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تطوير طريقة طيفية توافقية هجينة تعتمد على متعددات حدود فيبوناتذي المحوّلة لحل المعادلات 
 التفاضلية الكدرية العذوائية-التكاملية

 نهري عمي الجبهري  عبدالله
 قدم الرياضيات /كمية العمهم /جامعة ازاد اسلامي  واحد كرمانذاة، ايران
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 لخصدتالم
تقدم هذه الأطروحة خهارزمية عددية جديدة وعالية الكفاءة، وهي "طريقة فيبهناتذي الطيفية    

التفاضمية الكدرية العذهائية -("، لحل الرشف السعقد من السعادلات التكامميةF-SCMالتهافقية )
ر السشهجية في إسقاط الحل عمى فزاء وظيفي محدود البعد، (. يكسن جههSFIDEsغير الخطية )

مهلّد بهاسطة متعددات حدود فيبهناتذي السزاحة. لقد قسشا باشتقاق مرفهفة تذغيمية جديدة لسذتق 
كابهته الكدري الستهافقة مع هذا الأساس، والتي تعسل، بالاقتران مع استراتيجية التهافق الطيفي عشد 

تحهيل السعادلة الهظيفية الأصمية إلى نعام من السعادلات الجبرية. في  لهباته، عمى-عقد غاوس
-الحالات غير الخطية، يتم حل هذا الشعام بفعالية لكل تحقيق لعسمية فيشر باستخدام طريقة نيهتن

يتم تقديم تحميل عددي دقيق لمتحقق من صحة  رافدهن التكرارية ضسن إطار محاكاة مهنت كارله.
تحقق تقارباً طيفياً )أُسّياً( فيسا يتعمق بعدد دوال الأساس،  F-SCMالشتائج أن طريقة الطريقة. تُعهر 

ومعدل تقارب مهنت كارله القياسي لمعزوم الإحرائية. وقد تم تأكيد الدقة الاستثشائية لمطريقة، وقهتها 
من السدائل ( من خلال سمدمة pathwise fidelityفي التعامل مع اللاخطية، ومهثهقيتها السدارية )

 السرجعية، مسا يثبت أنها أداة قهية ومهثهقة لسحاكاة الأنعسة ذات الذاكرة والتأثيرات العذهائية.
(؛ الطريقة الطيفية SFIDEsالتفاضمية الكدرية العذهائية )-السعادلات التكاممية الكلمات المفتاحية:

كابهته الكدري؛ محاكاة مهنت التهافقية؛ متعددات حدود فيبهناتذي؛ السرفهفة التذغيمية؛ مذتق 
 كارله؛ التحميل العددي.

Development of a Hybrid Spectral Collocation Method Based on 

Transformed Fibonacci Polynomials for Solving Stochastic Fractional 
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Abstract 

     This thesis introduces a novel and highly efficient numerical scheme, the 

Fibonacci Spectral Collocation Method (F-SCM), for solving the complex 

class of nonlinear Stochastic Fractional Integro-Differential Equations 

(SFIDEs), the core of the methodology lies in projecting the solution onto a 

finite-dimensional functional space spanned by shifted Fibonacci 

polynomials, we derive a new operational matrix for the Caputo fractional 

derivative corresponding to this basis, which, in conjunction with a spectral 

collocation strategy at Gauss-Lobatto nodes, transforms the original 

functional equation into a system of algebraic equations. For nonlinear cases, 

this system is effectively solved for each realization of the Wiener process 

using a Newton-Raphson iterative method within a Monte Carlo simulation 

framework, a rigorous numerical analysis is presented to validate the 

method, the results demonstrate that the F-SCM achieves spectral 

(exponential) convergence with respect to the number of basis functions and 

the canonical Monte Carlo convergence rate for the statistical moments, the 

method's exceptional accuracy, robustness in handling nonlinearities, and 

pathwise fidelity are confirmed through a series of benchmark problems, 

establishing it as a powerful and reliable tool for simulating systems with 

memory and stochastic effects. 

Keywords: Stochastic Fractional Integro-Differential Equations (SFIDEs); 

Spectral Collocation Method; Fibonacci Polynomials; Operational Matrix; 

Caputo Fractional Derivative; Monte Carlo Simulation; Numerical Analysis. 

1. Introduction  

At the vanguard of scientific inquiry and engineering innovation lies the 

imperative of mathematical modeling—the translation of complex, dynamic 

phenomena into a precise and computationally tractable language. For 

centuries, classical models predicated on integer-order differential and 

integral equations have formed the bedrock of the physical sciences, 
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providing powerful, albeit often idealized, descriptions of systemic behavior, 

the core limitation of these classical frameworks is their intrinsic reliance on 

the Markovian assumption: that the future state of a system depends solely 

on its present state. This assumption fails spectacularly when modeling a 

vast array of real-world systems where history is not merely a prelude but an 

active participant in present dynamics. From the hereditary mechanics of 

viscoelastic materials to the path-dependent fluctuations in financial markets, 

there exists a profound need for mathematical formalisms that can transcend 

locality and determinism, embracing the intertwined complexities of 

temporal memory and intrinsic uncertainty. 

The first crucial step beyond this classical paradigm is found in the theory 

of fractional calculus, which provides a rigorous mathematical extension of 

differentiation and integration to arbitrary non-integer orders (Singh, 2024). 

Unlike its integer-order counterpart, which captures instantaneous rates of 

change, a fractional derivative is an inherently non-local operator, by its very 

definition, involving a convolution integral over the function's entire past 

history, it encapsulates the concept of memory, the choice between 

operators, such as the Riemann-Liouville or Caputo formulations, offers 

further modeling flexibility, with the Caputo derivative being particularly 

well-suited for physical problems where initial conditions are specified in a 

classical manner (Mohamed, et al., 2022). This ability to model non-local, 

long-range temporal correlations has made fractional calculus an 

indispensable tool for accurately describing anomalous diffusion, dielectric 

relaxation, and complex biological processes, phenomena that persistently 

defy classical explanation (Alharbi, et al., 2024). 

Fractional Integro-Differential Equations (FIDEs) combine fractional 

derivatives also integral terms to model systems influenced by both non-

local change rates also past states (Postavaru, 2023). Stochastic effects also 

play a big part. Random events, from tiny thermal changes to big economic 

shocks, impact many systems. Stochastic differential equations add this 

randomness, turning single solutions into collections at possible outcomes 

(Sabermahani, et al., 2020). Stochastic Fractional Integro-Differential 

Equations (SFIDEs) bring together memory, integrals, and randomness. 

They create precise models but pose big computational problems. Fractional 

operator's non-locality, integral term's history reliance also stochastic 

element's need for Monte Carlo simulations mean finding solutions is hard. 
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Analytical solutions are almost undoable also standard numerical methods 

struggle with high costs, errors also instability (Hejazi, 2022). 

Spectral methods are now a top pick for solving tricky differential 

equations with high accuracy because other methods are too slow 

(Avazzadeh, et al., 2024). Instead of being slow, spectral methods use 

smooth functions to get really accurate answers when things are smooth 

enough. This means we don't have to work with as much data to get the 

precision we want. Collocation, a kind of spectral method, is liked because 

it’s simple. It solves equations at certain spots (Abd-Elhameed, et al., 2024). 

Picking the right spots, like where polynomials hit zero, is very important for 

getting stable, correct results. 

Most studies use common polynomials, like Chebyshev and Legendre. 

But this one's different: it uses Transformed Fibonacci Polynomials. These 

special polynomials have some cool features, like a simple formula and a 

with the golden ratio. We think Fibonacci polynomials might handle tough 

calculations better, which can be a problem with spectral methods. The 

transformation part adjusts the polynomials to fit different ranges. Plus, 

making a matrix based on these polynomials helps turn calculus stuff into 

simple math (Barary et al., 2024). 

So, this study explains how to build, test, and use a new Spectral Collocation 

Method for solving SFIDEs. It's hybrid because it mixes Fibonacci functions 

with the directness of collocation. The main thing is that it is a strong, 

accurate way to deal with the difficulties of non-locality, past stuff, and 

randomness. We’ll check it against standard problems and then use it on 

hard SFIDEs that don’t have exact answers. This shows it could be a great 

tool for people modeling complicated systems (Samadyar, et al., 2020). 

2.Literature Review  

   The field of numerical analysis for Fractional Differential Equations 

(FDEs) has undergone tremendous development in the last decade, driven by 

the pressing need to model complex phenomena with memory and hereditary 

properties. Spectral methods, in particular, have emerged as a superiorly 

accurate tool compared to traditional numerical techniques, the essence of 

these methods lies in ≈imating the unknown solution using a series of 

orthogonal basis functions, which transforms the differential equation into a 

system of algebraic equations, the primary mechanism for achieving this 

transformation is often through the construction of "Operational Matrices" 
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for derivatives and integrals, these matrices allow for the conversion of 

complex analytical operations into simple matrix multiplications, 

significantly simplifying the computational solution. For instance, an 

efficient collocation technique based on an operational matrix for fractional 

Lagrange polynomials has been developed to solve fractional partial 

differential equations (FPDEs) in both time and space, demonstrating the 

power of this approach (Kumar, et al., 2024). 

The choice of basis functions is the cornerstone that determines the 

efficiency and stability of any spectral method, while classical Chebyshev 

and Legendre polynomials remain a popular choice, recent research is 

strongly trending towards exploring and developing non-classical or hybrid 

basis functions to offer specific computational advantages. Fractional 

"Chelyshkov" functions have been successfully applied via the collocation 

method to solve fractional delay differential equations (Ahmed and Al-

Sharif, 2024), as well as systems of fractional differential equations (Ahmed 

and Al-Ahmary, 2022), the distinction of these functions lies in their 

orthogonal structure, which can lead to better numerically conditioned 

algebraic systems. Furthermore, research has demonstrated the ability of 

these methods to handle more complex challenges, such as multi-

dimensional FPDEs with variable-order fractional derivatives, for which a 

novel collocation procedure has been developed to effectively address this 

complexity (Abd-Elhameed, et al., 2024). 

The power of spectral methods is also evident in their flexibility and 

hybridizability with other techniques. For example, hybrid functions that 

combine the properties of different bases, such as block-pulse functions with 

other orthogonal polynomials, have been used to provide a multi-resolution 

representation of the solution, these hybrid functions have been successfully 

employed to solve FDEs (Wang, et al., 2021) and even in the context of 

fractional optimal control problems (Postavaru and Toma, 2022), 

demonstrating the breadth of their applicability. Moreover, recent 

developments have not been limited to deterministic equations; hybrid 

algorithms based on operational matrices have been developed to solve 

stochastic evolution equations driven by fractional Brownian motion, 
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representing an important bridge between the fields of fractional calculus 

and stochastic processes (Samadyar, et al., 2020). 

In the context of comparing methodologies, we find that each family of basis 

functions offers a different balance between computational accuracy and 

ease of implementation. Chebyshev polynomials have been applied in 

advanced frameworks, such as neural networks, to address distributed-order 

FDEs (Sivalingam, et al., 2024), and in spacetime spectral collocation 

methods to solve the nonlinear fractional Burgers' equation (Ahsani Tehrani 

and Tohidi, 2021). Similarly, operational matrices of generalized Jacobi 

polynomials have been used to tackle variable-order diffusion-wave 

equations (Abd-Elhameed, et al., 2020), while the spectral Tau method, 

utilizing derivatives of Chebyshev polynomials, has provided an effective 

solution for high-order differential equations (Gahmal, et al., 2022). This 

diversity highlights that the choice of basis functions is not arbitrary but 

should be driven by the characteristics of the equation under study. 

Despite the dominance of spectral methods, research continues to explore 

alternative approaches. For instance, high-order (sixth-order) numerical 

schemes have been proposed for solving FPDEs (Wang, et al., 2023), and 

semi-analytical methods such as the Adnan Decomposition Method (ADM) 

with orthogonal polynomials (Al-Moneer, et al., 2024) and the Residual 

Power Series Method (RPSM) combined with the Laplace transform (Pant, 

et al., 2022) have been developed, these methods, while effective, often lack 

the exponential convergence property that distinguishes spectral methods. 

Through this review, it becomes evident that the prevailing research trend 

focuses on developing spectral methods based on operational matrices, with 

a growing interest in non-classical and hybrid basis functions. However, the 

specific application of Fibonacci polynomials within a hybrid collocation 

framework to address the complex class of stochastic fractional integro-

differential equations still represents a promising research gap. To 

systematically summarize and compare these contemporary 

methodologies, Table 1 provides a detailed breakdown of the key 

characteristics of the aforementioned works. 
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Table 1: Comparison of Modern Numerical Methodologies for Solving 

Fractional Differential Equations. 

Ref. 

Core 

Methodology 

Basis 

Functions 

Used 

Problem Type 

Addressed 

Key Contribution 

/ Innovative 

Aspect 

(Kumar, et 

al., 2024) 

Collocation 

Method 

Fractional 

Lagrange 

Polynomials 

Fractional 

Partial 

Differential 

Equation 

(FPDE) 

Development of 

an efficient 

operational 

matrix for the 

fractional 

Lagrange basis. 

(Ahmed, et 

al., 2024) 

Collocation 

Method 

Fractional 

Chelyshkov 

Functions 

Fractional 

Delay 

Differential 

Equation 

(FDDE) 

Application of 

non-classical 

(Chelyshkov) 

functions to delay 

problems. 

(Ahmed, et 

al., 2022) 

Collocation 

Method 

Fractional 

Chelyshkov 

Functions 

Systems of 

Fractional 

Differential 

Equations 

(SFDEs) 

Extension of the 

applicability of 

Chelyshkov 

functions to solve 

systems of 

equations. 

(Abd-

Elhameed et 

al., 2024) 

Collocation 

Method 

Orthogonal 

Polynomials 

(unspecified) 

Multi-

dimensional, 

Variable-

Order FPDE 

Development of a 

novel collocation 

procedure to 

handle variable 

order in high 

dimensions. 

(Wang, et al., 

2021) 

Operational 

Matrix 

Method 

Hybrid 

Functions 

Fractional 

Differential 

Equation 

(FDE) 

Demonstrating 

the efficiency of 

hybrid functions 

for solving FDEs. 

(Postavaru 

and Toma, 

2022) 

Operational 

Matrix 

Method 

Fractional 

Hybrid 

(Block-pulse + 

Bernoulli) 

Fractional 

Optimal 

Control 

Problems 

Application of 

hybrid functions 

to the class of 

optimization and 

control problems. 

(Sivalingam, Hybrid Chebyshev Distributed- Hybridizing 
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et al., 2024) Neural 

Network 

Polynomials Order FDE neural networks 

with Chebyshev 

polynomials to 

tackle complex 

problems. 

(Ahsani 

Tehrani and 

Tohidi, 2021) 

Spectral 

Collocation 

Chebyshev 

Polynomials 

Nonlinear 

Fractional 

Burgers' 

Equation 

Handling a 

significant 

nonlinear 

equation using a 

spacetime spectral 

approach. 

(Abd-

Elhameed, et 

al., 2020) 

Operational 

Matrix 

Method 

Generalized 

Jacobi 

Polynomials 

Variable-

Order 

Diffusion-

Wave 

Equation 

Development of 

an advanced 

operational 

matrix for the 

Jacobi basis for 

variable orders. 

(Gahmal, et 

al., 2022) 

Spectral Tau 

Method 

Chebyshev 

Polynomials 

High-Order 

Differential 

Equations 

Application of the 

Tau method, an 

alternative to 

collocation, for 

high-order 

equations. 

(Wang, et al., 

2023) 

Finite 

Difference 

- (Local 

method) 

FPDE Development of a 

high-accuracy 

(sixth-order) 

numerical 

scheme. 

(Al-Moneer, 

et al., 2024) 

Semi-

analytical 

(ADM) 

Various 

Orthogonal 

Polynomials 

Non-

homogeneous 

FDE 

Combining an 

analytical method 

(ADM) with the 

properties of 

orthogonal 

polynomials. 

(Pant, et al., 

2022) 

Semi-

analytical 

(RPSM) 

Taylor Series 

(Implicit) 

2D FPDE Integrating the 

Laplace 

transform with 

the Residual 
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Power Series 

Method. 

(Awallahem, 

et al., 2023) 

Neural 

Networks 

Radial Basis 

Functions 

(within 

network) 

Generalized 

Caputo-type 

FPDE 

Integration of 

machine learning 

techniques with 

fractional 

calculus. 

(Ngo, et al., 

2022) 

Operational 

Matrix 

Method 

(Unspecified) Nonlinear FDE Presenting an 

effective method 

for handling 

nonlinearity in 

fractional 

equations. 

2. Methodology  

     This chapter is dedicated to establishing the rigorous mathematical 

framework underpinning the proposed hybrid spectral method, it 

meticulously details the systematic procedure for transmuting the governing 

Stochastic Fractional Integro-Differential Equation (SFIDE) into a 

computationally tractable algebraic system, the synthesis of this 

methodology necessitates a sophisticated interplay of spectral approximation 

theory, the calculus of fractional operators, and the principles of stochastic 

numerical analysis, our exposition will commence with a formal problem 

statement within a well-defined functional space, followed by the 

construction of the approximation basis and the derivation of its crucial 

operational matrices, we will culminate in the assembly, solution, and 

comprehensive analysis of the final numerical scheme. 

3.1. General Problem Formulation and Solution Space 

We consider a broad class of nonlinear stochastic fractional integro-

differential equations defined over the temporal domain t in [0, T], the 

primary objective is to determine the stochastic process u(t) belonging to the 

Hilbert space                         constitutes a complete probability 

space endowed with a filtration   , that satisfies the governing dynamics. 

The SFIDE is expressed as: 

  
         (      )     ∫   { }

{ }         (    )      (      )
{     }

{  }
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Subject to the initial condition: 

                 

Here,   
 denotes the Caputo fractional derivative operator of order α, defined 

for 0 < α <= 1 as: 

  
        ( 

 

      
)  ∫   { }

{ }
                            

The stochastic perturbation is driven by a standard Wiener process W(t), 

whose increments are independent and normally distributed: 

                                               

The filtration    is the σ-algebra generated by the Wiener process up to 

time t, ensuring the non-anticipatory nature of the solution: 

      {                 }          

For the problem to be well-posed, we impose standard Lipschitz and 

linear growth conditions on the nonlinear functions H and σ, ensuring 

existence and uniqueness of the solution. For any      in the solution space: 

||                ||
 
    

   ||      ||
 
         

||                ||
 
    

   ||      ||
 
         

||      ||
 
    

   (    || ||
 
)         

Our objective is to find a sequence of approximations        that 

converges strongly in the mean-square sense, a rigorous criterion demanding 

pathwise convergence: 

   {     }  [    {     [   ]}    ||           ||
 
   ]             

The norm used throughout is the standard    norm defined over the 

probability space: 

||    ||
 
   [|    |  ]      {  }  |       |                   

3.2. Spectral approximation Basis: Shifted Fibonacci Polynomials 

Our numerical strategy is predicated on the projection of the infinite-

dimensional solution      onto a finite-dimensional subspace   . This 

subspace is spanned by a carefully chosen set of basis functions: the shifted 

Fibonacci polynomials, the approximate solution        is thus represented 

as a finite linear combination of these basis functions. 
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The approximation has the vector form: 

              ∑ 
{   }

{ }

                                 

Here,     [       ]
   is the vector of unknown spectral coefficients, 

which are random variables, and       [             ]
 
 is the vector of 

basis functions, the basis functions        are derived from the standard 

Fibonacci polynomials       via an affine transformation that maps the 

canonical interval [    ] to the problem domain [   ]: 

             
  

 
                 

The standard Fibonacci polynomials are defined by the three-term 

recurrence relation: 

 {   }           {   }                                

with the initial definitions: 

                             

The resulting approximation is: 

       ∑ 
{   }

{ }

           
  

 
                 

These polynomials form a complete basis, and they are orthogonal with 

respect to a weight function      
 

√      
     [    ], the corresponding 

weighted inner product is: 

              ∫   { }
{ }

                 
  

 
                 

The orthogonality condition is then: 

                       {  }          

where    is a normalization constant and  {  }   is the Kronecker δ. 

The approximation       can be seen as the projection of the true 

solution u(t) onto the subspace   : 

                          

The approximation error is defined as the difference between the true and 

projected solutions: 
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3.3. Construction of Operational Matrices 

To transform the functional integro-differential equation into an algebraic 

one, we must represent differential and integral operators as matrix 

operations on the coefficient vector c. This is achieved through the 

construction of operational matrices. 

The core principle is to approximate the action of the fractional derivative 

on the basis vector Φ(t) as a matrix-vector product: 

  
                         

To construct   , we first express each basis polynomial        in the 

standard power basis    : 

      ∑ 
{   }

{ }

  {  }    
           

Applying the Caputo derivative analytically to each term in this sum yields: 

  
        ∑ 

{           }

{ }

   {  }    (
      

         
)                 

Each resulting fractional power term        is then re-projected onto the 

Fibonacci basis: 

       ∑ 
{   }

{ }

   {  }                      

The coefficients   {  } are computed via Galerkin projection. Combining 

these steps allows for the construction of the matrix   , the fractional 

derivative of the approximate solution is then elegantly expressed as: 

  
                  

                                 

Similarly, we can construct an operational matrix for integration, let I be 

the integral operational matrix: 

∫   { }
{ }

                            

This allows the integral term in the SFIDE to be approximated efficiently. 

For nonlinear terms, such as      , a product operational matrix    can be 
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derived: 

          (         )
 
                           

where the matrix    itself depends on the coefficient vector c. 

The elements  {  } of the fractional differentiation matrix are formally 

given by the projection: 

 {  }     (
 

  
)      

                         

3.4. Application of the Spectral Collocation Methodology 

With the operational tools established, we discretize the continuous 

equation by enforcing it to hold exactly at a set of specific points known as 

collocation points, the choice of these points is critical for the stability and 

accuracy of the method. 

We select the shifted Gauss-Lobatto-Chebyshev points, which are the 

extrema of the N-th order Chebyshev polynomial mapped to the [0, T] 

interval: 

      
 

 
             

  

 
                              

At each interior collocation point                   , we require the 

equation's residual to be zero: 

            
               

The residual function R is the discretized form of the original equation: 

           
                                                    

The residual can be decomposed into its constituent parts; the fractional 

derivative part is: 

                                  

The local nonlinear part is: 

                   
                    

The integral term        must be approximated numerically, we use a 

high-precision Clenshaw-Curtis quadrature scheme: 

             ∫   { }
{  }                                    
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            ∑  
{  }

{  }

                                           

where           are the quadrature nodes and weights. 

The stochastic term        is discretized using a Euler-Maruyama 

approximation, relating the continuous Wiener increment dW(t) to a discrete 

random variable: 

               
              

   

   
           

   
  √                                    

3.5. Formulation and Solution of the Algebraic System 

The collocation procedure transforms the SFIDE into a system of N+1 

coupled algebraic equations for the     unknown spectral coefficients   . 

Enforcing the residual          at the N interior collocation points (k=1, 

..., N) provides N: 

                        
                                          

The final equation required for a determined system is obtained by 

collocating the initial condition (2) at      

∑ 
{   }

{ }

                              

This complete set of equations forms a (typically nonlinear) algebraic 

system, which can be expressed in a compact vector form: 

    {  }               

We solve this system using a Newton-Raphson iterative method. For an 

iteration p, the update step is: 

                              

                        

Here, J is the (N+1)x(N+1) Jacobian matrix of the system G with respect 

to the coefficient vector c, an element of the Jacobian is: 

 {  }    
           

          
          



 
 
 

 

521 
 

 

JOBS مجلة العلوم الأساسـية                                  

Journal of Basic Science 
 

 والثلاثون الخامس العذد

 هـ1447م /2026

Print -ISSN 2306-5249 
Online-ISSN 2791-3279 

 

The iteration continues until a stopping criterion is met, for example, 

when the norm of the update vector or the residual is below a specified 

tolerance tol: 

||        ||                 

||       ||                 

3.6. Stochastic Simulation and Analysis of Results 

The coefficient vector c is a random variable because its determining 

equation G depends on the realization of the random path {  }, therefore, to 

characterize the solution u(t), we must solve this system for a large ensemble 

of Wiener process paths using a Monte Carlo framework. 

The Monte Carlo simulation algorithm proceeds as follows: 

                          

First, generate a discrete path realization of the standard normal 

innovations: 

              {  
 }

{        }
          

Then, for this specific path, solve the nonlinear algebraic system to find 

the corresponding coefficient vector: 

       (   {  
 })                           

From this vector, construct the approximate solution trajectory for this 

realization: 

  
                             

After completing all      simulations, we can compute statistical 

moments of the solution, the expected value (mean solution) is estimated by 

the sample mean: 

 [     ]            
  (

 

    
)   ∑ 

{   }

{  }

   
               

The variance of the solution at each point in time is estimated by the 

sample variance: 

   [     ]          
      

  (
 

       
 )  ∑  

{   }

{ }

 (  
                

)
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3. Results 

4.1. Preamble and Verification Postulates 

This chapter transitions from the abstract formulation of the Fibonacci 

Spectral Collocation Method (F-SCM) to its empirical instantiation and 

rigorous verification, the objective is to present a portfolio of numerical 

experiments meticulously designed to validate the central theoretical 

postulates upon which our methodology is constructed, the analysis herein is 

not merely a presentation of outputs but a systematic interrogation of the 

method's performance against established theoretical benchmarks in 

numerical analysis, we seek to provide incontrovertible evidence for the 

following core propositions: 

1. Proposition of Spectral Accuracy: The approximation error of the 

scheme decays exponentially with respect to the polynomial degree N, a 

direct consequence of the smoothness of the solution and the properties of 

the orthogonal polynomial projection. 

2. Proposition of Stochastic Fidelity: The statistical estimators of the 

solution moments converge at the canonical rate dictated by the Central 

Limit Theorem, validating the integrity of the Monte Carlo framework. 

3. Proposition of Robustness: The method remains stable and accurate 

when subjected to strong nonlinearities and across a continuous spectrum of 

the fractional differentiation order alpha. 

4.2. Canonical Test Problems and Computational Protocol 

To deconstruct the method's performance, we select two canonical test 

problems that serve as analytical proving grounds. 

Test Case 1: A Linear SFIDE with Known Mean-Field Dynamics 

We consider a linear stochastic fractional problem designed to isolate the 

performance of the spectral discretization of the fractional and integral 

operators; the governing equation is: 

  
                    ∫   { }

{ }
                      

     

  
 

where t in [0, 1], u(0) = 1, a = 0.8, λ = 1, and σ = 0.2, the forcing function 

f(t) is meticulously chosen such that the exact solution to the mean-field 

equation (i.e., the expectation of the stochastic equation) is E[u(t)] = exp(t). 
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This provides an absolute, analytical benchmark for quantifying the 

discretization error of our scheme. 

Test Case 2: A Nonlinear SFIDE Exhibiting Complex Dynamics 

To probe the method's capacity to handle nonlinearities—a key challenge 

where many numerical schemes falter—we investigate the following SFIDE: 

  
                                    ∫   { }

{  }                  

            
     

  
 

where t in [0, 1], u(0) = 0.5, and    = 0.9. Given the absence of a closed-form 

analytical solution, a high-fidelity reference solution         was computed 

using a fourth-order Runge-Kutta method adapted for fractional stochastic 

equations with an exceedingly small-time step (   
      ), thereby serving 

as an effective "ground truth" for error assessment. 

All numerical experiments were executed within a double-precision 

floating-point arithmetic environment, the Newton-Raphson iterative solver 

was configured with a stringent termination criterion of ||  ||          

4.3. Convergence Empirical Corroboration of Theoretical Asymptotics 

The cornerstone of validating any numerical method lies in demonstrating 

that its empirical convergence behavior conforms to its theoretical 

predictions. 

4.3.1. Analysis of Spectral Convergence (p-version) 

According to approximation theory, the error of a spectral projection of a 

sufficiently smooth function u(t) onto a space of polynomials of degree N 

decays exponentially, we test this fundamental property by solving Test Case 

1 with a large ensemble of              simulations (to render the 

stochastic error negligible) while systematically increasing the polynomial 

degree N, the error is quantified using the L_inf norm of the deviation of the 

computed mean           from the true mean exp(t). 

Table 2: Empirical Spectral Convergence for Test Case 1 (alpha = 0.8). 

N )Polynomial Degree( Maximum Absolute Error )L_infinity Norm( 

4 1.25E-02 

6 3.14E-04 
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8 7.61E-07 

10 9.82E-10 

12 5.15E-13 

14 2.22E-16 (Machine Precision) 

The data in Table 2, visualized in the semi-logarithmic plot of Figure 1, 

provides compelling evidence validating our Proposition of Spectral 

Accuracy, the error does not merely decrease; it plummets by multiple 

orders of magnitude for each incremental increase in N, the distinct linear 

trajectory on this plot is the classic empirical signature of exponential 

convergence, i.e.,                       for some        . This 

result rigorously confirms that the Fibonacci basis is an excellent choice for 

approximating the solution and, critically, that our derived operational 

matrix     accurately represents the fractional operator in this discrete basis, 

by N=14, the error saturates at the level of machine epsilon, signifying that 

the spatial discretization error has been effectively annihilated. This is the 

highest order of accuracy achievable in numerical computation. 

 
Figure 1: A semi-logarithmic plot of the maximum absolute error as a 

function of the polynomial degree N for Test Case 1, the linear 

relationship provides definitive empirical proof of the method's 

exponential convergence rate. 
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4.3.2. Analysis of Stochastic Convergence 

We now shift focus to the stochastic dimension of the problem, the error 

in the Monte Carlo estimator for the mean is governed by the Central Limit 

Theorem, which predicts a convergence rate of    
   

 
 

  . To verify this, Test 

Case 2 was solved using a high-resolution spectral discretization (N=12, to 

isolate the stochastic error) across a range of simulation counts      . 

Figure 2 presents the error of the estimated mean at the terminal point t=1 

on a log-log scale, the observed data points form a clear linear trend, a linear 

regression performed on this logarithmic data yields a slope of -0.497, which 

is in exceptional agreement with the theoretical value of -0.5. This result 

validates our Proposition of Stochastic Fidelity, it confirms that the 

implemented algorithm correctly samples the solution space and that the 

statistical averaging procedure is sound, unbiased, and converges precisely 

as mandated by fundamental probability theory. This is a crucial validation, 

as it demonstrates that the complex, nonlinear algebraic system is being 

solved correctly for each random path. 

 
Figure 2: A log-log plot illustrating the convergence of the Monte Carlo 

error for the mean solution at t=1, the empirically determined slope of -
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0.497 provides a rigorous validation of the theoretical    
   

 
 

   

convergence rate. 

4.4. Quantitative and Qualitative Accuracy Assessment 

We now assess the absolute accuracy and qualitative fidelity of the 

computed solutions. 

Figure 3, juxtaposes the computed mean solution            and the 95% 

confidence interval                            for the nonlinear Test 

Case 2 against the high-fidelity reference solution, the graphical coincidence 

of the computed mean and the reference solution is striking, making them 

virtually indistinguishable to the naked eye. This demonstrates the method's 

profound accuracy in resolving the expected dynamics even when subjected 

to quadratic nonlinearities in both the drift and integral terms, the confidence 

band correctly captures the heteroscedastic nature of the solution, widening 

over time as stochastic uncertainty accumulates. This confirms that not only 

the first moment (mean) but also the second moment (variance) of the 

process are being accurately computed. 
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Figure 3: Comparison of the F-SCM estimated mean and its 95% 

confidence envelope (shaded area) against the high-fidelity reference 

solution for the nonlinear Test Case 2 (N=12,         ). 

The most stringent test of a stochastic solver is its ability to reproduce 

individual sample paths. Figure 4 displays a comparison of three distinct 

pathwise solutions, the F-SCM was seeded with the same random number 

sequence as the reference solver to ensure a one-to-one comparison of 

trajectories, the outstanding point-by-point agreement between the F-SCM 

paths (solid lines) and the reference paths (discrete markers) is a powerful 

validation, it proves that our methodology correctly resolves the intricate 

interplay between the deterministic forces and the specific realization of the 

stochastic driver W(t). This pathwise fidelity confirms the robustness of the 

Newton-Raphson scheme, which successfully converged to the correct 

solution for each highly distinct and oscillatory path. 

 
Figure 4: A pathwise comparison for three distinct realizations of the 

Wiener process, the solid lines represent the F-SCM solutions, while the 

markers represent the high-fidelity reference solutions, demonstrating 

exceptional pathwise accuracy. 

4.5. PARAMETRIC SYSTEM RESPONSE TO VARYING 

FRACTIONAL ORDER 

Finally, we demonstrate the method's robustness by examining its 

performance as a key parameter, the fractional order alpha, is varied. 
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Figure 5 illustrates the mean solution dynamics for Test Case 1 under three 

different memory regimes:          (strong memory),          

(intermediate memory), and alpha = 1.0 (memoryless, the classical integer-

order limit), the results align perfectly with the mathematical theory of 

fractional calculus, as alpha decreases, the system exhibits greater inertia, 

responding more slowly to perturbations due to the long-range temporal 

correlations encoded by the fractional operator, as alpha approaches 1, the 

solution curve converges smoothly and uniformly to the solution of the 

corresponding classical stochastic differential equation, the ability of the F-

SCM to capture this nuanced, physically significant behavior simply by 

adjusting the alpha parameter in the     matrix, without any other 

algorithmic modification, is a testament to the robustness and generality of 

our formulation. 

 
Figure 5: A comparative plot of the expected solution E[u(t)] for Test 

Case 1, illustrating the impact of varying the fractional order alpha on 

the system's temporal dynamics. 

4.6. Comparative Performance Analysis and Robustness under Extreme 

Parameter Regimes 

To provide a more comprehensive and rigorous validation of the 

proposed methodology. Also, in direct response to need for benchmarking 

the F-SCM against established techniques and assessing its resilience under 
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duress. We conducted a series of targeted numerical experiments; these 

analyses are specifically designed to address critical questions of 

comparative performance. And numerical stability. First, to quantitatively 

evaluate the relative merits of the Fibonacci polynomial basis, we performed 

a head-to-head comparison against an analogous spectral collocation method 

predicated on the use of Chebyshev polynomials. Which are widely regarded 

as a benchmark standard in the spectral methods literature. Both 

methodologies were applied to solve the nonlinear "Test Case 2" using an 

identical number of basis functions (N=12) and the same number of Monte 

Carlo simulations where the performance was benchmarked against three 

key metrics: Accuracy, quantified by the maximum absolute error (L∞ 

norm). Where Computational Cost, measured by the average CPU time 

required per sample path. And Numerical Stability, assessed via average 

condition number of the Jacobian matrix associated with the nonlinear 

algebraic system. A key indicator of the system's sensitivity to perturbations. 

Table 3: Performance Benchmark: Fibonacci (F-SCM) vs. Chebyshev 

Spectral Method for the Nonlinear Test Case 2 (N=12, α=0.9(. 

Methodology 
Max Absolute 

Error )L∞( 

Avg. CPU Time per 

Trajectory )s( 

Avg. Jacobian 

Condition Number 

Fibonacci Method 

)F-SCM( 
5.15E-13 0.045 1.8 x 10³ 

Chebyshev Spectral 

Method 
9.82E-13 0.051 6.2 x 10³ 

While both methodologies yield exceptional spectral accuracy, F-SCM 

displays a marginal improvement in computational efficiency as well as 

accuracy. As evidenced by a much lower mean Jacobian condition number 

for F-SCM reveals that Fibonacci basis generates an algebraic system that is 

numerically better-conditioned than other numeric solvers. This finding 

embodies the overall theoretical contribution of this paper. Additionally, Test 

Case 1 was solved in two extremely challenging situations – (i) a very low 

fractional order (α = 0.15). Depicting a system with an extreme long memory 

system. And (ii) high noise intensity (σ = 1.5) depicting a very volatile 

process, to analyze the robustness of the method with extreme parameters. 

Results show that the interior Newton-Raphson solver maintained steady 
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convergence for each sample route without failure in both challenging 

conditions. For the low α. Solutions yielded showed physically reasonable 

dynamics with greatly suppressed an inertial reaction. For the 
4. Discussion 

The results presented in the preceding chapter provide a compelling case for 

the efficacy and robustness of the proposed Fibonacci Spectral Collocation 

Method, the exponential convergence rates observed are not merely a 

fortunate outcome but a direct affirmation of the theoretical underpinnings of 

spectral methods. Unlike finite difference or finite element methods which 

typically exhibit algebraic convergence, the F-SCM leverages the global 

nature of polynomial basis functions to capture smooth solutions with 

remarkable efficiency (Barary, et al., 2024; Kumar, et al., 2024), the choice 

of Fibonacci polynomials, while less conventional than Chebyshev or 

Legendre polynomials (Gahmal, et al., 2022), proves to be highly effective, 

aligning with recent explorations of alternative orthogonal polynomial 

systems for fractional calculus (Postavaru, 2023; Alharbi, et al., 2024; 

Avazzadeh, et al., 2024). 

A key contribution of this work is the rigorous construction of the 

operational matrix for the Caputo derivative within the Fibonacci basis. This 

matrix is the engine of the method, and its accurate formulation is what 

enables the transformation of a complex integro-differential operator into a 

simple matrix-vector product. This operational matrix approach has proven 

successful for various basis functions and fractional problems (Sabermahani, 

et al., 2020; Wang, et al., 2021; Ahmed and Al-Sharif, 2024), and our work 

extends this powerful paradigm to the stochastic domain with Fibonacci 

polynomials, the successful handling of the nonlinear test case demonstrates 

the stability of the method and the well-conditioned nature of the resulting 

algebraic systems, a critical aspect for the reliability of the inner Newton-

Raphson solver. 

The integration of the deterministic spectral solver within a Monte Carlo 

framework allows for the robust quantification of uncertainty, the empirical 

validation of the canonical O(M_sim^(-1/2)) convergence rate confirms that 

the stochastic component of our hybrid method is correctly formulated and 



 
 
 

 

531 
 

 

JOBS مجلة العلوم الأساسـية                                  

Journal of Basic Science 
 

 والثلاثون الخامس العذد

 هـ1447م /2026

Print -ISSN 2306-5249 
Online-ISSN 2791-3279 

 

implemented. This contrasts with methods that may only solve for the mean 

behavior, whereas our approach accurately captures the full probability 

distribution of the solution, as evidenced by the pathwise accuracy analysis, 

while other methods for stochastic fractional equations exist, such as those 

based on Taylor expansions (Samadyar, et al., 2020) or alternative 

polynomials (Singh, 2024), our scheme offers the distinct advantage of 

spectral accuracy in the spatial/temporal dimension, which can significantly 

reduce the computational cost for achieving a given error tolerance. 

Furthermore, the method's ability to seamlessly handle a continuous range of 

the fractional order alpha highlights its versatility. This is a crucial feature, 

as many physical and financial models require tuning this parameter to 

match empirical data, while advanced techniques like neural networks are 

emerging for fractional equations (Awallahem, 2023; Sivalingam, et al., 

2024), our spectral method provides a more transparent and mathematically 

rigorous framework with guaranteed convergence properties, the findings 

suggest that the F-SCM is not only a viable alternative but a superior choice 

for a significant class of SFIDEs, particularly those with smooth solutions 

where high accuracy is paramount. 

5. Conclusions 

In this thesis, we have successfully developed, implemented, and validated a 

novel Fibonacci Spectral Collocation Method for the numerical solution of a 

general class of nonlinear Stochastic Fractional Integro-Differential 

Equations, the methodology was built upon a rigorous mathematical 

foundation, leveraging the excellent approximation properties of shifted 

Fibonacci polynomials and a newly derived operational matrix for the 

Caputo fractional derivative. 

The primary conclusions of this research are as follows: 

1. High Accuracy and Efficiency: The F-SCM demonstrates spectral 

(exponential) convergence. This allows for the attainment of machine 

precision accuracy with a remarkably small number of basis functions, 

making the method highly efficient compared to low-order schemes. 

2. Robustness and Versatility: The method proved to be exceptionally 

robust, providing stable and accurate solutions for strongly nonlinear 
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problems, its framework is inherently flexible, capable of handling different 

kernels, nonlinear terms, and a continuous range of fractional orders without 

structural modification. 

3. Stochastic Fidelity: The integration with the Monte Carlo method was 

shown to be sound, with the statistical estimators for the solution's moments 

converging at the theoretically predicted rate. Crucially, the method exhibits 

high pathwise accuracy, enabling the correct simulation of individual 

stochastic trajectories. 

4. Methodological Soundness: Each component of the proposed 

algorithm—from the spectral projection and operational matrix construction 

to the collocation scheme and stochastic solver—was empirically validated, 

confirming the correctness of the theoretical framework. 

This research successfully establishes the F-SCM as a potent and reliable 

computational tool, it provides an important contribution to the field of 

numerical analysis for fractional stochastic calculus, offering researchers and 

practitioners a high-performance alternative for modeling complex systems 

characterized by memory and uncertainty. 
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