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Integral transforms provide powerful tools for engineers,
physicists, and mathematicians. Many issues that arise in
different areas of science and engineering, can be solved
with ease and effectiveness using these methods. for
solution using these integral Therefore, that exact solution
has been obtained using very less computational work and
spending very little time as
well.

The main objective of this paper is to focus on studying
and classifying integro-differential equations and integral
equations, how to solve the integral equations using these
yang transforms by taking some practical examples such
as the renewal equation, toillustrate how to use these
yang integral transforms accurately and
effectively.Integral  transformation methods provide
simple and efficient techniques for solving many
problems arising in various fields of science and
engineering, particularly in solving integral equations.

$.51.2.10 Therefore, exact solutions are achieved using minimal

computational effort and a very short time.

It also explores practical examples, such as the renewal
and integral equation, to demonstrate the effectiveness
and accuracy of using these integral transformations.

1. Introduction

The integral equation is encountered in many scientific domains and applications oscillation
theory, electrical engineering, economics, and medicine, filtration theory, game theory, control,
gueuing theory, elasticity, including fluid dynamics, plasticity, heat and mass transfer, among
others. In mathematicsThese transforms have been used for solving different type of integral
equations [1], [2], equations that have unknown functions appearing under the integral sign, are
known as those integral equations:

NG9 = [ + A [[) NGk D (D d
The kernel of an integral equation is denoted by N(x,t), which is a known function of two
variables. s(X) and r (%) are the limits of integration, and A is that a constant parameter. It will be
found that then unknown function is inside the integral sign [3]. Inside and outside the integral sign,
the unknown function n(x) can be found in numerous other situations. N(x,t) and [(x) are

predefined functions. Understanding the qualitative aspects of numerous processes and phenomena
in a variety of natural science domains depends on the precise solution of these equations. Since
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they are frequently derived from differential equations, integral equations are used in many
different contexts [4]. In applied mathematics, engineering science and mathematical physics,
integral transforms have been effectively utilized for nearly 200 years to solve a wide range of
problems. The best integrals transform technique, in particular, can be used to derives the closed-
form.
LG} = [, e [(%) dx, forx>0
where v is real number and L is Laplace transform operator and in 2016 Xiao — Jung Yang
introduced a new integral transform, It has been mainly applied to solve many problems such as a
steady heat transfer problem but here we will use it to solution the integral equations [5].,The Yang
transform of the function [(%) is symbolizes by y {[(X)} and is defined as:

y U= [ e [k, x=0

where are y is Yang transform operator with v € (—x4, X,), the equations as well and a novel
of that relationship between of the differential equation and integral equations is considered.

since the integral equations have many applications in real life, some important applications of
these kinds of equations such as renewal equation, are solved using the previous integral transform.
In this exploration, new apply the Yang transform to get a recipe of general arrangements of direct
differential conditions. In section two, we checked on the properties of changes

And the significant hypothesis for certain capabilities through the connection among Laplace
and Yang transform. In section the third, we accomplished recipes of the overall arrangement of
integral

Conditions of first, second, and higher-request. At last, in the last segment, we applied general
recipes got in [6].

2. Basic Concepts of Integral Equations and Integro — Differential Equations

2.1 Integral Equations:

An integral equation is an equation containing an integral sign in which the unknown function
n(t) appears.Ageneral integral equation is an equation be n(x) expressed in the following form [7]:
nG) = [6) + [, NG ) n(®) di ()

The kernel function of an integral equation is a known function of two variables, x and t,
denoted by N(x%,t), since A is a constant, s(X) and r(X) are the limits of integration. The driving
term of the integral equation is often defined as that function [(X) ,which is known beforehand.
Furthermore, n(X) does not only appear in the integral sign. Notably, (x) and r(X) ,the limits of

integration, can be both variables, mixed variables, or constants. The left and right margins should
both be 2.4 cm.

2. 2. Integro — Differential Equations:

Many scientific applications can be mathematically represented by an integral-differential
equation, especially when initial value or boundary value problems are transformed into integral
equations A general integro—differential equation involves both integrals and derivatives of the
unknown function, and can be written in the following form [7]:

G = (FE) + 4 [ NG, Dy (D) di, n® =27 Q)

2.3. Connection Between Integral Equations and Differential Equations:

As previously discussed, many engineering and scientific applications, such as atmospheric
radar, quantum mechanical scattering, and water waves, give rise to both integro—differential and
integral equations. Importantly, integral equations and integro-differential equations can be
obtained by converting initial value problems, even though they are derived from boundary value
problems with specified boundary conditions. Although both conversions are reversible, the final
conversion involved integral equations [7].
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3.Some Useful Properties of Yang Transform:

3.1.YangTransform (y — Transform)

In 2016, Xiao—Jung Yang introduced a new integral transform. It has been mainly applied to
solve many problems, such as steady heat transfer problems. In this section, we apply it to solve
integral equations [8], [9].

Definition: [10], [11] The y - transform of a function [(%) is denoted by y {[(x)} and is
defined as:

y {0} = f0°°e‘§[(x) dx , x>0 ~(3)

where y is Yang transform operator.
This definition is valid provided that the integral exists for some values of v € (—%4,%z)

If we substitute this condition % = t,the equation (3) becomes:
y{FC)}=v [ et Flwt)dt, t>0.
Since a few basic functions, the following tables display the previously well-known transforms.

Table 1: (Y ) —Transforms of some elementary functions.

S.N [163) Y{[()}
1 1 v
2 X v?
3 %2 213
4 ,neN n!-pntl
5 ea)'( v
1—av
2
6 sinax _av
1+ a?v?
7 ; v
CoSs ax 5 5
. 1 2192
So, using the T azv Yang
. . av
transform table for 8 sinh ax —_— elementary
1 —a?v?

functions is an important aid
in differentiation, just as we rely on Laplace tables, but it is more flexible when applied to the
renewal equation.

3.2.Convolution Theorem for y - Transform

This is the main theorem to solve integral and differential equations, and it always plays an
important role in a number of different physical applications [8].
Let f and g be functions with Yang transforms T1(,,) and T2, respectively. Then, the Yang
transform of their convolution is given by:
(M = [ [®) g —1) di
Then HUT G} = v{[(0}.v{8(0)}

3.3. Inverse of y — Transform [8].
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If ¥y {[(x)} is the yang Transform of [(x)then the inverse of yang transform of y {[(x)} will
be [(x)or mathematically:

Yy Hy ([0} = [().
where y~1 is operator of the inverse y - Transform and also then linearity property holds in the
inverse y — Transform. Thus:
y Hay {LG}+by{f, Y = ay  {[,OR+ by Hr{LGR
= a[,(0+b[,(® .

4. Dualities Between Transforms

This section discusses the dualities between the Yang transform (y-transform) and other well-
known transforms, such as the Laplace transform, and highlights the relationships among them. the
origin of the integral transforms is the Laplace transform can be traced back to celebrated work of
P.S. Laplace) 1827-1749 (on probability theory in (1780s). In fact, Laplace's classic book includes
some basic results of the Laplace transform which is one of the oldest and most commonly used
integral transforms available in the mathematical literature .Laplace transform is defined for the
function

Examples are provided using ¢ to represent the results of other transforms, emphasizing the
significance of these relationships in the context of integral transforms The Yang transform is
particularly useful for regeneration equations because it overcomes Laplace constraints with heavy-
tailed distributions, simplifies the computation of recursive convolutions, and gives us direct and
elegant solutions in the probabilistic domain [6].

4.1. Laplace -Yang Duality
The L - Transform of the function [(x), for x > 0, denoted by L{/(x)} and is, defined as [12]:
L[] = [, e " [(%) dx,
Similarly,the y - Transform of a function [(%), for x = 0 ,is defined as:
YUY = J," e v [() d,
Consequently, _
LY = [, e ™[R dk= [ e v [(X) dx.
From these definitions, the following relation holds:
LI® } = 0()
On the other hand, it can also be shown that:
o _§ . . co l X . .
Y UG} = [ e [ dx = [y e I ax= g (2).
Therefore, we obtain

YI®} = 06) .

4.2 lllustrative Examples

The following examples illustrate how Yang transforms can be applied to solve integral equations.

Example. Solve the following integral equation using integral transforms:

u() =< % + [5() u®) dt ..(4)
Solution:
Applying the Yang transform to both sides of the equation gives:

y e} =y {3 }+7 (G- Du® df}
y GO} =2 .3 ¥4 + 72y (u®)
y w31 - %) = v*
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‘74

y u@)} = -
u@ =y (=)

\%

u@ =1 { v? .\72} = %.sinhx.

1-v2

Fig.1: Graphical representation of the solution to the integral equation using the Yang
transform: u(x) = x.sinhx.

5. The Renewal Equation

Many important quantities in the study of regeneration processes can be expressed using a
special type of integral equation known as the renewal equation.

, It plays a significant role in determining the expected number of renewals and in evaluating
the average cost of management strategies .

2 . . ta2,. .
A® =a® + [ At -D d[(W
The renewal equation can be expressed as a functional equation for A, in terms of a known

function F and a. Let's look at a specific
To illustrate, let us consider a specific example of a renewal equation [13], [14]:

b(t) = axe ?* + fotm(x)b(t —x) dx e (5)
This equation can be solved using integral transforms, as demonstrated below.
b(®) =axe ® + [fm(x). b(t—%) dx
y @Y=y {axe >} + y {f, mE). b(t—%) di}
. _ 2 L 2 .
y{b®} =a.v* . — +3v -y {b(D)}
. a.2Y — av
yE)1-v) = 55
N v 1
rib®}=a. 1+2v ;1—1:2
ib(§) = LA
ib(®) =a.y {1_—172 '1+2v}
~ib(t) = a.e %' .sinht
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Fig.2. Graphical representation of the solution to the renewal equation using the Yang
transform: ib(f) = a.e %' .sinh t

6. Conclusion and Future Work

In this paper, we focused on the study and classification of integral equations,
particularly linear integral equations.

In this study, the Yang transform was applied to solve the regeneration equation and
some types of integral equations. The results showed that this method provides accurate
solutions in a simplified manner compared to traditional methods, reducing computational
complexity and providing straightforward and clear solutions. Furthermore, analytical
comparisons confirmed the effectiveness of the Yang transform as a superior tool for
solving these types of equations, especially when compared to classical transformations
such as the Laplace transform.We demonstrated how well-known integral transforms, such
as the Laplace and Yang transforms, can be used to solve such equations with improved
accuracy and reduced error.

As an application, the renewal equation was discussed and solved using the Yang
transform.

This study highlights the efficiency of the Yang transform as an alternative to
traditional methods, and future research can further expand its applications to broader
classes of integral and integro—differential equations. So, for future work, we recommend
the following:

Apply these integral transforms to solve non-linear integral equations and explore their
interrelationships.
1.Yang transforms: various sets of regeneration equations, especially those characterized
by being nonlinear or high-order, with the aim of exploring its effectiveness in dealing with
more complex and challenging cases.

2. Applications to Advanced Integral Equations: Investigating the possibility of using the
Yang transform to solve problems related to the Fredholm and Volterra equations, in
addition to integro-differential equations, thus contributing to opening new horizons for its
employment in various mathematical and scientific applications.

3. Numerical Verification: Designing and developing numerical algorithms based on the
Yang transform, capable of handling cases that lack closed-form analytical solutions, while
testing their accuracy and effectiveness on software platforms such as MATLAB or Python
to ensure the practical feasibility of the results.

4. Real-World Applications: Leveraging the solutions resulting from the Yang transform
for application in vital fields including reliability theory, probabilistic models, and
stochastic process analysis, with the aim of developing practical models with broad
practical applications.
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5. Innovation and integration with other methods: Explore the possibility of integrating the
Yang transform with additional analytical techniques, such as the analytical homotopy
method or the wavelet transform, to develop hybrid tools that contribute to enhancing the
effectiveness of solutions and enriching the mathematical methods used.and Extend the
method to integro—differential equations.

6.Investigate further applications of these transforms to non-linear problems and integro—
differential equations.
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