV
1 1
p p
P p
< Z|Avi—x| + z |Auj—x|
v;EV quV
< |4y, — x| + ”Auj — x”
- 6'_F €
2 2

= €.

Then {4, }”  is a Cauchy sequence.

i:
Theorem3

suppose G be a finite connected graph and V is a set of vertices in graph G.
Cauchy sequence in G which has a convergent subsequence is convergent.

Proof
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Suppose {Avi}:o:1 be a Cauchy sequence in V and {4, } its subsequence
which converges to x € R.

Then for any € > 0, there exist a w; and w, € V such that
||A,,i — Au]_” < %for all v, u; > wy

And

|4y, — x|| <5 forall k > wy,

Let w, = max{w{, w,}

If v, > w,, so for v, =k,

1
p
l, =2l =( D |4y, —x" | p=1

vREV

1

= (ka'vnkelevk — Ay, T Ay, — xlp);

1 1
p p
= z |Avk o Avkn|p + Z|Avk - xlp

Vi Unk Vnk

< [[4v, = Av, [l + l|Av,, — x|

<

IA N| ™
N| ™ +
N| ™

S04, — xasn - oo.

Conclusion
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Cauchy sequence on graphs, Cauchy sequence is bounded, every cnvergent
sequence is a Cauchy sequence, a Cauchy sequence in G which has a
convergent subsequence is convergent was proven on graph when q > 1.
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