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Using The Solution Of Abel’s Integral Equation To Convert The Caputo
Fractional Derivatives Equation To An Integral Equation And Solve It
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Abstract

To convert the arbitrary ordinary differential equations of Caputo fractional order
to the integral equation we introduce in this paper the method by using the theorem
of the Abel equation to get the analytical solution of the singular equation in [16]and
[18] used it to convert the Caputo fractional differential equation to an integral
equation and solve it to get an analytical solution to differential equations of
fractional order. We solved many general fractional equations (The BagleyTorvik
equation, the fractional logistic differential equation, the fractional Bratutype
equation, and other examples) using this method and provided a general solution.
The new formulas to solve the Riemann-Liouville fractional differential equation
have been obtained and applied, illustrated by many examples.

Keyword : Fractional derivatives, Integral Fractional equation, Abel’s integral
equation.
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1  Introduction and history

Generally speaking, mathematical modeling is the best tool to understand and
analyze data. It can be used in many fields of science and technology, and many
mathematical problems of these models can be solved with the help of ordinary/
partial differential equations theory or with integral equations theory [16]. Many
initial and boundary value problems are associated with ordinary/partial differential
equations that can be solved more effectively by integral equations methods. In
general pure analysis mathematics, the Integral 9/ = fo v(0(r =074t ooyations are
considered the most useful in the theories of stochastic processes and functional
analysis. There are two general kinds of integral equations and Abel’s integral
equation is of a special kind of linear Volterra integral equation of the first kind and
is usually solved via the Laplace transform method, which finally reduces it to a
differentiation of fractional order [15]. from the first sight to the Abel equation, the
reader can know this equation is a particular case of a linear Volterra equation of
the first kind. In 1823, Abel, while generalizing the tautochrone problem, derived
the equationwhereg(x) is a given function and y(¢)is an unknown function, This
problem is nothing but to find a curve in two dimensions when a material point,
having started its motion at a point of the curve with ordinate x without initial
velocity and moving along the curve under the action of gravity without friction,
will reach the x-axis in time is 7 = g(x)/\N2_g such that g is the acceleration in free
falling[14].

By and large, Abel’s problem was the oldest to lead to the study of integral
equations, and the distinctive feature of this equation can be derived directly from
concrete problems of mechanics or physics (without passing through a differential
equation)[14][16] [17].

The aim of this paper, to convert the arbitrary ordinary differential equations of
Caputo fractional order to the integral equation by using the Abel equation theorem
to get the analytical solution of the singular equation. The paper is organized as
follows: In the second section, introduced Abel integral equation was introduced to
convert the Riemann-Liouville and Caputo Fractional Derivative equations and
examples In the last section, a brief conclusion and some remarks were given.

1.1 Abel’s integral equation

While searching for the representation formula for the solution of a linear
differential equation in such a manner to include boundary conditions or initial
conditions explicitly, we arrive at an integral equation. The solution of the integral
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equation is much easier than the original boundary value or initial value problem
[16]. In [16], the solution of Abel’s integral equation. We can summarize 1- If
gla) — f" wit] At

L e =t (1.1)
, where x € [a,b], and 0 < a < 1 such that g(x) is a known function and y(?) is a
unknown function then

o) = Sintar) d [‘ alr)
1]

(1'2) T dt ), t—x)i=
_ Y o TR
and yit) = .-.Hl[m.j[ r_.'Irr-. . j{ . q'(x) dx]
Y w [t —=a)l—= g (E=z)i-=

(1.3)

2= More general form of the Abel singular integral equation it’s given by

glr) = j uit) et
A= [, Th(x) = h{)e (1.4)

, Where x € [a,b], and 0 < a < 1 such that g(x) is a known function and y(?) is a

unknown function and A(%) is a strictly monotonically increasing and differentiable

in (a,b),h(t) = O/then

yit) =

sin{ow) d ! .r.IIII:HJH[rI] ;
T di o (R(E) — hiu))! o (15)

3-  Another general form of the Abel singular integral equation it’s given by

RN u(t)
mr) = f{, (ki) I_ R{t))= it (16)
, Where x € [a,b], and 0 < a < 1 such that g(x) is a known function and y(¢) is a

unknown function and A(%) is a strictly monotonically increasing and differentiable

in (a,b),h (t) = O/then

. minfow) d f" B gl
yit) = - it
A :

dt J, Thiu) — h{t))=="" (1.7)
Theorem 1.1 If g(x) is continuous in 0 < x < X and lim—0 x“g(x) = C, where CF
0 and u < o then

equation 1.1 has solution

sinfaw] d ! gl

dr.

() = il
) - dt |, [t z)i-= _
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and this solution is continuous in 0 < x < X and satisfies

) ) ' — ) ‘ 1
t) = (C + O(1)) —Fio o
w(t) =(C+0f 'I'['H all'fa - pu)

Furthermore, this solution is unique such that the function of the form y(t) = Y (),

where f > —1 and Y(t) is continuous.

In [18] page (73), we can find proof of theorem1.1. This theorem it’s useful in our
work in this article

1.2 Riemann-Liouville and Caputo Fractional Derivative

Let0<a,f<1isareal number and g : [a,b] — R is continuose function then :

- b
| 1 .
allglu) = i) j[( (u—t)*gt)dt . FIpiu) = I ﬂ./a (t—u)’Tgit)dt u € [a.b] (18)

is the Riemann-Liouville Fractional integrals of order a (RRLFI) and the left
Riemann-Liouvill Fractional integrals of order f (LRLFI) respectively .

When u e |u,h|r.'.'1nr|;| N |

1 —i

mﬁf (t —u) ™" g(t)dt (1.9)
is the Riemann-Liouvill Fractional drivative of order o (RRLFD) and the left

1 U ;
SD2glu) = — r_] (u—t) "g(t)dt . FDgg(u)=
il = ex) du J

Riemann-Liouvill Fractional drivative of order o (LRLFD) respectively . If 0 < a
and n + 1 < a < n such that n is a positive integer number, the (RRLFD) and
(LRLFD) are defined as

(1.10) L o
. B opyen i ol {m—a} . i ) Sir—a—1]
a Dugle) = dun = nw= I'ln — a) dun ./.: (B a(t)dt.
:’—l':-” " [y | (—1y™dr ab . .
(LI1)  opat) = —i'D, glu) = 5 AL _/ (t —u) " g(t)dt.
du™ i [in a) du" ;

The Right and Left Caputo Fractional Drivative ,(RCFD) and (LCFD) of order a is

(1.12)

I'(1 — a)

(1.13) C P glu) = |'|'l_]mf (¢ = u) ™" g(t)de.

. I u
:, 0 giu) = f (e — ) ™)t
a
i
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When 0 < _ aandn+1<a<n
::I”:.::'n'["'] =:: ot I“.’n'lw'l':"":' = ﬁj [ —#)" " ].r.rl""l[.f}f.l'f.

such that n 1s a positive integer

number, the (RCFD) and (LCFD) are defined as:
(1.14)

) n 'll.l

. el (=} fmle o [—1] ] S il

:-_. Dy gl = (=1 L 1y, g ™M u) = —=—= (£ — ) I_r; T et
(e —a) S,

(1.15)
Remark 1.1 The Fundamental Theorem of Fractional Calculus or Newton-

CaRa (1.16)

a Du.a 1, g(u) = g(u)
and
CaRa (1.17)

u Dy ., I g(u) = g(u)

Also where 0 < a < 1 and g(u) € AC[a,b] or g(u) €

Cla,b] then

R12.CD2g(u) = glu) — gla) (1.18)
Leibniz Theorem means the derivative operation is inverse to the integral

operation, and we can say that the left or right Caputo Fractional Derivative
operation and the left or right Riemann-Liouville Fractional Integral operation are
inverse to each other. Where a. > 0 and g(u) € Loo(a,b) or g(u) € Cla,b] then and

Ru Iyog(u).C, Dyo. = g(u) — g(b) (1.19)
such that L«(a,b) = { set of Lebesgue measurable functions on (a,b)} , AC[a,b] = {
set of space of functions which are absolutely continuous on [a,b]} and Cla,b] = {

set of space of functions which are continuous on [a,b] } see [19] and [§8]
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Remark 1.2 There are many properties of The Riemann-Liouville and Caputo

Fractional Derivative:

I-Linearty :Aand u are constant then €, D,*(ug(u) + 2fu)) = u, D, *g(u) + AR, D, *Au)

fCa1) 2- C,Dp*( =S, D,*¢= 0 such that { is constant . f3
-ED% - a)? = =—————(u—a)® "
ig+1-—um)
T
. B oy~ ol i
Sw—al™® B A G
N e Uil YT T —a)
() T ri—oal and i) c
5 C D glu) = B0 g(u) — 0] 0 gy
glu) = 5 D glu) h.“lw ”“ andr—1<a<rez
Oy gy Rpyo o 1 ") | h—a
G-y D gla) = S D0glu) 32 [ a)” - g Pk —a — 1) — and  —
':“.”" u™ “ oo™ where and m < n andn — 1 < a < n

rl<oa<re”z

'au()ub() 0

Mm+ 1) .
Soe ™) = "
) Uim+1-a)"  whereandm>nandn—1<a<n

] i 1}
f. D —a)™ = Ll“ g™

I'im+4+1—a)

and |
D0 g(u).S D3 f(u) = - -5 D2 (g(u).f(u)
' — o)

s
IMime 4 1)

) b— u)™ e
{m 4 1 — ax)

Speb—u)™ =

8-Where g,f € c"[a,b],n—1 < o < n € Z" we can write :. for more information see

[21[10][91[3] [6][1][4][5][7]

9- respectively. One basic property needed for variational problems is an
integration by parts formula. For the Caputo fractional derivative, we have (see
e.g. Agrawal (2007b) and Kilbas et al. (2006)):

b b )
[ ne) - EDmle)de = [ ya(e) D (akr + [iala) - 13w (@)

It can be observed that the left member of the left Caputo derivative, while on the
right we have the right Riemann-Liouville derivative. Also, when a = 1, this formula
becomes the usual integration by parts formula.

2 Abel integral equation to convert The Riemann-Liouville and Caputo
Fractional Derivative equations

From definition of Caputo fractianal derivative and equations 1.5 and 1.7 we can
prove next two theorems

Theorem 2.1 Where 0 < a <1 and
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£ e 1 " a'(t)
a Drgle) = = : el
w4 Il =w)f, (&=10)"

a [#) sinaw d ' D g(r)
— s o=t
. 1o
s then {1 = a) m ol J, (t=x)

Theorem 2.2 Where 0 < o < 1 and
& _ —1 & g'(x)
u "I'}-\I.l.f.r[”:l - J[I. ”::l ./:, |:|I .f':|h ﬁl"

') stnoew o j'l’ C D al)
, then (—1I(1 —a) x i ),

The converse of theorems 2.1 and 2.2 is true .We will illustrate two example to
chake validity of last theorems to convert fractional defrantial equation of order o
to integral equation and solve it to get analytical solution of it. Consider the flowing
problems:

T

(x —u)l-=
1 £

Example 2.1 7o solve fractional defrantial equation of order 0.5 with boundary
condition

SDYPgix) =1 =0,and g(0) =0 (2 1)
multiply both sides of equation 2.1 by TRETE) and integrating both sides with
recpect to x from 0 to t

,than differentiating result with recpect to t we obtin :
L TR _ £ dx B

sin(m/2) d fr {:,I o '-'r_rll.r':l sinla/2) d ! dr
: — - —=dx — — =1
andt—x >0 Tty

(t — )5 . T di f, ([t — z)d
by using theorem 2.1
gt 1. 05
T = =0
sy =dtt - | :

2(0.5) 4
([ ]_I'}"

git) = ko

using boundary condition we get
.!Flu-l| SLE

alf) —
Example 2.2 To solve fractional defrantial equation of order 1/3 with boundary
condition

{,IU.I".Rr;I::} r =0 and g{l) =10 (2 2)
Til—oisinamr

multiply both side of equation 2.2 by SRS and integrating both sides with
recpect to x from 0 to t
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,than differentiating result with recpect to t we obtin :

: {llpl:q_r.r{-l':lrh_ _ f adx

p [#—a)2sa g (t— )3
sin(=/3) d [* S.U_i"::‘_r;-!:fl sin(x/3) d [* rdx 0
— - i H — ] =
andt—x>0 T dt Jo (1 =x)23 ! T dt Jo (8 ==x)33

by using theorem 2.1
'r, b5
SO P10,
T(2/3) 2r dt'4

B ¥ TR
a(¥) = _L_ﬂ--' +e

1 2%
using boundary condition we get: o

E]..':EI-'IJ.:L:}"':I ?_-I_."U
A iy N

fql#]

Example 2.3 7o solve fractional defrantial equation of order o with boundary
condition

SD2gix) — gle) = 0,and  g(0) = 0, (23)
s Tll=rmjzimam

multiply both side of equation 2.3 by '=w-w=!and integrating both sides with
recpect to x from 0 to t than differentiating result with recpect to t we obtin : and

(1 — alsinar d * 50%(x) Il —alsinar d [ glz)ds
: — - da - — =1
T dt J, (6t =mx)l—= T dt J, (= r)l-=
t—x =0
.r_f'll'f‘:l _ rfl — u:l.'r.l'rrr:.':":' r_.r ¢ . I[;I:.J':lr.r.a' -0
N T dt fy (t—x)te
g'ltl  sinow o "t glridr
[{l=a) ™ =« dtf, ({=a)l-=
by using theorem 1.1 we get

g'(t) . . Cil = p)
= ))
(1 — &) I« +(J‘[l_,|1_“ —alla

p = pd =1

;
_.“l:l
L p—

g'(t)=(CH ”[l]:ll'{n ) _

such that C is constant and u any number u < o. using boundary condition we get
c=0
1 d

R o
I o — —
! Irﬂ[”:l ]-l_l — ri] du

Theorem 2.3 Where 0 < o < 1 and
gin(l —a)m I'(1 — a) Jf" ,'I,'! git)

T (=1} (u — )=

J;I"(n' T} " giridr

then

glu) = it

To prove this theorem we can write The Left Riemann-Liouville Fractional
Derivative as:
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R oy I d qlx)
D glu) = - 1.
Rpa L d glx)
,..F.?,_‘l.""]_ ——j - —d¥
A T(1—a)du [, (~1)o(r—u) "+
sin(l —alT oo
multiply both sides of last equation by = -
sin{l —a)z 'l —a) g .a . =l — n]:r_." " gl )
o Dugts) . du fo (z— )t T

by using converse theorem 2.1 we get
gin(l — a7 I'(1 — a) f" ,{E.Il.:'::'_r,l'l:ll] 1t
i

T (=1} J, (u=1)l-=

glu) =

Remark 2.1 /- We can write theorem 2.1 and theorem 2.2 in the general form for
alln —1 < a < nsuch that n € N. 2-We can t write theorem?2.3 in the general form
foralln—1 < a < nsuch thatn € N. Example 2.4 To solve Bagley-Trovik
equation (For more details about Bagley-Trovik equation see [7])

g (u) +% Dyg(u) — 2g*(u) = 0,and g(0) = g(0) = 0. (2.4)

2g°(u) — g (u) =% Du"g(u)

using equation of The Fundamental Theorem of Fractional Calculus 1.18 obtian
PO | j (20°(u) — g"(u))

glu) = —a T2 (29% (u) — a"{ {1 —t)=—1

by using theorem 1.1 we get

1‘[rg].~sf.’.lr|¢1'.' i . !'_r::,r":l

2+ - ——— | 5 me Ly
i dn — .
2a(t) 4 g™ (¢ {1 ]
i .I- ||'.|' [ ] _[L-. I E-”J.]_I — “.I lfl'“ fie=1
[(ex) (1 — a)r(a — Iu)

it’s general solution of Bagley-Trovik equation. such that C is constant anduany
number u < o. we can initial condition we get C withe any number u < a.

Example 2.5 7o solve Fractional Logistic Diffreantail Equation (For more details
about Fractional Logistic Diffreantail Equation see [12])

{,lUr.:_:,ll:rr] plull =glu))=0,and gi0)=uwy t =0, p=0, wy >0, 0< o<1 (25)

using equation of The Fundamental Theorem of Fractional Calculus 1.18 obtian

alu) = w0 = Ll pa(u)(1 -‘”3””:1-.-u-.f
) i

*pglul{l — glu))
(re = t)=—1

[glu) —up)lia) j"' )il — glu))
0

I {u—t)2—1
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by using theorem 1.1 we get

g1 — gt} ex) C{e)sinar d [ {g(t) — up)

idr

7] T dt g (t—mx)Fo

using inatial condition we get C withe any number u < o.

3 Conclusion

Integral equations are one of the most important mathematical tools in both pure
and applied mathematics. Integral Equations play a very important role in modern
science, such as in numerous problems in engineering and mechanics. Also The
Riemann-Liouville and Caputo Fractional Differential equation provides a very
useful framework to deal with physics and non local dynamics in Mechanics . In
this work, we use a new method besides the Integral equations of Apel’s formula to
solve the Fractional Differential equation. We have proposed a new analytical
technique to get the solution of solve some classes of Fractional Differential
equations. We provide an example to illustrate our main results and to show the
efficiency method.
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